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De Branges—Rovnyak spaces and generalized Dirichlet spaces

By BARTOSZ LANUCHA (Lublin) and MARIA NOWAK (Lublin)

Abstract. We consider the relations between the generalized Dirichlet spaces
D(p) and de Branges-Rovnyak spaces #H(b). Such relations were studied in the pa-
pers [10], [11], and more recently, in [2] and [3]. Here we obtain further results in this
direction.

1. Introduction

Let H? be the standard Hardy space of the open unit disk ID. For u a finite
positive Borel measure on T = dD and f a holomorphic function in D, the Dirich-
let integral of f with respect to p is defined by

D,(f) = / |F/(2) 2Pu(=)dA(z),

where P is the Poisson integral of u, and dA denotes area measure on DD, nor-
malized to have unit total mass.
For A € T, we define the local Dirichlet integral of f at A by

D)\(f):;n_/oﬂ- f()‘)_f(elt)

A—eit
where f()) is the nontangential limit of f at A. If f(\) does not exist, then we
set Dy(f) = oo. It is known that if f € H?, then

2
dt,

D,(f) = / DA(f)du(n)  (see, .., [8]).
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The generalized Dirichlet space D(u) consists of those functions f € H? for
which D, (f) is finite. The space D(u) is a Hilbert space with the norm

£ 1) = I£113 + Dpu(f)-

If p =965, A €T, then D,(f) = Dx(f) and D(d,) is called the local Dirichlet
space at A\. The more general case when p is a finitely atomic measure, that is,
po= >0y pjdx,, where Ai,...,\, are distinct points of T and py,...,u, are
positive numbers, was considered by SARASON in [11]. In this case,

2

—z

f) = 1(2)
)\]

11D = 1A+ D ny
j=1 2
It has been shown in [8] that if f(z) = > -, f(k)z* belongs to D(dy), then
the series > po F(k)A* converges. Consequently, if f is in D(y), with x as above,
then all the series > p- f(k))\;C converge.
In [11], the author considered the function

Az
Ku(z)=1-) pj——%—, (1.1)
j; (1 - )‘J )2
and proved that if w,...,w, are the zeros of K, in D, and

then
D(p) = M(a) &py Kg, (1.3)

where Kz = H 2 5 BH? is the model space corresponding to the finite Blaschke
product B with zero sequence wy, . . ., w, and M(a) = aH?, see [11, Corollary 1].

For y € L°°(T), let T}, denote the bounded Toeplitz operator on H?, that
is, Ty.f = P(xf), where P is the orthogonal projection of L*(T) onto H2. Given
a function b in the unit ball of H*, the de Branges—Rovnyak space H(b) is the
image of H? under the operator (I —T,T5)'/2. The space H(b) is given the Hilbert

1/2

space structure that makes the operator (I — T;,T5) a coisometry of H? onto

H(b), namely,

(I —TTp)" 2 f, (I - ToT5) 2g) = (f,9)2 (f.g € (ker(I — TyT3)")h).
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It is known [12, p. 10] that #(b) is a Hilbert space with reproducing kernel

kb (2) = # (z,w € D).

Here, we are interested in the case when the function b is not an extreme
point of the unit ball of H°, that is, the case when the function log(1 — |b]) is
integrable on T ([7, p. 138]). Then, there exists an outer function a € H*> for
which |a]? 4+ |b|?> = 1 a.e. on T. Moreover, if we suppose that a(0) > 0, then a is
uniquely determined, and we say that (b, a) is a pair.

Recall now that the Smirnov class N'* consists of the holomorphic functions
in D that are quotients of functions in H* in which the denominators are outer
functions. If (b,a) is a pair, then the quotient ¢ = g is in N*. Conversely, for
b
It is worth noting here that if ¢ is rational, then the functions ¢ and b in the

every nonzero function ¢ € N7, there exists a unique pair (b, a) such that ¢ =

representation of ¢ are also rational (see [13]).

