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Integral formulae for codimension-one foliated Randers spaces

By VLADIMIR ROVENSKI (Haifa) and PAWEL WALCZAK (Lédz%)

Abstract. Integral formulae for foliated Riemannian manifolds provide obstruc-
tions for existence of foliations or compact leaves of them with given geometric prop-
erties. This paper continues our recent study and presents new integral formulae for
codimension-one foliated Randers spaces. Our main goal is a generalization of the Reeb
formula (that the total mean curvature of the leaves is zero) and its companion with the
total second mean curvature. The paper also extends results by Brito, Langevin and
Rosenberg (that total mean curvatures of arbitrary order for a codimension-one foliated
Riemannian manifold of constant curvature do not depend on a foliation). All of that
is done by a comparison of extrinsic and intrinsic curvatures of the two Riemannian
structures which arise in a natural way from a given Randers structure.

Introduction

The two recent decades have brought increasing interest in Finsler spaces
(M, F), especially, in extrinsic geometry of their hypersurfaces, see [CS2], [S1],
[S2]. Randers metrics F' = a+ 3, where « is the norm of a Riemannian structure,
and 8 a l-form of a-norm smaller than 1 on M (which was introduced in [Ra]
and appeared in a solution of Zermelo’s control problem [BRS]), are of particular
interest, see [CS1]. Extrinsic geometry of foliated Riemannian manifolds also
became popular since some time (see [RW1] and the bibliography therein). Among
other topics of interest, one can find the so-called integral formulae (i.e., integral
relations for invariants of the shape operator of leaves, e.g., the higher order mean
curvatures 0 (1 < k < m), and Riemann curvature, see surveys in [RW1], [ARW]).
Such formulae provide obstructions for the existence of foliations or compact
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leaves of them with given geometric properties. The first known integral formula
(by G. REEB, [Re]) for codimension-one foliated closed manifolds tells us that
the total mean curvature H = o7 is zero;

/ 01dV, =0, (1)
M

thus, either H = 0 or H(z)H (y) < 0 for some points z,y € M. Its counterpart
in the case of the second mean curvature is the formula, according to our knowl-
edge, obtained for the first time in [No],
/ (20’2 - RiCN) dVg = 07 (2)
M
where N is a unit normal to the leaves. Formula (2) has been used in [LW1] to

prove that codimension-one foliations of a closed Riemannian manifold of either
negative Ricci curvature or constant nonzero curvature are far, in a sense defined
there, from being totally umbilical, and in [BW], to estimate the energy of a vector
field. An infinite series of integral formulae was provided in [RW2]: they include
(1) and (2) and generalize the Brito-Langevin—Rosenberg formulae [BLR],

Kk/2 m/2 Vol..(M ’ ,k ’
/ o dV, = (k/2> olg(M), m,k even .
M 0, m or k odd,

which tell us that total mean curvatures (of arbitrary order k) for codimension-one
foliations on a closed (m + 1)-dimensional manifold of constant sectional curva-
ture K depend only on K, k, m and the volume of the manifold, not on a foliation.
Using the approach of [RW2] and a unit vector field v orthogonal in the Finsler
sense to the leaves, we studied in [RW3] integral formulae for a codimension-one
foliated closed Finsler space (M, F), we defined a new Riemannian structure g
on M, and derived its Riemann curvature and the shape operator of the leaves in
terms of F.

We produced the integral formulae for (M, F') and for Randers space (M, a+
B) with B* (i.e., the a-dual of 3) tangent to the leaves.

This paper presents new integral formulae for a codimension-one foliated
Randers space. Section 1 surveys necessary facts and recent results. Section 3
contains our main results, which generalize (1) and (2), and extend (3); in par-
ticular, we generalize some results of [RW3]. All integral formulae of this paper
hold when the foliation and the 1-form, the both of them, are defined outside
a finite union of closed submanifolds of codimension > 2 under convergence of
some integrals (as in Lemma 1 in what follows), leaving details to the readers.
The singular case is important since there exist plenty of manifolds which admit
no (smooth) codimension-one foliations, while all of them admit such foliations
and non-singular 1-forms 3 outside some “set of singularities”.
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1. Preliminaries

We work with a closed manifold M equipped with a codimension-one foliation
defined on M \ X, where X is a (possibly empty) union of pairwise disjoint closed
submanifolds ¥; of variable codimensions > 2. Briefly, we say that our foliation
admits singularities at points of 3. For Randers spaces (with metrics F' = a+ f3),
we assume also that S admits singularities, i.e., is defined on M \ ¥. Moreover,
the compactness of M can be replaced by the weaker conditions that M has finite
F-volume, and ‘bounded geometry’ in the following sense:

supy |1RullF < o0, supy, [|AllrF < oo.

