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On warped Finslerian gradient Ricci solitons

By MASUMEH KHAMEFOROUSH YAZDI (Tehran),
YOUSEF ALIPOUR FAKHRI (Tehran)
and MORTEZA MIRMOHAMMAD REZAII (Tehran)

Abstract. In this work, we study warped Finslerian gradient Ricci solitons where
the base space is Riemannian, and it is showed that the potential function depends
only on the base space, or else the warping function is a constant. Also, we prove that
a warped product Finsler manifold, when the base space is conformal to a Euclidean
space, is a gradient Ricci soliton if and only if the warping and potential functions satisfy
some partial differential equations.

1. Introduction

Gradient Ricci solitons have become important tools in Riemannian geome-
try and general relativity. They have important applications in fluid mechanics,
black holes, string theory, and classical and quantum theory of fields. In 1982,
HAMILTON introduced the notion of Ricci flow in Riemannian geometry, which
played a key role in proving the Poincaré conjecture [9]. We recall that a Rie-
mannian manifold (M, ¢g(t)) is a gradient Ricci soliton if there exists a smooth
function A on M such that

Ricy +VVh+Ag=0

for some constant .

The notion of warped product was first introduced by BisHOP and O’NEILL
to construct Riemannian manifolds with negative curvature [6]. It plays an impor-
tant role in Riemannian geometry and geodesic metric spaces [7]. M. L. DE Sousa
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and R. PINA considered gradient Ricci solitons on warped product Riemannian
manifolds and proved that the potential function depends only on the base space,
and the fiber space is necessarily an Einstein manifold [8].

Some recent works have focused on extending these notions to the Finsler
geometry as a natural generalization of Riemannian geometry. BAO in [5] defined
Ricci flow on Finsler manifolds by using Akbar-Zadeh’s Ricci tensor as follows:

795 = —2 Ricyy, g(t = 0) = go,
where ‘Ric’ denotes the Ricci tensor of the Finsler metric tensor g, and gg is an
initial Finsler metric tensor. The concept of warped product on Finsler manifolds
is defined first by L. KozMma et al. [12]. M. M. REZAI et al. generalized some
theorems on Riemannian geometry to the warped product Finsler space [2], [3],
[4] and [13].

In this paper, we consider warped product Finsler manifold when the base
space is Riemannian and prove that the potential function of warped Finslerian
gradient Ricci solitons depends only on the base space, or else the warping function
is a constant. Also, the fiber space is necessarily an Einstein manifold with regard
to an additional condition. Moreover, we find necessary and sufficient conditions
for the warped product Finsler manifold, when the base space is conformal to
a Euclidean space, to be a gradient Ricci soliton.

2. Preliminaries and notations

Let Fy = (My, Fy) and Fy = (Ma, Fy) be two Finsler manifolds, and f :
M; — R be a non-negative smooth function. We recall that F = (M, F) is
a warped product Finsler manifold where M is a product manifold M; x M5, and
the function F' = F} x s Fy is a Finsler metric on T'(M; x M>)° that is defined as
follows:
F?(21, 22,91, 92) = FE(z1,y1) + f(21)2F5 (22, y2).

Notation. Lowercase Latin letters such as {i,5,k,1,...}, {a,8,7,...} and
{a,b,c,d,...} are used in the upper position for variable indices. They belong to
the set {1,...,m1}, {1,...,ma} and {1,...,m1 +ma}, respectively, according to
the spaces Iy, Fy or F = [Fy x ¢ Fy they represent. Variables of F; and Fy have
lower indices 1 and 2, respectively, like 2%, y{ and z¥, yg .

When there is no appropriate position to place indices 1 and 2, objects of
F, and Fy will be hat and check, respectively, like g;; and gag, to indicate their
relevant spaces.
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The geodesic spray G = (G*, G*) of the warped product Finsler manifold is
expressed as

11 ahaf2

A~ Aha’2
2 Fz 2 19 h

e A n] a:voz
G =G - f)x,sz, G =G

Now, the coefficients of the nonlinear Cartan connection will be

.. laghar 1., 0f20F2
G =G — ———— i _—gthZL 72

J J 4 ay{ 8:17’11 29 B 49 3x’f ayga

a_li aan GY = Va_’_}i haf2 « (2)
j —2f2y278x{7 BTYBT g g%

By means of this non-linear Cartan connection, tangent space can be split into

the horizontal and vertical subspaces with the corresponding bases 521‘ , 5%,
1 2
0?/% , %}, where
0 0 ;0 g 0 0 .0 0
T T a0 g73'_61? B 528 — 22 Cang Ggiﬁ' (3)
oxy  OxY oy] 0ys oxg  Orj oy Yy

The local coefficients C. of the Cartan tensor field of F are as follows:

1 891’3’ N 1 69%(3
- =Ciir, Copy = —
20y " T2 0y;

Cijk = = f20a677 (4)
and the other six combinations are zero [4].