For a function ¢ that is holomorphic on D, we define T, to be the operator of
multiplication by ¢ on the domain D(T,) = {f € H*: ¢f € H*}. We note that
T, is bounded on H? if and only if ¢ € H*. It was proved in [13] that D(T,,) is
dense in H? if and only if ¢ € N'*. Moreover, if ¢ is a nonzero function in N'*
with canonical representation ¢ = g, then D(T,) = aH?. In this case, T, has

a unique adjoint 7. Following SARASON [13, p. 286], we define T = T);. The
next theorem says that the de Branges-Rovnyak space H(b) is the domain of T5.

Theorem 1.1 ([13]). Let (b,a) be a pair, and let ¢ = 2. Then the domain
of Tz is H(b) and for f € H(D),

I£1I5 = ILF1I3 + 1T 13-

In 1997, D. SARASON [10] proved that for A € T and

(1—a)lz :3—\/5

ba(z) = l—ar: 2

the space D(dy) coincides with H(by), with equality of norms. In 2010,
N. CHEVROT, D. GUILLOT and T. RANSFORD [2] identified all the functions b
and the measures p for which D(u) = H(b) with equality of norms.

In their recent paper [3], C. COSTARA and T. RANSFORD proved that if (b, a)
is a rational pair, then D(u) = H(b), without supposing equality of norms, if and
only if:
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(i) the zeros of the function a on T are all simple, and
(ii) the support of p is exactly equal to this set of zeros.

In the proof of this result, the following theorem due to BALL and KRIETE [1]
was used.

Theorem 1.2 ([1], [3]). Let (b1,a1) and (ba,as) be pairs. Then H(by) C
H(b2) if and only if the following two conditions both hold:
(i) there exist g,h € H* such that by = gby + has,
(ii) there exists v > 0 such that |a1| < y|ag| m-a.e. on T.

In this paper, we will use also the following description of H(b) obtained in [3]:

Theorem 1.3 ([3]). Let (b,a) be a rational pair, and let A1, ..., \, be the
zeros of a on T, listed according to multiplicity. Then

H(b) = p—i—H(z—)\j)g: pEP, 1, g H? }, (1.4)
j=1

where P,,_1 denotes the set of polynomials of degree at most n — 1.

Here, we mainly concentrate on pairs (b, a) for which ¢ = b/a = H?Zl(l —
ij)_l, where A1, ..., A, are distinct points from T. We find an explicit formula
for Tsf, f € H(D), which implies the equality of the spaces D(u) = H(b) and
some inequalities between their norms. Moreover, in Theorem 2.3, we obtain the

following result on the structure of H(b):
H(b) = M(CL) 697-[(17) Span{kl)j\l PR kl))\r,,}a
where k};\j are the corresponding kernel functions. Next, we show that
b b —
span{ky ,...,kx } = KB,

where B is a Blaschke product of order n. From this, we get a description of H(b)
analogous to that obtained by Sarason for D(u), when p is a finitely atomic
measure on T. It turns out that in the special case when ¢(2) = (1 — 2")~! and
w= # Z?:l de;, where e; are the n-th roots of 1, the model space Kp equals to
the model space Kz in (1.3).

We remark that in view of Theorem 1.2, the same argument as in [3] can
be used to show that some of the results obtained for these special H(b) can be
extended to the case when (b, a) are rational pairs such that Aq,...,\, are the
simple zeros of a on T.
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In Section 4, we apply Theorem 1.3 to show a relation between two spaces
H(b) and H(by) in the case when the sets of zeros on T of the corresponding
functions a and a; differ by a single point. In particular, we show that if A is
a zero of the function a of order k > 2 and f € H(b), then the derivative f*—1)
has a nontangential limit at \. We would like to mention that the existence of
the nontangential limits of derivatives of the functions in H(b) is discussed in [5]
and [6].

After preparing this manuscript, we found that our Theorem 4.1 is contained
in Theorem 1.2 in the recent work [4]. However, our approach and proofs are
different than those in [4].

