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Joining means
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Dedicated to Professor Zsolt Pdles on the occasion of his 60th birthday

Abstract. Modifying and generalizing some ideas from [1], we come to the notion
of a marginal joint of two arbitrary means given on adjacent intervals. The construction
of the joints makes use of the notion of a set-valued joiner. Also, the converse is proved:
any mean can be obtained as a marginal joint of its two restrictions, produced with
the use of a so-called reconstructing joiner having the smallest values in a sense. We
conclude the paper by answering the question when the reconstructing joiner of the
mean is a single-valued function.

1. Introduction

Let I be an interval of reals. A function M : I x I — I is called a mean on I
if
min{z,y} < M(z,y) < max{x,y}

for all z,y € I.
Take any interior point & of I, and put

Ie:={zel: 2<¢&}, J:={xel: <z} (1)
and

Ig={vel: z<&}, I°:={rel: {<ux}. (2)
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Our main question is as follows.

Problem 1. Given two arbitrary means M and N on the intervals Iz and ¢1,
respectively, find a mean, say M@N, on the interval I such that

M@N|]€><]E=M and MEBN|E]><§I:N.

Any such mean M@N will be called a joint of M and N.
Observe that, given any mean K on I, the formula

M(z,y), if (z,y) € I x I
(M®N) (z,y) = { K(z,y), if (x,y) € Ig x (I°UI° x Ig
N(z,y), if (z,y) €l x ¢l

defines a joint of M and N. However, its values taken in the set I X eI°Uel® X I
need not be connected with M and N at all. Such trivial joints will not be of
interest for us. In the sequel, we will focus on joints carrying information on the
means M and N.

In the paper [1], Z. DAROCZY and the authors solved Problem 1, assuming
that the marginal functions hqi,ho : I — I, given by

M(z,€), ifxel,
hi(z) = 3
1) {N(x,g), itz €l ®)
M(g,y)a lfy € Ifa
ho(y) = 4
2 {N(&y), ifyeel, @

are continuous and strictly increasing. Next, we solve Problem 1 for arbitrary
means.
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2. Joiners

The idea is to modify and generalize some ideas from [1]. The main tool
used there to produce joints M@N is the notion of the so-called joining function.
Now, we replace it by its set-valued analogue, called by us a joiner. Using it we
construct a set-valued joint with the selections being joints of the means M and N.
In what follows, we assume that:

e ¢ is an interior point of an interval I;
o the intervals I¢, ¢I and Ig; ¢I° are defined by (1) and (2), respectively;
e M and N are means on I¢ and ¢/, respectively;
e hy,hg : I — I are the marginal functions given by (3) and (4), respectively.
Given any functions f : Ir — I and g : ¢I — I satisfying f(£) = g(¢), we
use the notation f U g for the function mapping I into itself, defined by

flx), ifzel,

(fUg) (@) := {g(x), ifx el

Moreover, we define the product hy X hy : I x I — I x I by the equality

(h1 X h2) (z,y) = (h1(z), ha(y)) -

(h‘1><h2)(I§OXE

el
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Definition 1. A multifunction
K : (h1 % hy) (I x eI°UI° x IZ) — 20\ {0}
is called a joiner of the pair (M, N) if

(halre Uhalor) ™ (K (ha (@), ha(y) N [z, y] # 0 for (z,y) € I x ¢I°, (5

and

(holre Ulnler) ™" (K (hn(2), ha(9)) N [ysa] # 0 for (z,y) € I° x Ig,  (6)

or, equivalently, if for every (z,y) € I¢ x ¢I°U¢I°® x I¢ there is a r(z,y) € I such
that
min{z, y} < x(z,y) < max{z,y},

and the function (h1|[§ U hQ‘E]) ok is a selection of K o (hy X ha).
Observe that if IK; is a joiner of the pair (M, N), then so is any K5 such that
Ki(z,y) C Ka(z,y)

for each (x,y) € (h1 X h) (I§ x ¢I° U ¢I® x I¢).
The most trivial example of a joiner is the multifunction K given by K(u,v) =
I': for any point (z,y) € Ig X ¢I° we have

(h1lre Uhalr) ™ (K (B (2), ha(y))) = (halr, Uhalor) ™ (1)
=hi' (L) Uhy' (D) =T Uel =1,

so condition (5) holds. Similarly, (6) follows directly.

Clearly, such a joiner is not of interest. It is evident that the main point is
to consider joiners and set-valued joints with relatively small values.

The following examples of joiners originated in fact in the paper [1].