Lemma 1 (see [LW2, Lemma 2]). Let ¥, codim¥; > 2, be a closed sub-
manifold of a Riemannian manifold (M, a), and X a vector field on M \ ¥; such
that [,,[|X|?dV, < co. Then [, (divX)dV, =0.

Given arbitrary quadratic m x m real matrices A1, ..., Ay and the unit ma-
trix I,,,, one can consider the determinant det(Zl,, +t1 Ay +- - -+t Ag) and express
it as a polynomial of real variables t = (t1,...,t;). Given A = (A1,...,\g), a se-
quence of nonnegative integers with |A| := Ay + -+ - + Ay < m, we shall denote by
ox(A1,..., Ay) its coefficient at t* = 11 x ~-t2’“, see [RW2]:

det(Irn+t1A1+"'+tkAk):Z U)\(Ah...,Ak)t)\.

IA|<m

The invariants o) (Ay, ..., Ax) of real matrices A; generalize the elementary sym-
metric functions of a single matrix A. We use them in Section 5.

The Newton transformations of an m x m matrix A (see [RW1]) are defined
inductively by To(A) = I, T-(4) = 0.(A)I,, — AT,_1(A) (r > 1). Note that
T,(AMA) = NT.(A) for A # 0 and Tr(T.(A)) = (m — r)o.(A). Certainly, o,.(A)
coincides with the r-th elementary symmetric polynomial of the eigenvalues of A.

Lemma 2 ([RW3]). Let C,D, A; (i < s) be m x m matrices, rank A; = 1.
Then

op(C+D+ A1+ -+ As)
=0,(C) + Zm o_jj(C, D) + Tr(T_1(C + D)Ay)
+-~+Tr(Tk_1(C’+D+A1+'~+As_1)As). (4)

In particular, when D =0 and s = 1, 0(C + A) = 04 (C) + Tr(Tx—1(C)A).
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2. The Randers norm

A Minkowski norm on a vector space V™ *1 is a function F : V™! — [0, 00)
with the properties of regularity, positive 1-homogeneity and strong convexity,
see [S2]. The fundamental tensor

1 92
gy(u, 7}) = 5 dsOt [FQ(y +su+ tv)] |s=t=0 (5)

obeys gry = gy (A > 0), and {F(y) < 1} is a strictly convex set. There exist
two F-normal directions n € V™ %! to a hyperplane W C V™! e, g,(n,w) =
0 (w € W), which are opposite when F is reversible, i.e., F(—y) = F(y) (y €
Vmtl) Let N € V™! be a unit normal to a hyperplane W in V™! with respect

to <'7'>7
(Nowy=0 (weW),  a(N)=|Na= NN =1

Let n be a vector F-normal to W, ie., g,(n,v) =0 (v € W), lying in the same
half-space as N and such that ||n|, = a(n) = 1. Set

g(u,v) = gn(u,v), w,veE ymtl

Then g(n,n) = F?(n), and F(n) =1+ B(n). By (5), for y = n we have

9(u,v) = (1+ B(n))(u, v) + B(u)B(v)
= B(n)(n, u)(n,v) + B(u)(n,v) + B(v){n,u). (6)

The ‘musical isomorphisms’ § and b will be used for rank 1 and symmetric rank 2
tensors on Riemannian manifolds. For example, if 3 is a 1-form on (V™1 (. .))
and v € V™! then (8%, u) = B(u) and v’(u) = (v,u) for any u € V™F1,
The tangent component of a vector, say 3%, will be denoted by £4', its dual
1-form is 7.

Lemma 3. Put ¢:= (1 —||#*7||2)2 >0 and ¢ = ¢ + B(N). Then

n=¢N — % or, equivalently, n=cN — 4T, (7)
g(u,v) = cé({u,v) — B(u)B(v)), u,veW, (8)
g(n,n) = (c&)”. 9)

The vector v = (c¢)~'n is an F-unit normal to W.