In [11], it is shown that the gradient of the warping function f on M; is the
horizontal gradient which is given by

i 0f 0

(5)
and the h-Laplace operator of f is obtained as

A p 989 OF L P i 0f

Apf =209 T pkgii O 6
gl 0xy Ox] 0z 0z v ox] ©)




312 M. K. Yazdi, Y. A. Fakhri and M. M. Rezaii
Pk _ Ak fik
where P> = GJ; — Fy>. Moreover, we have

o A L Of20f?
G(V 2,V 2y Alj%%’ 7

(V. Vuf) =45 (7
where G is the Sasaki Finsler Riemannian metric corresponding to the Finsler
manifold F;. We introduced Ricci tensor on warped product Finsler manifold as

1
Ricy, := (2F2 %ic) , (8)
ybye

where ‘Ric’ is the Ricci scalar. We also obtained the coefficients of the Ricci
tensor in [11].

3. Main results

In this section, we consider that the base space of warped product Finsler
manifold is Riemannian and prove that the potential function of the warped
gradient Finslerian manifold is independent of the fiber space. Also, if Glﬁ is
independent of yo, then the fiber space is necessarily an Einstein manifold. More-
over, we find necessary and sufficient conditions for the warped product Finsler
manifold, when the base space is conformal to a Euclidean space, to be a gradient
Ricci soliton. These results are generalizations of the work of M. L. DE Sousa
and R. PINA on warped product Riemannian geometry [8].

Let (M = M; x My, F = Fy Xy Fy) be a warped product Finsler manifold.
The Lie derivative of the warped product Finsler metric tensor g(z, y) with respect
to the complete lift, V¢, of a vector field V = U%(xhx?)a%g + vg(xl,xg)% is
defined as

‘Cchab = vavb + vbva + 2Ccabydvdvca (9)

where V, := V%L.

Definition 3.1. Let (M, F) be a warped product Finsler manifold. We call
F a Ricci soliton if there exists a smooth vector field V' = v{(xl,xg)a%i +
1

v (@, 1‘2)% on M and a constant K € R such that

1
Ricgp +§£V°gab = Kgab~ (10)
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A Ricci soliton is called a warped Finslerian gradient Ricci soliton if there
exists some function h € C°°(M) such that V¢ = Vh. In fact, a warped product
Finsler space is a gradient Ricci soliton if there exists a smooth function h €
C° (M) (called the potential function) such that

RiCij +V1th + élij [y’kavll + ygvyvi] = Kgij,
Ricia —i—ViVah = O7
Ricas +VaVsh + [*Coap [YEVKUS + 1 V405 | = K[*Gas. (11)

Now, we can state the main result.

Theorem 3.2. Let (M, F') be a warped product Finsler manifold where the
base space is Riemannian. Suppose that F' is a warped Finslerian gradient Ricci
soliton with h as potential function. Then the warping function f is a constant,
or h depends only on the base space.

PrOOF. Applying the coefficients of the Ricci tensor that are expressed
in [11], when the base space is Riemannian, we have

cOlnf  10%Inf?

Ricy = Ricy +GY A , Ricg, =0,

ICky ek +G, 0] 3 Ok ol ick

. . 11h3f2v B 12 0 11 o o0 5o .
Rlc/w:Rlc/w+§ﬁy1 aix}lle,warg/w *ﬁAhf JFZFG(V})JC 7vh,f) . (12)

On the other hand, the second covariant derivatives of h are given by

oh .. oh oh, Olnf
VVih= 2 g gy = 2 ho,
FUEET ozkoxl K ox)’ ¥ oxk Oz
o2h 1052 oh .. Oh 1 ,0infdG, .. Oh
Jh=— — 2 skhg S — B gt vacy Z° (13
ViV Oxh Oy 26x’fg Iu oxk M ox] 91 ozt oyh g Oxy (13)

