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On the Gauss map of minimal Lorentzian surfaces in
4-dimensional semi-Riemannian space forms with index 2

By ELIF OZKARA CANFES (Istanbul) and NURETTIN CENK TURGAY (Istanbul)

Abstract. In this paper, we study minimal Lorentzian surfaces with finite type
Gauss map in 4-dimensional semi-Riemannian space forms with index of 2. First, we give
the complete classification of Lorentzian surfaces in the semi-Euclidean space E3 with
pointwise 1-type Gauss map. Then, we study all Lorentzian minimal surfaces in S‘é(l)
regarding their Gauss map. In particular, we proved that a Lorentzian minimal surface
in S%(l) has 2-type Gauss map if and only if it has constant Gaussian curvature and
non-zero constant normal curvature.

1. Introduction

The notion of finite type maps has been studied by many geometers since
it was first introduced by B.-Y. CHEN in the middle of the 1980’s during his
program of understanding the finite type submanifolds in semi-Euclidean spaces,
[9], [11], [12]. In particular, after the problem “To what extent does the type of the
Gauss map of a submanifold of E determine the submanifold?” was presented
by B.-Y. CHEN and P. PICCINNI in [12], submanifolds with finite type Gauss
map have been worked in many articles, see [5], [6], [10], [23], [26].

Let E7* denote the semi-Euclidean space with the canonical semi-Euclidean
metric tensor of index r given by

S m
g= —de?—i— Z d;v?,
i=1

Jj=s+1
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where (z1,2,...,2,) is a rectangular coordinate system in E?*, and let M be
a (semi-)Riemannian submanifold of a semi-Euclidean space EI". A map ¢ defined
on M into another semi-Euclidean space Eg is said to be of k-type if it can be

expressed as
¢=0¢o+ o1+ + P,

for some eigenvectors ¢1, ¢o, . . . , ¢ corresponding from k distinct eigenvalues of A
[11], [12], where ¢¢ is a constant vector.

From the above definition one can see that a submanifold M has (global)
1-type Gauss map v if and only if the equation

Av = \v+C) (1.1)

is satisfied for a constant vector C' and A € R. Similarly, a submanifold M is said
to have pointwise 1-type Gauss map if the Laplacian of its Gauss map takes the
form

Av = f(v+C) (1.2)

for a smooth function f and a constant vector C'. More precisely, a pointwise
1-type Gauss map is called of the first kind if (1.2) is satisfied for C' = 0, and
of the second kind if C' # 0. Moreover, if (1.2) is satisfied for a non-constant
function f, then M is said to have proper pointwise 1-type Gauss map [9].

Nowadays, the study of submanifolds with pointwise 1-type Gauss map is
a very active research subject (cf. [1], [2], [3], [4], [14], [17], [18], [19], [24], [25]).
For example, the second-named author studied marginally trapped surfaces in
the Minkowski space-time E} in terms of type of their Gauss map in [24]. Most
recently, DURSUN and BEKTAS have studied flat Lorentzian rotational surfaces in
the Minkowski space E{ with pointwise 1-type Gauss map [19]. Further, in [2],
the authors obtained some classifications of general rotational surfaces in the
semi-Euclidean space Ej in terms of type of their Gauss map.

On the other hand, a submanifold M is said to have 2-type Gauss map if
and only if

v=vyg+uvs+ure, Av;=Nvy, 1=1,2 (1.3)

is satisfied for some eigenvalues A1, A2 of A and a constant vector vy. Submanifolds
with 2-type Gauss map are studied in several papers [5], [10], [11], [12]. Before
we proceed, we would like to note that if M has a 2-type Gauss map, then the
weakly elliptic, semi-linear, forth degree partial differential equation

A?v+EAv+ v =C (1.4)
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is necessarily satisfied for a constant vector C' and some constants £, 7. However,
satisfying (1.4) is not a sufficient condition for v in order to be of 2-type (see, for
example, [11], [12], [21]).