2. Main results

In this section, we deal with the function ¢ € AN’ defined by

p(z) = (2.1)

H?:l(l —Aj2) ’

where A1, ..., \, are distinct points from T. By the Riesz—Fejér theorem (see [9,

p. 118]), there is a unique polynomial 7 of degree n, without zeros in D, such that
r(0) > 0, and

1+] H(l —X2)? =r(z)]* onT.
j=1

Then the functions in the corresponding pair (b, a) are given by

IT;_,(1- Ajz) _ L
e T

We observe that b € H(D), and since \j, 1 < j < n, are the zeros of a on T, we
have |b(A;)| = 1 for every 1 < j < n. It then follows (see [12, p. 48]) that b has
an angular derivative in the sense of Carathéodory at every \;, and consequently,

a(z) =

every function f € 7(b) has a nontangential limit at A;, 1 < j < n. Moreover,

f(AJ) = <fa kl))\j>ba

where
1— .
K, (z) = TP
7 1-— /\jZ

We first prove the following:
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Lemma 2.1. Let ¢ be given by (2.1). Then, for every f in H(D),
- —f(2)
T f( z_: ﬁ’ (2.2)

_ -1
where a; = (Hzn:u;éj(l — /\l/\j))

Proor. Clearly,

n a
:;1_,

where a; is defined in the Lemma. It is also known that T3 is well defined
on H(D). Moreover, using the formula

Tsf(2) = Z Z(ﬁ(l)f(l +m)z™  (see, e.g., [13, Lemma 6.1]), (2.3)

where ky, (2) = (1 — Aj2) L. Since ky, () = 372, Xé-zl, we get, by (2.3),

Tij(z) = Z (Z )\éf(l + m)) 2™ = Z T2,
m=0 \[=0 m=0

where r,,, = f(m) + )\jf(m +1)+ )\?f(m +2) +---. Consequently,

(A — z)TEAjf(z) = Z Ajrmz™ — Z rmzm
m=

= .f +Z (A iTm = Tm— 1) :/\jf()\j)— Z f(m—l)zm

m=1

—2 > fm)2m =N (F) = F(2)+ (N —2) f(2).
m=0

Hence,

T, 1) = )+ 4, TR

J

Since 37, aj = 1, we get formula (2.2). O
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Theorem 2.2. Let (b,a) be a pair such that b/a = ¢, where ¢ is given
by (2.1). If f € H(b), then

Tyf +Z A A_Z(), (2.4)

where f(\;) is the nontangential limit of f at \;, and a; are such as in Lemma 2.1.
In particular, the sum on the right side of (2.4) belongs to H?.

PROOF. Let f € H(b). It follows from Theorem 1.1 that Tz f € H?. Since
polynomials are dense in H(b) (see, e.g., [12, p. 25]), we can choose a sequence of
polynomials {py,} such that p,, — f in H(b). Then p,, — f and Tgp, — Tpf
in H2. This implies that p,,(2) — f(2) and Tppm(2) — T f(2) for every z € D.
Moreover, since the functionals f — f(\;) are bounded on #(b) (see [12, pp. 48~
49]), we see that p,,(A;) = f(A;) for each 1 < j <n. From this and Lemma 2.1,
for every z € D,

m—»0o0 m—»0o0 =1 )\j —Z
=f(z)+ZajAJf( ;):g(z) O
j=1

Theorem 2.3. Let (b,a) be a pair such that b/a = , where ¢ is given
by (2.1). We have

H(b) = M(a) By span{ky ..., k3 }.
In particular, M(a) is a closed subspace of H(b).

PROOF. Let V = span{k§ ,...,k} } C H(b). Since M(a) C H(b) (see, e.g.,
[12, p. 24]), it is enough to show that M(a) = V* in H(b).

Note that if f € M(a), then f(X;) = (f,k3,)p = 0 for every 1 < j < n.
So M(a) € V+. On the other hand, if f € V*, then f(X\;) = 0 for each
1 < 7 < n. Thus, by Theorem 2.2,

Tof(z) =Yg, (11_1Ajz) - (% ; Fz) = olz) € 1.

=1

Moreover, for |z| = 1 we have

_ iz n Anz —z
a — e — R
11—)\12 1= Anz Hj:l(z_/\j)
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and consequently,

which shows that f € M(a). O

As a corollary from the last Theorem we get the following result, due to
CosTARA and RANSFORD [2].

Corollary 2.4. Let (b,a) be a pair such that b/a = ¢, where ¢ is given
by (2.1). Then

where p = Z?Zl by, and prj > 0.