From assumption, the warped product Finsler manifold (M, F') is a gradient Ricci
soliton if the following equations hold:

Rick; +ViVih = Kgyy, Rick, +ViV,h =0,

Ric,, +V,,Voh + f2Cep [ymvg n yngg] = Kf%g,,. (14)
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By inserting the second equation of (12) and (13) into the second equation of (14),
we obtain

oh, Oinf

oxh  Oxk
Put H = aaTh’f - aal;ﬁff h, then by using the above equation, we have gg = 0. Hence
the function H is a constant on Ms.

h, = 0.

Now, let us differentiate of H with respect to z!:

OH 0%h B 0%in f _Olnf Oh
ort  9xboxt  Oxhoxt ozh oz’

Applying this equation to the first equation of (13), we obtain

2
0 lnfh+8lnf6‘lnfh+('9lanJr OH F,glamfh Fng. (15)
]

ViVih =
PR 0ak ol oxk Oz} Ok ox

By using (15) and the first equation of (12) to the first equation of (14), we have

Kg Ricy +C9 dlnf 10%Inf?  O%inf 8lnf8lnfh
ki = Ricy

Mgl 20xk0at T dakox] ozk  ox
aln f 3lnf
+ H + —F/H - F] :
3351 8 a0 kl kil ax{

Differentiating this equation with respect to z3, we gain

ﬂ[(ylnf Oln foln f oy dln f
Ox] "0zkozl  Ozk 0zf ki o)

] =0.

It follows that f is a constant, or h depends only on the base space. This completes
the proof of the theorem. O

The following corollary is an immediate consequence of Theorem 3.2.

Corollary 3.3. Let (M, F) be a warped product Finsler manifold, where
the base space is Riemannian and the warping function is non-constant. Consider
(M, F) a warped Finslerian gradient Ricci soliton with potential function h and
G

I

', independent of y,. Then the fiber space is an Einstein.

PRrROOF. From assumption, (M, F') is a warped Finslerian gradient Ricci soli-
nwy = 0. By Theorem 3.2, the potential
function h is independent of x3, so the third equation of (14) reduces to

10f? wn. Oh

7/\ v 2 v —_——
QG(vhf Vi f) +23 nY guuax

ton with h as potential function and G/

- y 14
RIC[LZ/ +g,u‘l/ *iAhfz +
1
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Then the Ricci tensor of Fy becomes

.. . 10f? oh
GOV Vnf?) — = 2 Tl = 4,
(Vhf 7vhf ) 9 8.73}119 ax]f 9u

1
1?

| =

- 5 1.
Ricy, = G Kf?+ iAhfz —

Since 887}% = 0, we imply that % = 0. So A is constant on the fiber space, and
2 2
this means that F5 is an Einstein metric. ([l

Now, we prove that a warped product Finsler manifold, when the base space
is conformal to a Euclidean space, is a gradient Ricci soliton if and only if the
warping and potential functions satisfy some partial differential equations.

Theorem 3.4. Let (M,F) = (R"™ x My, Fy x; Fy) be a warped product
Finsler manifold, where F} is conformal to a Euclidean metric with smooth func-
tion ¢ on R™. If G'Zw is independent of yo, then the warped product Finsler
manifold (M, F) is a gradient Ricci soliton with potential function h if and only
if the functions f, ¢ and h satisfy

2

182171902_1 Jln p? +1i8lncp28f2_} 0% f?
0%h 10Inp? Oh 1

— = — — =K—, (16

A 2 onl onl Nz 19

10f 0h , 0920 L &P 11 (0P
202, 0z~ 0zl 0zt * a2 | 2127 \ o
1 ,9Ing? 0f?