In this work, we study Lorentzian minimal surfaces in the semi-Euclidean
spaces in terms of type of their Gauss map. In Section 2, after describing our
notations, we give a summary of the basic facts and formulas that we will use.
In Section 3, we obtain the complete classification of minimal Lorentzian surfaces
with pointwise 1-type Gauss map. In particular, we proved that there are non-
planar minimal surfaces in E3 proper pointwise 1-type Gauss map of the second
kind. We would like to note that the non-existence of such surfaces in E{ was
obtained by the second-named author in [25]. Finally, in Section 4, we obtain the
complete classification of Lorentzian minimal surfaces in the pseudo-Euclidean
space form S3(1).

2. Preliminaries

2.1. Basic notations, formulas and definitions. Let E]' denote the semi-
Euclidean space with the canonical semi-Euclidean metric tensor g of index s.
We put

ST tr?) = {x € E™ : (2,2) = r 2},
H™ N (—r?) = {x € E™ : (z,2) = —r~ 2},
where ( , ) is the indefinite inner product of ET*. We will also use the following
notation:
ST(¢) if ¢ >0,
R}'(c) = (E™ if ¢ > 0,
H”(c) if ¢ <O.
Let v be a non-zero vector in E™™. v is called space-like, time-like or light-like
if (v,v) is positive, negative or zero, respectively.
We want to state the following well-known lemmas that we will use later.
Lemma 2.1 ([22]). Let U be a real vector space with a non-degenerated

inner product ( , ) with index 1. Then, two light-like vectors vy, vy are linearly
dependent if and only if (v, vs) = 0.

Lemma 2.2 ([22]). Let V be a subspace of a real vector space U, and ( , )
a non-degenerated inner product defined in U. Then, { , )|y is non-degenerated
if and only if VN V+ = {0}.
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Let M be an n-dimensional semi-Riemannian submanifold of the semi-
Euclidean space E*. We denote the Levi-Civita connections of E* and M by
V and V, respectively. The Gauss and Weingarten formulas are given, respec-
tively, by

VxY = VxY +h(X,Y), (2.1)

Vxé=—A¢(X) + Dxé, (2.2)

for any tangent vector field X, Y and normal vector field £ on M, where h, D
and A are the second fundamental form, the normal connection and the shape
operator of M, respectively. On the other hand, the shape operator A and the
second fundamental form h of M are related by

(AeX,Y) = (h(X,Y),£). (2.3)

The Gauss, Codazzi and Ricci equations are given, respectively, by

R(Xa Y, Z, W) = <h(K Z)7 h<X7 W)> - <h(X7 Z)a h(K W>>’ (2.4&)
(Vxh)(Y.Z) = (Vyh)(X, Z), (2.4b)
(RP(X,Y)€,m) = ([Ag, A4y X,Y), (2.4¢)

where R, RP are the curvature tensors associated with connections V and D,
respectively, and

(Vxh)(Y,Z) = Dxh(Y,Z) = M(VxY,Z) = h(Y,VxZ).

2.2. Lorentzian surfaces in Ej. Now, we consider a Lorentzian surface M
in the semi-Euclidean space E3. Let {f1, fo; f3, f4} be a local pseudo-orthogonal
frame field on M consisting of light-like vector fields such that (f1, f2) = (fs, f4) =
—1.

Remark 2.3. We will say M is properly contained in the semi-Euclidean space
[E3 if it has no open part that lies on a non-degenerate hyperplane of Ej.

The mean curvature vector H and Gaussian curvature K of M are defined by

H = —h(f1, f2), (2.5a)
K = R(f1, f2, f2, f1)- (2.5b)
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M is said to be minimal if H = 0. On the other hand, for a smooth map ¢,
the Laplace operator of M is given by

Ap = fi1f2(9) + fafi(¢) — (Vi f2) (8) — (Vi f1) (). (2.6)

The relative null space at p of M is defined as
Ny(M) ={X € T,M|h(X,Y)=0, forall Y eT,M}.

We say M has degenerated relative null bundle if (NV,(M), (, )) is a degenerated
inner product space for all p € M.