PrOOF. To see that H(b) C D(u), it is enough to observe that M(a) =
M(a) € D(u), where @ is given by (1.2) and each of the functions kb € HD) cC
D(u). The other inclusion is an immediate consequence of Theorem 2.2, O

It is known that if #(b) = D(u), then the norms ||-|[, and || - || p(,) are equiv-
alent ([3]). Moreover, the authors in [2] gave necessary and sufficient conditions
for equality of these norms.

In our case, we get the following:

_ -1
Proposition 2.5. Ifu =37, |a;|?0x,, where a; = (H?:U#j(l - )\z>\j)>

and b is as above, then

1flle < vV +2[|fllp

ProoF. We have

—f(®)

71 = W03 + NS 13 < 11513+ ||f||2+Z|a]|‘f o

2

A 2
w <+ 2)f DO
2

<SR+ DI+ lagl?
j=1

Recall that b(z) = 1/r(z), where r(z) is a polynomial of degree n with zeros
wll, e ,w;, € C\D. We now state a result that is analogous to Sarason’s result
mentioned in the Introduction.

Corollary 2.6. Let (b,a) be a pair such that b/a = ¢, where ¢ is given
by (2.1). We have
H(b) = M(a) Dw ) Ks,
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where Kp is the model space corresponding to the finite Blaschke product with
zero sequence wy, = 1/w,, k=1,...,n.

PRrROOF. In view of Theorem 2.3, it is enough to show that
b by
Span{k>ﬂ, ey k}\"} = KB

To this end, we observe that

_ 1= 5(A)b(2) : (
kgj(z)_ 1-Xz  1-XNz 1-Xz (1-XN2)r(z) r(2)’

where P(z) is a polynomial of degree at most n — 1. Since there are constants ¢
and ¢ such that

3

r(z)=c H(z —w,)=¢ H(l — Wk2),
k=1

k=1

we see that

P(z)
kS (2) = - — € Kp.
)\J( ) C/ Hk:1(1 _wkz) B
Consequently,
span{ky ,..., k% } C Kp.
Since both the spaces Kg and span{k‘g17 ceey kl)’\n} have dimension n, the other
inclusion follows. O

1
1—=2m

3. A special case: ¢(z) =

If o(z) = ﬁ, then the poles A; =¢; of ¢, j =1,...,n, are the n-th roots
of 1. To find the canonical representation ¢ = b/a, we observe first that in this
case

R(ez‘t) =14 |1 _ eint|2 =3 e—int _ eint

)

and consider the polynomial

W(z)=2"B3-2"—2")=—2""+32" — 1
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where o = 3=Y5_ Clearly, W (z) has n distinct zeros in D,

Wy = {L/aelm
and n distinct zeros outside D,
/ 1 1

w Wy, {L/aeka ) y TV
Hence
W(z) = Hz—wk)(z—wk =z Hz—wk <—w;€>

k=1 k=1
and

e 1 1
_ n __ - - 1 _ n
|:| z—wy) = —va (z a) \/a( az™)
is a polynomial satisfying r(0) > 0, and
lr(z)*=1+|1—2"> onT.

Consequently, see, e.g., [13],

(I =a)(1—2")
o) =T
and
11—«

b(z) = T am

We observe that in this case formula (2.4) simplifies to

Tof() = f(2) 4 © Zle]w

We note that if b is as above, then, by Corollary 2.6,
H(b) = M(a) Buw) Ks,

where Kp is the model space corresponding to the finite Blaschke product with
zero sequence wy = YVaeg, k=1,.

On the other hand, by SARASON s result [11], we know that if u = 37, p;de;,
then

D(u) = M(a) ©p(u) Kp,

where Kz is the model space corresponding to the finite Blaschke product B
with zeros wi,...,w,, which are the zeros of the function K, defined in the
Introduction. We now show that in this case, the coefficients y; can be chosen so
that B = B.

The following Theorem was proved in [14].
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Theorem. Letw;,...,w, be a finite sequence of points in D\{0} (repetitions
allowed). Then there exist distinct points A1, . . ., A, on the unit circle and positive
numbers 1, . .., by, such that wy,...,wy,, 1/w1,...,1/w, is the zero sequence of
the function K,(z) given by (1.1).