PROOF. It is similar to the proof of [RW3, Lemma 2.2] for 5(NN) = 0. O
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Lemma 4. If u,U € W and g(u,v) = (U,v) for allv € W, then
(ctyu=U+c 28T (U)B*T. (10)

PROOF. It is similar to the proof of [RW3, Lemma 2.3] for (V) = 0. O

Let M™*! be a connected smooth manifold and TM its tangent bundle.
A Finsler structure F on M is a family of Minkowski norms in tangent spaces
T,M which depend smoothly on a point p € M. Given a transversally oriented
codimension-one foliation F of (M™% F), there exists a globally defined smooth
vector field n being F-normal to the leaves, which defines a Riemannian metric
g = gn with the Levi-Civita connection V. Then g(n,u) = 0 (v € TF) and
g(n,n) = F%(n), see (9), and v = n/F(n) is an F-unit normal.

3. Codimension-one foliated Randers spaces

This section generalizes results in [RW3], where the case of S(IN) = 0 has
been studied. Let C% be a (1,1)-tensor g-dual to the symmetric bilinear form
C,(-,-,V,v). Note that C% = ¢3C%. As before, write (-,-) — a Riemannian
metric on M™*+!. Let F be a transversally oriented codimension-one foliation of
a Randers space (M™*! F):

F(y)=V{y.y) +By). lIBlla <1, B*eT(TM).

Let N be a unit a-normal vector field to F, and n an F-normal vector field to F
with the property (n,n) = 1. Let V be the Levi-Civita connection of (-,-) on M.
The canonical volume forms of F', metrics g and (-, -) satisfy [CS1]

m+2
dVep=(1-[B2) * dV., dV, = (&)™ dV,. (11)

Recall that v = (cé)"In. Let Z = V,v and Z = VxN be the curvature vectors
of v- and N-curves for g and (-, -), respectively.
In the case of BT # 0, let X8 be the projection of X € I'(TF) on f#+:

X4B = X — (X, BTV BT 26T (12)
Notation (12) will be used in decompositions of matrices B = B + >, Bi, where

B; are rank 1 matrices of the form U+# @ g¢7, (ULP)’ @ BT and f- BT @ p¢7
for some U € T F. The invariants of B and B are close in the sense.
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The shape operator A9 : TF — TF of F is given by
AY(u) = -V, (ueTF). (13)

Let L be the leaf through a point p € M, and p the local distance function to L
in a neighborhood of p. Denote by V the Levi-Civita connection of the (local
again) Riemannian metric § := gv,. Note that Vp = v on L. The shape operator
A:TF — TF (self-adjoint for g) is defined by

Alu) ==V, (ueTF).

The derivative Vu : TM — TM and its conjugate (Vu)! : TM — TM are
(1,1)-tensors defined by (Vu)(v) = V,u and ((Vu)!(v),w) = (v, (Vu)(w)) for
v,w € TM. The deformation tensor, 2Def, = Vu + (Vu)?, measures the degree
to which the flow of a vector field u distorts the metric (-,-). The same notation

Def,, will be used for its (-,-)-dual (1, 1)-tensor. Set @I (v) = (Def, (v)) 7.

Proposition 1. The shape operators of F satisfy the following:
1 _
cA9 = A — 5cflé*Z(éN — B (&) + & (Def o) | 5
1 - 1 - _
+5(U=ABFT)) © 8T + S 2(ABT) — (AT, 55T
+ 267 (Defg: 87) T + U + BU)FT | @ 5, (14)

where U = ¢~ Y (Vay_p:8°T) T — ¢Z. At points p € M with 8*7 (p) # 0, we get

- 1 —
cAY = A— 56_16_2(61\7 — B9 ()1, + é_l(Defﬁu)rT;

+ %c*(zé—l(ﬁmﬁﬂf + (U + A(ﬁ“))m)b ® B4
1 _ 18 1
+3(v-4Em) 20+ ar e

PROOF. For the convenience of the readers, we give the proof, which is similar
to the proof of [RW3, Proposition 4.1], for S(N) = 0. By the formula for the
Levi-Civita connection and the use of the equalities g(u,n) = 0 = g(v,n) and

BB ® BT (15)

g([u,v],n) = 0, we have

QQ(VUTL,’U) = n(g(u,v)) + g([u, n]’v) +g([v,n],u) (uav € T]:)' (16)
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One may assume Viu = Vv = 0 for all X € T,M at a given point p € M.
Using (6)—(8), we obtain

n(g(u,v)) = n(ce({u,v) — (U)ﬂ(v)))
= n(cé)((u, v) = B(w) B(v)) —ce(B(w) (Va(8")) (0) +(Va(B))(w)B(v)),
9([u, n], )*CC(<[ u, n}, v) + ([u, ] n)B(v))
—ct(A(u) + V6%, >+cc2<A(ﬁﬂT)+cZ u)B(v),
9([v, n], )_CC(<[U7 nl, u) + B(u)([v. n],n))
—cé(eA(v) + V., 8, >+CC Bu)(A(BT) + cZ,v).