2.3. The Gauss map. Let M be a minimal Lorentzian surface in E3, and
{f1, f2; f3, fa} a pseudo-orthogonal frame field on M. Then, the smooth map v
defined by

v:M — H3(-1) C E§
prv(p) = (fi A f2)(p) (2.7)

is called the (tangent) Gauss map of M. For a geometric interpretation of the
Gauss map of M, see [12], [13], [19].

In the next lemma, we provide the Laplacian of the Gauss map of a minimal
surface in E3 (see [13, Lemma 3.2]).

Lemma 2.4. Let M be a Lorentzian surface in B3, and { f1, f2} be a pseudo-
orthogonal base field of the tangent bundle of M. Then, the Gauss map v = fi A fo
of M satisfies

Av =2Kv + 2h(f1, f1) A h(f2, f2), (2.8)

where K is the Gaussian and h is the second fundamental form of M, respectively.

3. Minimal surfaces in E% and their Gauss maps

In this section, we consider minimal Lorentzian surfaces in E} in terms of
type of their Gauss maps.
We state the following lemma and theorem that we will use later.

Lemma 3.1 ([7]). Let M be a Lorentzian surface in a semi Euclidean
space E™. Then there exists a local coordinate system (s,t) such that the in-
duced metric is of the form

g=-m*(ds®@dt+ds®dt), scl,tcl, (3.1)
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for a non-vanishing function m = m(s,t), where I; and Iy are some open intervals.
Moreover, the Levi-Civita connection of M is given by

2 2
Vﬁsas = &asa Vasat = Oa vatat = ﬂafm (32)
m m

and the Gaussian curvature of M becomes

(mmg — mgemy)
1 )

k=2 (3.3)

m

Remark 3.2. If m(s,t) = my(s)ma(t) for some smooth non-vanishing func-
tions my, mo or, equivalently, K = 0, then by a suitable change of coordinates
we can assume m(s,t) = 1.

Theorem 3.3 ([8], [15]). Every minimal Lorentzian surface in E7* is locally
congruent to a translation surface defined by

z(s,t) = a(s) + B(t), (3-4)

where «(s) and ((t) are two null curves defined on open intervals I and I,
respectively, in the semi-Euclidean space E™ and satisfy (o, ') = —m?(s,t) # 0.

Remark 8.4. Let M be a minimal Lorentizan surface given by (3.4). Then,
from the Codazzi equation (2.4b) one can obtain

Dath(as; ae) = 07 (35a)
Do, h(0,0¢) = 0, (3.5b)

where s,t are the local coordinates given in Lemma 3.1.

3.1. Pointwise 1-type Gauss map of the first kind. In this subsection, we
focus on minimal Lorentzian surfaces whose Gauss map satisfying (1.2) for C = 0.
We want to note that from Lemma 2.4, one can see that having such a Gauss
map is equivalent to having flat normal bundle for a Lorentzian minimal surface
in E3.

First, we obtain the following lemma.

Lemma 3.5. Let M be a Lorentzian surface in E*. Then M has degenerated
relative null bundle if and only if it is congruent to the surface given by

lL’(S,t) = sno + ﬁ(t)’ <7707ﬁ(t)> # 0, (36)

where 19 is a constant light-like vector and § is a null curve in E7* which contains
no open part of a line.
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PROOF. Let N, (M) be degenerated for all p € M. Then, Lemma 2.2 implies
that NV, (M) = span{ f1} for a light-like vector field f; tangent to M. Let f5 be the
light-like tangent vector field such that (fi, fo) = —1. Then, we have h(f1, f1) =
h(f1, f2) = 0. Thus, the Gauss equation (2.4a) implies K = 0. Therefore, we may
assume m(s,t) = 1.