_ _=—Kf?- K 17
2% "ozt 0xt / 2 (17)

0?h 1 02f?
kol 9 kf e (18)
Oxyoxt 2 0x%0x!
PRrROOF. Consider (My, F1) = (R™, [é(é;-y{y{)]lﬂ), so we have
N Y 0?F} OF? 1 01n ¢? 10In¢?
Gzziwk 1 h 1 _ - ! hy\2 _ — zh’
17 <8y’f8x’f Yy oxk 4 Oxt (1) 2 Oxh i
ri Lon (0gnk | 0gn g 1ding* .
) Jjh AL SN i . 19
k= 99 ( szt Sxb dah 2 9ad Ikt (19)
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Applying (6) and (7), we get

2
é(@hfav @hfg) = 2@2 <8f2) )

ox®
A 0p? 0f? 0% f? dln? 0f?
ApfP=2"" " 41202~ —pp? L 20
= et aet T2 g " om oa (20)
Also, we obtain the Ricci tensor of the base space as Ricw = %%7 where the
1 1

Berwald’s formula is given by

K} =2— -GG —y] — +2G° G,
¢ ox}, i oz * I
10%Ing?, ., O%lng® ; . 19Inep*dlng? ,
= e W) s A Y —Yiv
2 0(z}) 0z’ Ozt 2 97 Oxj

1821.”“"2@/@’1 131n928ln¢2yjyh
20290207 2 92d  Oaf T

2 9 2
1 {0lng? 1 /0lng? . 1 {0lny?
+2 —ui | +3 () - —ur | (2D)
1\ oud 1\ 0ai 1\ oud
Since (M, F) is a gradient Ricci soliton with the potential function h and
constant K, equations (12), (13) and (14) are satisfied. On the other hand, by

Theorem 3.2 and Corollary 3.3, the function h is independent of x5, and the fiber
space is an Einstein with constant Ks. Then the third equation of (14) reduces

to

11
4 f2

102 0h .
2 0z4 Bxisp Iuw

1. N N
KQg/,Ll/ + g;w _§Ahf2 + G(Vhf27 Vhfz):| + = Kf2g;w~
By substituting (20) into the above equation, we obtain (17).
Now, we consider two possible cases. The first is the case of £ = [, and the

other is k # [. If k = [, then the Ricci tensor is given by

2
- 10%2Ilng? 1 [0lne?
RICM = 5 a(le)Q — E ( 8le . (22)

By applying (19), we have
G = Longt gy L0t
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Inserting (22), (23) into the first equations of (12) and (13), and by using these
results for the first equations of (14), we obtain (16).
Finally, in the case of k # [, we have Ricy = G, = F‘,ﬂl = 0. Then we gain

o%h 1 9

== . (]
oxkoxt 2 0zk0x}

Now, we want to find solutions of the system (16), (17) and (18) of the
form ¢(w), f(w) and h(w), where w = Y 7 e'zi, ' € R. The following theorem
provides the system of ordinary differential equations that must be satisfied by
such solutions.

Theorem 3.5. Let (R™ x My, F} x ¢ Fy) be a warped product Finsler man-
ifold, where F} is conformal to a FEuclidean metric with function . Suppose
that G’?W is independent of y2, and p(w), f(w), h(w) are smooth functions on
R"™, where w = Y| glzt, €' € R. Then the warped product Finsler manifold is
a gradient Ricci soliton with potential function h if and only if the functions f,
o and h satisfy

W= ()2 + ff7, (24)
(P fee” = F()] = (€)Plee' f' = f(¢')? = foe'h] = K, (25)
EVIfFFNQ* — oo ff — f1*] = Kf? — K, (26)

whenever Ei(ei)Q # 0, and
R = ()2 +ff", K=Ky=0, (27)

whenever Y. (¢")? = 0.

PROOF. Let (R™ x My, Fy x5 F5) be a warped Finslerian gradient Ricci soli-
ton, F? = é(é;y{y{) and G}, = 0. By Corollary 3.3, the Finsler metric F} is
an Einstein with constant K5. We also assume that ¢(w), f(w), h(w) are smooth

functions on R", where w = Y | 'z}, £/ € R. Then we have

h ; 2h - 2 ,
0 - =c'h 8 - =¢g'eTh”, 3fi =2e"ff
3%1 8m§(’)x; 8£E1
B2 f2 . . 802 .
—L =2 (f)2 2T f — = 2’y
o202 ()7 + ff o PP
o1 2 oA 921 2 M o 7N 2
nip = 2€Z£, N _oeigd g (4'0> . (28)
ozt e Ozt O 4 ®
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Applying these expressions into (18), we get
&‘kalh// _ Ek&‘l[(fl)z + ff//]-

If there exist k # [ such that eFe! # 0, then we obtain (24).
Similarly, inserting (28) into equation (16), we have

(V2o — ()2(e)? — (9)2(0) + <sf>2w”;
— () = (VL + (€5)2*h — ()0’ = K. (29)

Using the relation between h”, f’ and f”, we get (25).