Substituting the above into (16), we find

29(Vun, v) = n(cé)({u, > ( )B(v)) — 2¢¢*(A(u), v) — 2c¢(Def g (u), v)
—ct(B(u N@) + (ValBT)(w)B(v))
+ce (6( )( (5’”)+CZ,U>+ﬂ(U)<A(ﬂﬁT)+02,v>)~ (17)

Assume ¢(Vyn,v) = (D(u),v), where ® : TF — TF is a linear operator. Using
Lemma 4 and g(V,n,v) = —cég(A9(u),v), see (13), we obtain from (17)

—2(cé)? A9 (u) = 2D (u) + ¢ 220 (u), BT BT, (18)
where
20 (u) = n(cé)(u — B(u)*") — 2¢¢% A(u) — 2¢é(Def g (u)) "
= c@(Bu)(VafBfT) T+ (Va(B7))(w)B*")
+ e ((A(B*T) + cZ,u) BT + B(u)(A(B*T) + c2)). (19)
From (18) and (19), we obtain (14). For 8*T # 0, we apply (12) with X = A(3*T)
and X = U, and find (15). O

In [RW3], we applied the variational approach to express the Riemann cur-
vature of g in terms of the Riemann curvature and the Cartan torsion of F. In
this section, we find a relationship between the Riemann curvature of metrics g
and (-,-) on a Randers space. Observe that

b
m—+2
where hy, (u,v) = cé({u,v) — (u,n){v,n)) is the angular form, see [CS1], and

Coa (11, 0,w) = ——— (L (Wi (v, 0) + L (0) (1, 0) + L (w) o (1, ).

m—+ 2
2ce

I,(u) =TrCp(-, - u) = (B = (cé — 1)u, n).
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Proposition 2. We have

Z=(ct) ' Z —c e et e3¢ Z — ¢V Te)prT (20)
and
(c)Ch=C+c?(BToC)® B, (21)

where
20 =Sym(B @ (Z —&¢'V'e)) + (ce) " ((¢ — 2¢7 )BT (&) + (e — & (&) I
+ (&) (27 = 38)8*T(¢) + (¢ — 3e)n(e)) BT @ BT
+ (&) B(Z) ((ct — & + 2716 — 1) [+ (362 — 3ce — 2¢ e+ 1)8T @ 7).
PROOF. It is similar to the proof of [RW3, Proposition 4.3] for B(N) = 0. O

Corollary 1. (i) Let VB = 0 and 3(N) = const, then Z = 0 provides
C¥ =0. (ii) Let m > 3, 3(N) > 0 and ||3||o be constant, then C¥ = 0 if and only
if Z=0.

PROOF. (i) Since ¢ and ¢ are constant, and by Proposition 2, C' = 0, we get
C% = 0. (ii) It is similar to the proof of [RW3, Corollary 4.4] for (N) =0. O

Remark 1. For a codimension-one foliated (M, a) we have, see [RW3]:

<vu2av> = <vUZ,U>, 9(VuZ,v) = g(VyZ,u) (u,v € TF), (22)
Ry = (Defy)pr+ VNA-A* -2’ ® Z. (23)

In [CS1], R, is expressed (using coordinate presentations) through R, fory € TM.
If VB =0 (ie, F is a Berwald structure), then R, = R,. Alternative formulas
with relationship between R, and R, follow from (23) and similar formula for g,
where A9 and Z are expressed using A and Z given in Propositions 1 and 2.

Given a transversely oriented codimension-one foliation F of a closed Finsler
manifold (M™%! F), denote by ki, ko, ..., km (k1 < ka < -+ < k) the eigen-
values of the shape operator A of the leaves of F. If M is oriented and Vg is the
Busemann—Hausdorff volume form on M, then one can consider the integral

UE — /M S (k= ke,

which measures “how far from umbilicity” is F (see also [RW1, Example 2.6] for
the Riemannian case). Similar measure of non-umbilicity (with different powers
of k; — k; which made it conformally invariant) for foliated Riemannian manifolds
has been considered in [LW1, Section 4.1].
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Theorem 1. Let V3 =0 on (M, a), and let the Randers metric F = o + 3
with Ricy < —r < 0. Then