On the other hand, from h(f, f2) = 0, we have that M is minimal. Thus,
the position vector x of M is (3.4) for some light-like curves «, 5 in E7* satisfying
(a/,'y = —1. Moreover, we can assume f; = J;, fo = 0;. By combining
h(f1,f1) =0, (2.1) and (3.2), we get

O// == %3585 = O,

i.e, a is a light-like line. Hence M is congruent to the surface given by (3.6). More-
over, we have (19, n0) = 0 and (ng, 8'(¢t)) # 0. Note that if § has an open part M
of a line, then we have N,(M) = T,M for all p € M, which is a contradiction.
The converse of the Lemma follows from a direct computation. Thus, the
proof is completed. O

Next, we prove the following proposition, which is the classification of mini-
mal surfaces whose Gauss map satisfies (1.2) for C' = 0.

Proposition 3.6. There exist four families of minimal Lorentzian surfaces
in the semi-Euclidean space E3 with pointwise 1-type Gauss map of the first kind:

i) a minimal Lorentzian surface lying in a hyperplane E3 of E3;
2 2

ii) a minimal Lorentzian surface lying in a hyperplane E3 of E3;
1 2

(iii) a surface with degenerated relative null space given by (3.6);

)

(iv) a surface lying on a degenerated hyperplane given by

2(s.t) = <¢1<s> +oalt), (541, L2 (s - 1) 0n(5) +¢2<t>> SRS

where ¢; : I; — R are some smooth, non-vanishing functions, and I; are some
open intervals for i = 1, 2.

Conversely, every minimal Lorentzian surface with pointwise 1-type Gauss map
of the first kind in the semi-Euclidean space Ej} is congruent to an open portion
of a surface obtained from these types of surfaces.

PROOF. If M is a minimal surface lying in 3-dimensional Minkowski space E3,
then [17, Lemma 3.2] implies that M has pointwise 1-type Gauss map (see
also [16]). Therefore, the surfaces given in case (i) and case (ii) have pointwise
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1-type Gauss map of the first kind. On the other hand, a direct calculation yields
that the surfaces given in case (iii) and case (iv) of the theorem have harmonic
Gauss map. Now, we want to prove the converse of this theorem.

Let M be a minimal Lorentzian surface in E3. We consider a local coordinate
system (s,t) satisfying (3.1) for a non-vanishing function m and the pseudo-
orthonormal base field { f1, f2} of tangent bundle of M, given by f; = m =10, and
fo = m™10;. Since M is minimal, we have h(fi, fo) = 0. Let = be the position
vector of M given by (3.4).

Now, we assume that M has pointwise 1-type Gauss map of the first kind, i.e.,
(1.2) is satisfied for C' = 0. Then, (1.2) and (2.8) imply h(f1, f1) A h(f2, f2) =0,
from which we see that h(f1, f1) and h(fs2, f2) are linearly dependent.

If h(f1, f1) = h(fe, f2) = 0, then we have h = 0, which implies M is
a Lorentzian plane. Thus, case (i) or (ii) of the theorem is satisfied. On the
other hand, if h(f1, f1) = 0, h(f2, f2) # 0, then M has degenerated relative null
bundle. Lemma 3.5 implies case (iii) of the theorem. Therefore, we assume that
h(f1, f1) and h(fs, f2) are non-vanishing on M, and we have 3 cases subject to
their causality.

Case 1. h(f1, f1) and h(fa, f2) are space-like. In this case, we consider the
local orthogonal base field {es, e4} of the tangent bundle of M such that

h(asa as)
(h(Ds,05), h(Ds, 05))1/2

€3 =

Then, Remark 3.4 implies
W(Ds,8s) = A%(s)es,  N(Ds, ;) = eB*(t)es, (3.8)

for some non-vanishing smooth functions A, B, where ¢ = +1. Next, we define

s t
new coordinates S, T such that S = [A(¢)d¢ and T = [ B(£)d§. Then (3.8)
s t
becomes ’ ’

h(as,as) = €h(aT,aT) =e3, €==1 (3.9)

Moreover, because of Remark 3.4, we have Dy h(Or,0r) = Do, h(0s,0s) =
0, from which and (3.9) we have Des = 0, that is, e3 is parallel. As M has
codimension of 2, e is also parallel. Moreover, by combining (2.3) and (3.9), we
obtain A4 = 0. Thus, we have Vey = 0, i.e., e4 is constant. Therefore, M lies on
a hyperplane II whose normal is e4. Since ey is time-like, we have case (i) of the
theorem.