Example 1. If the marginal functions hi,he : I — I are continuous and
strictly increasing, and

K(x,y) = hi(z) + ha(y) — &, (z,y) € (h1 X hg) (I x I° U I° x I¢),
then the formula
K(z,y) == {K(z,y)} (7)

defines a single-valued joiner of the pair (M, N) (cf. [1, Ex. 2.1]).
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Ezxample 2. Let ¢ : I — R and ¢ : ¢I — IR be continuous strictly monotonic
functions vanishing at £, and let p, ¢ € (0,1). Consider the quasi-arithmetic means
M = Af and N = A}Zp on the intervals I¢ and ¢I, respectively:

M(z,y) = Af(z,y) = ¢~ (pp(a) + (1 = p)p(y)), @,y € L,
N(z,y) = AV (z,y) =9~ (q(z) + (L= q)v(y)), x,y €l
For any (z,y) € (h1 X h2) (I§ x ¢I°), put
K@y%:%owmwm+wwm, if ¢(2) + () <0,
’ D71 = q) (p(2) +(y), if (@) +¥(y) = 0.
Similarly, having (z,y) € (h1 X hg) (510 X Ig), we put
e~ (1 =p) (@) + (), if ¥(@)+e(y) <0,
g (@) + 0(y)) if ¢(x) + ¢(y) > 0.
Then K, defined by (7), is a joiner of the pair (A;f,A;p) (cf. [1, Ex. 2.2]).

K(l‘,y) :{

More generally, one can easily check (see [1, p. 224]) that if
K:(hl th)([gX&IUg[XI&)—)I

is any joining function for the pair (M, N) in the sense of the paper [1], and the
marginal functions hi, hy : I — I are continuous and strictly increasing, then the
single-valued multifunction K, given on (h1 x ha) (Ig x ¢I° U ¢I® x I¢) by (7), is
a joiner of the pair (M, N).

3. Marginal joints of means

The following result yields a pretty general procedure of joining two means.

Theorem 1. Let K be any joiner of the pair (M, N). Then the values of
the multifunction M &g N defined as
{M(z,y)}, if (z,y) € Ie x I,
(halg Uhaler) ™ (K (ha (@) ho () N [ey), i () € I x eI°,
(haler U]z ™ (K (ha(@), ha())) N o], if () € eI° X I
{N(z,9)}, if (x,y) € eI X ¢I,

are non-empty, and every its selection is a mean on the interval I, extending both
the means M and N.

z,

z,
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PrROOF. It is enough to follow Definition 1. (]

Definition 2. Any mean M ®x N constructed above is called a marginal
K-joint of the means M and N.

4. The converse problem

Now, we would like to answer the following question.

Can any mean L on the interval I be reconstructed as a K-joint MGk N of
the restricted means M := L|r.x1, and N := L| rx .1, with a suitable joiner IK?

However, that question is not well-posed since it can be answered in the
following quite trivial way. Namely, if K is defined by K(z,y) = I, then the joint
M®gN is given by

{L(z,y)}, if (z,y) €l x I Ul X (I,
(M&xN) (z,y) = 4 [z,9], if (z,y) € I x ¢I°,
ly, ], if (z,y) € ¢I° x I,
and every its selection is a mean on I. Note that L is one of those selections. The

reason of that phenomenon is completely clear: the values of the used joiner are
too big. So, we will try to answer the following modified question.

Problem 2. Can any mean L on the interval I be reconstructed as a KK-joint
M@gN of the restricted means M := L|r x1, and N := L| 1«1, with a suitable
joiner IK with relatively small values?

Fix a mean L on the interval I, and put
M = L|]§><]§ and N = L|£[><£].
Define marginal functions hy, he : I — I by the formulas

hi(z) = L(z,§) and  ho(y) = L(&,y),

respectively. Then
M(z,§), ifxel,
ha () = (x,€) | ¢
N(z,§), ifxel,

and

M(,y), ifzel,
N(&,y), ifzxze el
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The formula
(u,v) ~ (z,y) <= h1(u) = h1(z) and ha(v) = ha(y)

defines an equivalence relation in the set Ig x ¢I°U¢I° x I¢. Denoting by (x0,¥0)
the equivalence class of the point (xo,yo) € I§ X ¢I°U ¢I° x I, we have

(x0,¥0)
={(z,y) € Ig X I° UI® X I : hy(x) = h1(x9) and  ho(y) = ha (yo)}
= {(1}7y) € Ig X 5.[0 Ug[o X Ig : (h1 X hg) ({E,y) = (hl ($0) ,hz (yo))}
= (h1 x ha) " ({1 (z0) , ha (y0)}) N (I X eI° U I° x IZ) .
This means that the equivalence class (xg, yo) is the level set of the point (hy (zo),

ha (y0)) under the product hy x hs restricted to Ig < eI°Uel® x I¢.
The next result gives a positive answer to the question posed in this section.