UE>(1- ||5ﬁ||2)m§2mr/ c2dV,. (24)
M
PrROOF. One may show that
> . (ki = k)® = (m = 1)of(A) — 2maa(A).
i<y
Hence, and similarly to (2) formula in [RW3]
1.
/ (02(,4) 1 Rlcy> AV =0, (25)
M 2

we obtain
U}: > —m/ 209(A)dVp = —m/ Ric, dVFr. (26)
M M

By V3% = 0, we have ||8%||o = const and R(X,Y)3* =0 (X,Y € TM). Using
Ric, = Ric;y_p: = ¢®Ricy + Ricg: — 26 R(N, b, 8%, by),

we obtain Ric, = (cé)"2Ric, = (c¢) %Ric,, = ¢ ?Ricy. From (26), where the

volume form is d Vp = (1 — ||8¢]|2) ™2~ d V,, see (11)1, we find

m—+2

cﬁzfuwwm>2m/cﬂﬁﬁdw,
M

which reduces to (24) since our assumption Ricy < —r < 0. O

Let X be a union of pairwise disjoint closed submanifolds 3; C M of codi-
mensions > 2. Following [BW] for the Riemannian case, define the energy of a
unit vector field X on M \ ¥ by the formula

+1 1
E(X) = mTVOIF(M) + §AI ||DXH%dV01F

Let X = v be a unit normal to a codimension-one foliation. By the inequality
|Dv||% > 204(A), see [BW] for the Riemannian case, Lemma 1 and (25), we get

—_ m

Theorem 2. Let (M,a + ) be a codimension-one foliated Randers space
with V3 = 0. Then

m+2 1 1 —
£0) = (0= 192" (P Vo0 + 5 [ Rievav,). e
2 2m M
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Remark 2. Recall that generally (i.e., when N(B) #0), ¢2 =1 — ||37|]* #
const and 1 — ||3]|? are not the same quantities in (27). If m > 2, then equality
holds in (27) if and only if v is geodesic and A = AI,,. For example, if (M, a) is
a round sphere and ¢ = const, then

mTw(m+1)02+1

5oz Vol, (§™F1).

E(v) = (1—[15%%)

One can also drop the condition V3 = 0 in Theorems 1 and 2, and use Ric,, =
Ric,, + ©(n) for a certain (explicitly given in [CS1, p. 54]) function © on T M.

4. Around the Reeb formula

We will discuss (1) and (2) for Randers spaces. The next formula reduces
to (1) when f = const, see [RW1, Lemma 2.5]:

| ()= N av, ~o. (28)
Theorem 3. For a codimension-one foliated closed Randers space, we have
/M(ca)m (m; 2 eN(E) + (Se+c)en(o) - 2 5 (ce)
(- ) AP + eZ, m>)dvola —0. (29)
Proor. We calculate
Tr(Def :) . = divB*+B(Z)—N(B(N)), (30)
(Defg: (8*1), B*1) = =BT () — BIN)(A(B*T), B%). (31)

Tracing (14), we then obtain
co1(A%) = 01(A) = T NeA(EN—F4) (cd) + ¢ (divE+B(Z)-N(B(N)))

+5(BO) = (AET), 8 + 572 (LA, B

— 26718 (e) + BINYA(BT), 6) + (2 = A)(U) )

= o1 (A) — %0-16—2(6N — B¥)(cé) + ¢~ divAt — e IN(0)

—(6=¢)(ct)IN(c) = (¢ — ) 2 HABT) + ¢Z, B%). (32)
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By (32), (1) for (-,-) and g, and using dV, = (c¢)™2d V,, see (11)2, the
Divergence Theorem and fdivs# = div(fB%) — B4(f) with f = (c&)™t!, we get
_m+t2

/ (cé)m+2e1 (ol(/i) - %(ce)*lN(Ce) —&IN() c1e258 (o)
M

(6= ) (cd)"IN(c) — (& — ¢)e 2 HABT) + Z, 5ﬁ>)dvola =0, (33)

which is the Reeb formula when 5 = 0. Applying (28), we obtain (29). O
Remark 3. If ¢ and S(IN) # 0 are constant, then (29) reduces to

/ (A(B*T) + ¢z, fYdV, =0. (34)
M

For 8 = 0, we have ¢ = 1 = ¢ hence, (33) reduces to the Reeb formula. The
following application of (34) seems to be interesting. Let 5(Z) = 0, and a unit
vector field X € I'(TF) be an eigenvector of A corresponding to an eigenvalue
A: M — R. By Theorem 3, 8% = ¢/X + &N, where ¢ = const € (—1,1) and
¢’ = const € (0,11 — €2), obeys (34). Note that ¢ = 1—¢2—(¢’)2, B(IN) = € and
c¢¢ =1+ e. Thus, assuming € # 0, we get fM AdV, = 0. Consequently, either
A=0on M or A(z) - My) < 0 for some points z and y of M. This implies the
Reeb formula [,, 01(A)d Ve =3, [, Aid V4 =0 when Z = 0.