The Gauss map of minimal Lorentzian surfaces in R3(c) 357

Case 2. h(f1, f1) and h(fa, f2) are time-like. In a similar way to the previous
case, we obtain case (ii) of the theorem.

Case 3. h(f1, f1) and h(fa, f2) are light-like. In this case, since these normal
vector fields are linearly dependent, Lemma 2.1 implies (h(f1, f1), (f2, f2)) = 0.
Therefore, the Gauss equation (2.4a) implies K = 0. Because of Remark 3.2, we
can assume m(s,t) = 1, from which and (3.2) we get Vg, 05 = Vp,0: = Vp,0, = 0.

Let f3 be a normal light-like vector field given by

f3 = (05, 05) = Va,0s. (3.10)

Since h(0s,ds) and h(d;, 0;) are linearly dependent, there exists a non-vanishing
function a such that h(d;, ;) = afs. This equation, h(ds,0;) = 0 and (3.10)
give (h(X,Y), f3) = 0 for all vector fields X,Y tangent to M. Thus, (2.3) implies
As = 0. On the other hand, from (3.5) we get Dy, f3 = 0 and Dg_ f3 = —(as/a) fs.
Therefore, we have Vg, f3 = 0 and V, f3 = —(as/a) f3. Hence, we obtain

f3 = f3(s) = bi(s)co
for a constant light-like normal vector ¢g, where by = 1/a. Thus, (3.10) implies
Va.0s = by (s)co. (3.11)

In a similar way, we get
V@Gt = bg(t)CO (3.12)

for a smooth non-vanishing function b,.
By combining (3.4) with (3.11) and (3.12), we have

a’(s) =

B(t)

bi(s)co, (3.13a)
ba(t)co- (3.13b)

By integrating these equations, we see that M is congruent to the surface
given by
x(s,t) = (1(8) + P2(t)) co + ter + sea, (3.14)

for some smooth non-constant functions ¢1, ¢ and some constant vectors ¢y, cs.
Since the induced metric of M is g = —(ds ® dt + ds ® dt), we have (z,,zs) =
(x4, x¢) = 0 and (xs,x¢) = —1. Thus, we have ¢y, co are light-like vectors such
that {c1,co) = —1 and {cg, ¢1) = (co, c2) = 0. Up to the isometries of E3, we may
choose ¢y = (1,0,0,1), ¢; = (0,1/v/2,1/v/2,0) and ¢z = (0,1/v/2,—1/+/2,0).

By using these equations on (3.14), we get (3.7). O
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Next, we state two direct consequences of Proposition 3.6.

Corollary 3.7. A minimal Lorentzian surface in B3 with proper pointwise
1-type Gauss map of the first kind lies on a hyperplane of Ej.

Theorem 3.8. Let M be a minimal Lorentzian surface properly contained
in the semi-Euclidean space E5. Then, the following statements are equivalent:

(i) M has pointwise 1-type Gauss map of the first kind;
(ii) M has harmonic Gauss map;

(iii) M is congruent to either the surface given by (3.6) or the surface given
by (3.7).

3.2. Pointwise 1-type Gauss map of the second kind. In this subsection,
we obtain a family of minimal Lorentzian surfaces in E5 with pointwise 1-type
Gauss map of the second kind.

First, we obtain the following characterization; then, we get the following
classification theorem of minimal Lorentzian surfaces in E§ with pointwise 1-type
Gauss map of the second kind.

Lemma 3.9. Let M be a minimal surface in the semi-Euclidean space Ej
with non-harmonic Gauss map, and {f1, fo} a pseudo-orthonormal base field of
the tangent bundle of M. Then, M has pointwise 1-type Gauss map of the second
kind if and only if the normal vector fields h(f1, f1) and h(fs, f2) are light-like
and linearly independent. In this case, (1.2) is satisfied for the smooth function f
and the constant vector C given by

[ =4K, (3.15)

C:—%(u+f3/\f4), (3.16)

where K is the Gaussian curvature of M.