It follows from the proof of this Theorem that if one can find A\y,..., A\, on T
such that

n

[

=1

- >0 (3.1)
[T ws
j=1
and B B B
NAm = N = Nwj — N
_ = ——— (I=1,...,n), (3.2)
D T P v
then pq,..., u, are uniquely determined and given by

= .
H?:1 |wj] Hm# At — A [?

We first show that if wy, = Yaer and A\ = e, k = 1,...,n, then conditions
(3.1) and (3.2) are fulfilled. Clearly, (3.1) holds. It is enough to prove (3.2) for

e; =e; = 1, that is
€m — €m w; —W;
Z T —enl? Z I THER

Symmetry arguments show that both sides of this equality are equal to zero. Now,
a calculation gives

This means that if y = # Z;L 1 0c;, then B = B, which proves our claim.

4. Characterization of H(b) in terms of the zeros of a

In this section, using Theorem 1.2, we generalize Theorem 2.3 as follows:

Theorem 4.1. Let (b,a) be a rational pair, and let A1, ..., \, be the simple
zeros of a on T. Then

H(b) = M(a) D) span{kl)’\1 ey kl)’\n}.
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PROOF. Let (bg,ap) be the rational pair such that the function ¢ defined
by (2.1) has the canonical representation ¢ = Z—g It then follows from the con-
struction of the canonical representation (see, e.g., [13, p. 283]) that
a(z) = q(z)ao(2),

where ¢(z) is a rational holomorphic non-vanishing function in D. Consequently,
M(a) = M(ap).

Moreover, using Theorem 1.2, one can show that

Now, let V = span{kl)’\l, cey klj\n} C H(b). As in the proof of Theorem 2.3,
we get M(a) C V1. Now, if f € V4, then f()\;) = 0, and since f € H(bp),
by Theorem 2.3, f € M(ag) = M(a). This shows that VL = M(a). O

Our next result is a corollary of Theorem 1.3.

Theorem 4.2. Let (b,a) and (by,a1) be rational pairs, and let A\, A1, ..., A,
and A1,..., A\, be the zeros of a and ay on T, respectively, listed according to
multiplicity. If f € H(b), then

- EH(bl)

Conversely, if f € H? is such that the nontangential limit f()\) exists and F €
H(b1), then f € H(b).

PROOF. Assume that f € H(b). Then, by (1.4),
f2) =p2)+ (=N ] - N,
j=1

where p is a polynomial of degree n and g € H2. So

F() = T ZLE PO PO | T o) = i) + [ — Aate)

z

where p; is a polynomial of degree n — 1. By (1.4) again, F' € H(by). The other
claim can be proved analogously. O
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It follows immediately from Theorem 1.3 that if f € H(b) and X is a zero
of a on T, then the nontangential limit of f at A exists. For the case when \ is
a zero of order k > 2, we get immediately from the above theorem the following:

Corollary 4.3. If (b,a) is a rational pair and X is a zero of the function a of
order k > 2 and f € H(b), then the derivative f' has a nontangential limit at \.

We remark that by the result in [12, p. 46|, the derivative f’ has a nontan-
gential limit at A if and only if f has a nontangential limit f(\), and the difference
quotient (f(A) — f(2))/(A — 2) has a nontangential limit at A.

Corollary 4.4. Let (b,a) be a rational pair, and let A be a zero of the
function a of order k. If f € H(b), then there is a function h in H? such that

FE =N+ NE =)+ T (2~ N4 (2 = ) h(2).

PROOF. By formula (1.4),

F(2) = prsn—1(2) + (z = M [[(z = M)a(2),
j=1

where A1, ..., )\, are the other zeros of a and g € H?. Clearly,

Consequently,
kg lOIoN! n
f(z) = TGN H N (Pamae) + [1G=2)9(2)
j=0 ’ j=1
k=l or)
_yf ﬂ(A) (2 = A + (2 = N*A()
§=0

Finally, we remark that the function A is in the space H(b), where the zeros of
the corresponding function a are A1,..., A,. O
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