The next theorem generalizes (2), using the approach of foliated Randers
spaces: given a Riemannian manifold (M, a) with a vector field 8% of small norm,
we associate a Randers space (M, a + ). Recall that F = a + § is Berwald if
and only if VA% = 0. In this case, the Finsler metric and the source metric (-, )
have equal Riemann curvatures: R, = Ry for y € T My, see Remark 1.

Theorem 4. Let (M,a) admit a non-trivial parallel vector field ¢ (say,
|8%||o < 1), which is nowhere orthogonal to a codimension-one foliation F. Then

¢ ;CMZ)) or(A+ eCt)

/M ¢ ? (O'Q(A +¢Ch) + (C;;é<A(ﬂ”),6”> -

b A+ ), AT, 51T - L=y zusy
e B (A + (e 5T - L2 gy
(- 26)(12;2 c? 4 2c¢) (A(FTVLE, 2y — 1+ czg 2cé AT CH(BET)

_ngwﬂ)m, Z4Py — ;RK?N) dV,=0. (35)
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Furthermore, if 3(N) = const, N being a unit normal to F, then (35) reads

—(c—20)? -
[ (emiCona) - emtacy) - L= 2P g
M
(c—28)(1 —c?+2cé) , - 14+ —2ce,
- - (A(BT), 2) - ————(A(B*"), CL(BT))
=2 Rz - 2200 057, 2)) av, =0, (30

PROOF. Note that ¢ < 1 when 47 # 0 on a Randers space (M, « + 3). For
VB =0, we get (V,,85T)T = —B(N)(A(B*T) + c¢Z). We have, see [RW1],

A—AY=C", (37)

and cA9 = A+ Ay + Ay + A3, see (15), where A} = Ulb QBT Ay =TU, @87,
As = a3B7® BT are rank 1 matrices, and

s = =P D)~ g AET) 8,
U= 5o (AF ) + (c-202) ", = (AE +e2) @39)

ThUS, cA = A + CCB + Al + AQ + A3. We have O'l(Al) = O'l(AQ) = UQ(AZ') = 0.
Recall the following identity for square matrices:

o2 (D, A) = 3 oa(A) + D7 ((Tr A)(Tr 4y) = Tr(A4i4)).
By the above, we obtain
Poa(A) = o9(A + cCh) + 01(A3)01 (A + cCF) - Q,
where 01(A3) = az(1 — ¢?) and

Q:=Tr(A1 Ay + A1 (A+cCh) + Ay (A + cCP) + As(A + cCP))

- 7%“‘1+CCB)(ﬁﬂT),5ﬁT><A(5ﬁT),5ﬁT>
c—2 NI cle—28)%(1=¢c2), -
- AN+ cChT) BTy + Rz
%é;%)?”;l(ﬂﬂ)mﬁ i (c— 26)(126—202 + 2¢é) A8V, 2)
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2 5 5 2

1+ec A_2CC<A(ﬂﬁT)lﬂ,Cﬁ(ﬂﬁT)>+ (C_2C)€1+C )
2¢ 2¢

The condition V3* = 0 implies ||3*||o = const and R(X,Y)3* = 0(X,Y € TM).

Using equality

(240, CE(B°T)).

Ric, = Ricay_g = ¢Ricy + Ricg: — 26 R(N, by, 5%, b;),

we obtain Ric, = (c¢)~2Ric, = (c¢)"%Ric, = ¢ ?Ricy. From (2) for F, where
m+2

the volume form is dVp = (1 — ||8%]|2) "2 d V., see (11);, we get (35). Since
}}in})[l(ﬂwfﬁ =0, (35) reduces to (2) when 8 — 0. If 3(N) = const, then
—

B(Z)=0 and (A(BT), B*T) =0

0= (VNG N) = (VNn(B*T + B(N)N),N) = —(5, Z),

0= (Ver B, N) = (Ver (85T + BIN)N), N) = —(A(B*T), ). (39)
Hence, by (4) for oo(A + ¢C%) and by (2), we reduce (35) to (36). O

Remark that a parallel vector field 3* forms a constant angle with (the leaves
of) F if and only if B(N) = const (e.g., B(N) = 0) and ||3* ||, = const.