Analogously, we apply (28) into the (17) and obtain (26). Hence, if w =
>i(e9)? # 0, we get the desired result. If w = Y, (%)% = 0, equation (24) holds,
and equations (25) and (26) imply that K = Ky = 0.

Now, consider the manner in which for all k& # I, e¥¢! = 0. Then w = mlf",
and equation (24) is trivially satisfied. For k # ko, by applying (29), we get (25).
In the case of k = ko, equation (29) implies (24). If k = kg or k # ko, we get (26)
from (28) and (17). This completes the proof of the theorem. O

ACKNOWLEDGEMENTS. The authors would like to appreciate the reviewers
for their valuable comments.

References

[1] H. AKBAR-ZADEH, Sur les espaces de Finsler & courbures sectionnelles constantes, Acad.
Roy. Belg. Bull. Cl. Sci. (5) 74 (1988), 281-322.

[2] Y. ALiPOUR FAKHRI and M. M. REzAl1l, The warped Sasaki-Matsumoto metric and bundle-
like condition, J. Math. Phys. 51 (2010), 122701, 13 pp.

[3] A. BAAGHERZADEH HUSHMANDI and M. M. REzAIl, On warped product Finsler spaces of
Landsberg type, J. Math. Phys. 52 (2011), 093506, 17 pp.

[4] A. BAAGHERZADEH HUSHMANDI and M. M. REzAII, On the curvature of warped product
Finsler spaces and the Laplacian of the Sasaki-Finsler metrics, J. Geom. Phys. 62 (2012),
2077-2098.

[5] D. Bao, On two curvature-driven problems in Riemann-Finsler geometry, Adv. Stud. Pure
Math. 48 (2007), 19-71.

[6] R. L. BisHOP and B. O’NEILL, Manifolds of negative curvature, Trans. Amer. Math. Soc.
145 (1969), 1-49.

[7] C. H. CHEN, Warped products of metric spaces of curvature bounded from above, Trans.
Amer. Math. Soc. 351 (1999), 4727-4740.



(8]
[9]
(10]

(11]

(12]

(13]

On warped Finslerian gradient Ricci solitons 319

M. L. DE SousaA and R. PiNA, On warped product gradient Ricci solitons,
arXiw:1505.03833v1 (2015), preprint.

R. S. HAMILTON, Three-manifolds with positive Ricci curvature, J. Differential Geom. 17
(1982), 255-306.

P. JoHARI and B. BIDABAD, Conformal vector fields on Finsler space, Differential Geom.
Appl. 31 (2013), 33-40.

M. KHAMEFOROUSH YAZDI, Y. ALIPOUR FAKHRI and M. M. REzAIll, Einstein metrics on
warped product Finsler spaces, Acta Math. Acad. Paedagog. Nyhdzi. (N.S.) 33 (2017) (to
appear).

L. KozmMmA, 1. R. PETER and Cs. VARGA, Warped product of Finsler manifolds, Ann. Univ.
Sci. Budapest. Eotvés Sect. Math. 44 (2001), 157-170.

M. M. REzAll and Y. ALIPOUR FAKHRI, On projectively related warped product Finsler
manifolds, Int. J. Geom. Methods Mod. Phys. 8 (2011), 953-967.

MASUMEH KHAMEFOROUSH YAZDI
DEPARTMENT OF COMPLEMENTARY EDUCATION
PAYAME NOOR UNIVERSITY

TEHRAN

IRAN

E-mail: khamefroosh@phd.pnu.ac.ir

YOUSEF ALIPOUR FAKHRI
DEPARTMENT OF MATHEMATICS
PAYAME NOOR UNIVERSITY
19395-3697, TEHRAN

IRAN

E-mail: y_alipour@pnu.ac.ir

MORTEZA MIRMOHAMMAD REZAII

FACULTY OF MATHEMATICS AND COMPUTER SCIENCES
AMIRKABIR UNIVERSITY OF TECHNOLOGY

424 HAFEZ AVE.

TEHRAN

IRAN

E-mail: mmreza®@aut.ac.ir

(Received January 3, 2016; revised August 14, 2017)