Theorem 2. Let Ko : (h1 X ha) (Ig X ¢I°Uel® x I7) — 21\ {0} be given by
Ko (hi(x), ha(y)) = (halr Uhalcr) (L((x0,50))), (2,y) € Ig x eI°,  (8)

and

Ko (h1 (@), ha(y)) = (halre Uhalr) (L ((x0,¥0))),  (2,y) € I° x Ig. (9)

Then

(i) Ko is a joiner of the pair (L|j, x1., L|.1x.1) and satisfies the condition
L((x0,50)) C (Llrex1e@xoLlcrxer) (@,y), (,y) € Ig X I°UI° x IE,

and

(i) if K is a joiner of the pair (L|r x1,, Ll 1x.1) and satisfies
L((X07YO)) C (L|I§><I§@IK0L|§I><§I) (xvy)v (a:,y) € Ig X 5]’0 U fIO X Iga (10)

then Ky C K, that is,

(i) the mean L can be reconstructed as a selection for the marginal Kg-joint of
its restrictions L|r x1. and L| 1x.1,

and
(ii) Ko is the smallest (in the sense of inclusion) joiner of the pair (L|j,x1, ,
Ll.1x.1) satisfying condition (10).
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Proor. (i) For every (z,y) € I¢ x ¢I°, we have

(Palre Uhalr) ™" [(Ralre Uhelor) (L((x0, 30)))] N [, 9]
D L((x0,¥0)) N [x,y] > L(x,y).

Similarly, if (x,y) € ¢I° x I¢, then

(halze U hl|51)_1 [(halre Uhal.1) (L((x0,¥0)))] N [y, 2]
o L((XOaYO)) N [y,x] > L(I7y)

Thus K is a joiner of the pair (ngxjg’ngxﬁl) and

(Lrexre ®xo Lerxer) O L((x0,50))
for each (z,y) € I¢ X ¢I° U ¢lI° x I¢.
(ii) Take any joiner K of the pair (LIEXI§7L§IX§I) satisfying condition (10).

Then, for any (z,y) € I¢ x ¢I°, we have
Ko (h1(z), ha(y)) = (halre U halcr) (L((<0,¥0))

C (hlre Uhalr) [(Lrgxre @K LnggI) (z,y)]

= (lie Uhaler) | (il U haler) ™ (K (@), ha(9))) 0 [, )

C K (ha(z), ha(y)) -

Repeating the calculation for an arbitrary point (z,y) € ¢I° x I¢, we come to the
assertion. 0

Definition 8. The multifunction Kg, introduced in Theorem 2, is called &-
reconstructing joiner for the mean L.

5. Reconstructing joiner with singleton values

The following question arises naturally.

Problem 3. Is it possible that the reconstructing joiner is in fact a single-
valued function?

Below we give a full answer to this question, providing a simple characteri-
zation of means with single-valued reconstructing joiners.
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We say that a mean L preserves its &-margins if the equalities L (ug,€&) =
L (ug,€) and L (§,v1) = L (&, v2) imply that
L (min{L (u1,v1),&}, max{L (uy,v1),&})
=L (mll’l{L (u27 1)2) 75}3 maX{L (u27 UZ) 75})

for all (u1,v1), (u2,v2) € I§ x ¢I°, and

L (max{L (ur,v1),&}, min{L (u1,v1),£})
= L (max{L (uz,v2), &}, min{L (uz,v2),&})

for all (U1,U1) s (UQ,'UQ) S 5[0 X ]g.

Remark 1. Observe that for symmetric means the above defining condition
becomes much simpler: the equalities L (u1,£) = L (u2,€) and L (v1,£) = L (vg,§)
imply that

L (L (u1,v1),8) = L (L (u2,v2),¢)

for all (u1,v1), (u2,v2) € I§ X ¢I° and (u,v1), (ug,v2) € ¢I° X I¢.

Remark 2. If the marginal functions L (-,£) and L (&, -) are one-to-one, then
the mean L preserves its {-margins.

Ezxample 3. Take I = R and £ = 0, and put
L(z,y) = max{z,y}, x,y€l.

Of course, the marginal function L(-,0) is not one-to-one. Nevertheless, L pre-
serves its 0-margins. To see this, take any (uy,v1), (ug,vs) € I§ X oI° satisfying
L (u1,0) = L (uz,0) and L (v1,0) = L (v2,0). Then u3 <0 < vy and uz < 0 < va,
whence also L (u1,v1) = v1 and L (ug, v3) = ve. Therefore,

L(L (ul,vl) ,O) = L(Ul,O) = L(’UQ,O) = L(L (Ug,vg),O) .

A similar condition holds whenever (uj,v1), (ug,v2) € oI° x I§. Thus, by Re-
mark 1, the mean L preserves its O-margins.