Corollary 2. Assume that a Riemannian manifold (M, a) admits a non-
trivial parallel vector field 5, which forms a constant angle with the leaves of
a Riemannian (Z = 0) foliation F, and 26(N) + ¢ # 1. Then A(B*T) =0 on M.
If, in addition, F is totally umbilical (A = H - I,,,), then F is totally geodesic.

PROOF. Let ||3%|o < 1. By conditions and Corollary 1 (i), Z = 0 yields
C* = 0 on a Randers space (M, + f3). Since ¢ and ¢ are constant, (36) reads

1— (26— ¢)? .

i [ 1AEIEav. o

By conditions, 1 — (2¢ — ¢)? is nonzero. This yields A(8*T) = 0 on M. If F is
a totally umbilical foliation, then 0=(A(8*T), 3*T)=H||8*T||2, hence H=0. O

Remark 4. Using the formula in [CS1, Lemma 4.2.2] for Ric-Ric (see also
Remark 2), one may generalize (35) (completing it with more terms) for foliated
Randers spaces without additional condition V3 = 0.

5. Around Brito—Langevin—Rosenberg formula

Results of this section are valid for a codimension-one foliation and 1-form
with singularities (according to [RW2, Theorem 2 and Corollary 4] and Lemma 1).
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Observe that if a rank 1 matrix A := U® has trace zero, i.e., (U) = 0, then

U(B%)"-U(BH) = UBU)(B*)" = BU)A = 0.

Define the quantity

8= —%c‘lé_z(éN — B (cé).

Let our Randers space be Berwald, and 5% be nowhere orthogonal to F:

VEE=0, BT #£0, (40)
for 3 L F, see Remark 5. If, in addition, (-,-) has constant curvature K, then
K =0, because only flat space forms admit parallel vector fields.

Theorem 5. A codimension-one foliated closed Randers—Berwald space,
with (40) and constant sectional curvature K of {-,-), obeys for 1 < k < m,

/ (80m = &+ Dor-s( A+ Y7 onmgs (A 8T, cC)

M
+ (Tho1 (A + 0Ly +cCE)(BT), Ur) + B(T—1 (A + 61y +cCh + Uy @ BT (Us))
+a38(Th1 (A + 6L + cC + UL @ BT+ U @ BT)(BT)) ) dVa =0, (41)

where Uy, Us and a3 are given in (38). Moreover, if B(N) = const and Z = 0,
then

/ M@ﬂk 1 ( )(ﬁﬂ),ﬁ(ﬁﬂ)m>d\/a:0.
M

2cé

PROOF. As was shown, K =0, and R, = R, = 0 for y € TM,. By assump-
tions, ¢ < 1 and || ]|« = const. By (15) and (37),

CA=cAI +cCh = A+ 61, + cC* + A + Ay + As,

where A; are three rank < 1 matrices, Ay = U}’ ® BT, Ay = Uy ® BT and
Az =a3zfT® BT, By (4) with C = A+ 61, and D = cC¥, we have
Fop(A) = o (A+61,) + Zj>0 Ok (A+ 8Ly, cCE)
AU (T 1 (A+6T+cCE)(B*T)) +B(Ti—1 (A + 6L +cCh+ A1 ) (U2))
+ agB(Tp—1 (A + 0L + cCh + Ay + Ag)(B'T)). (42)
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7n+2

Recall that dVp = (1 — [|8%]|2) "2 d V4, see (11);. Comparing the analogue
of (3) for F, see [RW3], when K = 0 with [, 0x(A4,)dV, =0, and using o1, (A +
0In) = 0k(A) +6(m — k + 1)ok_1(A4), see (4) and (42), we find (41). If B(N) =
const and Z = 0, then ¢ and ¢ are constant; hence, § = 0. Then (A(B4T), 3#T)
0, see (39), and az = 0. Thus, the second claim follows from Corollary 1 (i
and (41).

o=

Ea:ample 1. For k = 1 and Z = 0, (41) yields the Reeb type formula
A o A(BET), Bn>dV = 0, see also (34); thus, if ¢ # ¢, then A(B*T) = 0
on M.