Ezxample 4. Of course, not every mean preserves its margins. To see this,
take £ = 1 and define L as the contraharmonic mean on the interval (0, 4+00) by
the equality
22 4 2

z4y

L(‘T7 y) =
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Suppose that L preserves its 1-margins. As it is symmetric, we may use
Remark 1. Take an arbitrary v € (1, +00) and put u; = %,uz =
Then (u1,v1), (u2,v2) € IY X 11°,

1 13 2
L )=L|-,1)=—==L|(-,1)=L 1
=2 (5.0) =12 =2 (31) = Lun1).

and, of course, L (v1,1) = L (ve,1) = L (v,1). Thus, by Remark 1,

2
571}1:1}2:’0.

L(L(ulav)al):L(L(UQav)al)' (11)
Since ) )
lim L(u,v) = lim v +oo, u € (0,+00),
V=00 v—00 U + v

we may choose v in such a way that L (u1,v) > 1 and L (ug,v) > 1. Then, as
the restriction of L(-,1) to (1,4+00) is one-to-one, we have L (u1,v) = L (ug,v).

Taking into account that u; = % and us = 2, we see that

3

250 +1  9v® +4
250+5  9u+6’

whence
1502 =130 — 2 =0,

that is, v € {—12—5, 1}, a contradiction.
The main result of this section reads as follows.

Theorem 3. The &-reconstructing joiner of the mean L has only singletons
among the values if and only if L preserves its £&-margins.

PROOF. Assume that the reconstructing joiner K, given by (8) and (9) is
single-valued. Take any points (u1,v1), (u2,v2) € Ig x ¢I° satistying L (u1,€) =
L (ug,&) and L (§,v1) = L (§,v2). Consider the following four possible cases:

(a) L(u1,u2) <& and L (v1,v2) <&;
(b) L(ur,u2) <& < L(vi,02);
(¢) L(v1,v2) <& < L(u1,us);
(d) € < L(uj,uz)and & < L (v1,v9).
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According to (8), we have
Ko (h1(u1), ha(v1)) = ha (L ((u1,v1)) N Ie) U by (L ((ur,v1)) Nel®).
Therefore, as the above set is a singleton, we conclude that:
hi (L (u1,01)) = ha (L (ug,v2)) ,
ie. L(L(u1,v1),&) =L (L (ug,v2),&) in case (a),
hy (L (u1,v1)) = ha (L (uz,v2)) ,
ie. L(L(uy,v1),&)=L(& L(ug,v2)) in case (b),
ha (L (u1,v1)) = ha (L (ugz, v2))
ie. L(& L(up,v1))=L(L(ug,v9),€) in case (c),
ha (L (u1,v1)) = he (L (ug,v2)) ,

ie. L(& L(up,v1)) = L(& L(ug,vz)) in case (d). In all cases (a)—(d), the ob-
tained equalities mean that

L (min{L (uy,v1),&}, max{L (uy,v1),&})
= L (min{L (ug,v2) , &}, max{L (ug,vy),£}).

A similar reasoning gives the second desired equality in the case when (u1,v1),
(u2,v2) € ¢I° x Ig. So L preserves its {-margins.

A careful analysis of the above proof shows that also the converse implication
holds true. O

Finally, we notice the following immediate consequence of Theorem 3 and
Remark 2.

Corollary 1. If the marginal functions L(-,£) and L(§,-) are one-to-one,
then the &-reconstructing joiner of L is single-valued.



246 J. Jarczyk and W. Jarczyk : Joining means

References

[1] Z. DAROCzZY, J. JARCZYK and W. JARCZYK, From a theorem of R. Ger and T. Kochanek to
marginal joints of means, Aequationes Math. 90 (2016), 211-233.

WITOLD JARCZYK
INSTITUTE OF MATHEMATICS
AND INFORMATICS

JOHN PAUL II CATHOLIC
UNIVERSITY OF LUBLIN
KONSTANTYNOW 1H
PL-20-708 LUBLIN

POLAND

AND

FACULTY OF MATHEMATICS,
COMPUTER SCIENCE

AND ECONOMETRICS
UNIVERSITY OF ZIELONA GORA
SZAFRANA 4A

PL-65-516 ZIELONA GORA
POLAND

E-mail: w.jarczykQumie.uz.zgora.pl

JUSTYNA JARCZYK

FACULTY OF MATHEMATICS,
COMPUTER SCIENCE

AND ECONOMETRICS
UNIVERSITY OF ZIELONA GORA
SZAFRANA 4A

PL-65-516 ZIELONA GORA
POLAND

E-mail: j.jarczyk@umie.uz.zgora.pl

(Received August 20, 2016; revised November 11, 2016)