Corollary 3. Assume that (M™*! a+ ) is a closed Randers-Berwald space
of constant sectional curvature K = 0 of (-,-), endowed with a codimension-one
totally geodesic (for our metric a) foliation, and that conditions (40) hold. Then

/, (Ck"k“’ﬁ) + 2T (O 4 0L (8T), 24)

#4205 (1 (cp+ o1+ S 2 0 57 (249))
c—2¢ 5

+m/5(2)5(ﬂ (e + o0+ = 27y o BT
—928) _

pde-2) C>zw®ﬂT)<5”))>dva:o, L<k<m. (43)

Remark 5. (i) For B(N) = 0, (43) reduces to formula (4.23) in [RW3]. Similar
integral formulae exist for totally umbilical foliations (for S(N) = 0, see [RW3]).
Non-flat closed Riemannian manifolds of constant curvature do not admit such
foliations. (ii) Let 8% = fN, for a smooth function f : M — (—1,1). Then ¢ = 1
and B(N) = f. Theorems 3 and 5 yield trivial identities in this case.

References

[ARW] K. ANDRZEJEWSKI, V. ROVENSKI and P. WALCZAK, Integral formulas in foliation theory,
In: Geometry and Its Applications, Springer Proceedings in Mathematics and Statistics,
Vol. 72, Springer, Cham, 2014, 73-82.

[BRS] D. Bao, C. ROBLES and Z. SHEN, Zermelo navigation on Riemannian manifolds, J. Dif-
ferential Geom. 66 (2004), 377-435.

[BLR] F. BriTO, R. LANGEVIN and H. ROSENBERG, Intégrales de courbure sur des variétés
feuilletées, J. Differential Geom. 16 (1981), 19-55.

[BW] F.BriTO and P. WALCZAK, On the energy of unit vector fields with isolated singularities,
Ann. Polon. Math. 73 (2000), 269-274.



110
[Cs1]
[CS2]
[LW1]

[LW2]

[No]
[Ral
[Re]
[RW1]
[RW2]
[RW3]

[51]
[S2]

V. Rovenski and P. Walczak : Codimension-one foliated Randers spaces

X. CHENG and Z. SHEN, Finsler Geometry. An Approach via Randers Spaces, Springer,
Heidelberg, 2012.

S. S. CHERN and Z. SHEN, Riemann-Finsler Geometry, World Scientific Publishing
Co., Hackensack, NJ, 2005.

R. LANGEVIN and P. WALCZAK, Conformal geometry of foliations, Geom. Dedicata 132
(2008), 135-178.

M. LuzyNczyK and P. WALCZAK, New integral formulae for two complementary or-
thogonal distributions on Riemannian manifolds, Ann. Global Anal. Geom. 48 (2015),
195-209.

T. NORA, Seconde forme fondamentale d’une application et d’'un feuilletage, Thése,
Université de Limoges (1983), 115 pp.

G. RANDERS, On an asymmetrical metric in the fourspace of general relativity, Phys.
Rev. (2) 59 (1941), 195-199.

G. REEB, Sur la courbure moyenne des variétés intégrales d’une équation de Pfaff w = 0,
C. R. Acad. Sci. Paris 231 (1950), 101-102.

V. ROVENSKI and P. WaALczAK, Topics in Extrinsic Geometry of Codimension-One
Foliations, Springer, New York, 2011.

V. ROVENSKI and P. WALCZAK, Integral formulae on foliated symmetric spaces, Math.
Ann. 352 (2012), 223-237.

V. RoveNskl and P. WALCZAK, Integral formulae for codimension-one foliated Finsler
manifolds, Balkan J. Geom. Appl. 21 (2016), 76-102.

Z. SHEN, On Finsler geometry of submanifolds, Math. Ann. 311 (1998), 549-576.

Z. SHEN, Lectures on Finsler Geometry, World Scientific Publishing Co., Singapore,
2001.

VLADIMIR ROVENSKI
DEPARTMENT OF MATHEMATICS
FACULTY OF NATURAL SCIENCES
UNIVERSITY OF HAIFA

MOUNT CARMEL

31905 HAIFA

ISRAEL

E-mail: vrovenski@univ.haifa.ac.il
URL: http://math.haifa.ac.il/ROVENSKI/rovenski.html

PAWEL WALCZAK
DEPARTMENT OF GEOMETRY
FACULTY OF MATHEMATICS
AND COMPUTER SCIENCE
UNIVERSITY OF LODZ

UL. 22 BANACH STR., 90-238

LODZ

POLAND

E-mail: pawelwal@math.uni.lodz.pl
URL: http://math.uni.lodz.pl/ pawelwal/

(Received April 6, 2016; revised September 11, 2016)