PROOF. For the proof of the necessary part of the theorem, we assume that

M has pointwise 1-type Gauss map of the second kind. Then the equation (1.2)

is satisfied for a smooth function f and a constant vector C' # 0. From (1.2) and
(2.8), we have

C=Cifinfa+Cafs A fa (3.17)

for some smooth functions Cy,Cy, where {f3, f4} is a pseudo-orthonormal base
field of the normal bundle of M. By applying fi and f; to (3.17), we obtain
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f1(C) = [i(CL) fi A fa + CLfi(f1 A f2) + [1(Co) fa A fa + Cofi(fs A fa)
= fi(C1)fi A fa + C1h(f1, f1) A fa + f1(Ca) f3 A fa
— CoAs3(f1) A fa+ CoAs(f1) A f,

from which we get

A(C) = [1(C LA fat [1(Co) fs A fa+ (B1,C1 — h1,Ca) fa A fs
+ (h1C1 + h31Ca) fa A fa, (3.18)

where h; = (h(fi, f;), fa), 4,7 = 1,2,a = 3,4. Similarly, we have

f2(C) = f2(CL) fr A fo + [2(C2) f3 A fa + (—h35C1 — h3oCa) f1 A f3
+ (—h3,C1 + h3,Ca) f1 A fa. (3.19)

Since C' is constant, (3.18) and (3.19) imply that there are some constants
C1, Cs satisfying

hi (Cy — Cy) = h3,(C1 + Co) =0, (3.20a)
h3a(—Ci + C2) = hie(—Cy — C3) = 0. (3.20b)

Note that if h(f1, f1) = 0 or h(fs, f2) = 0, then (2.8) implies Av = 0, which
gives us a contradiction. Since C' is non-zero, without loss of generality, we may
assume h$; = h3, = 0 and C; = Cy. Therefore, we obtain h(f1, f1) and h(f2, f2)
are proportional to f3 and fy, respectively. Hence, they are light-like and linearly
independent.

Conversely, assume that h(f1, f1) and h(fs, f2) are linearly independent.
Then, we can choose the pseudo-orthogonal base field {fs, f4} of the normal
bundle of M such that

h(f1, f1) = f3 and h(f2, f2) = —K fs.

Then, (2.8) becomes
Av = QK(V — f3 AN f4) (321)

By a simple calculation, one can see that (1.2) is satisfied for f and C' given by
(3.15) and (3.16), and C is constant. Thus, in this case M has pointwise 1-type
Gauss map of the second kind. O
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Theorem 3.10 (The Classification Theorem). Let M be a minimal Loren-
tzian surface properly contained in the semi-Euclidean space Ej with non-
harmonic Gauss map. Then M has pointwise 1-type Gauss map of the second
kind if and only if it is locally congruent to the surface given by

x(s,t) = (p1(8) + Pa(t), s+ t, 8+ cosc t +sinc Pa(t),
@1(s) —sinc t + cosc ¢a(t)) (3.22)

for some smooth non-linear functions ¢1,¢2 and a constant ¢ € (0,2w), where
e = £1. In this case, (1.2) Is satisfied for f = 4K.

PROOF. Let M be the minimal Lorentzian surface given by (3.4) for some
light-like curves «(s), ().

If we assume that M has pointwise 1-type Gauss map of the second kind,
then, Proposition 3.9 implies that h(f1, f1) and h(f2, f2) are light-like and linearly
independent, where fi = L29,, fo = 10, and m = (—(e/(s),8'(t)))*/%. By
combining Gauss formula (2.1) with (3.2), we obtain

_n 2ms
h(0s,0s) = « el (3.23a)
n@na) = 6"~ 2. (3.23D)

On the other hand, since (¢/,a’) = 0, we may assume
a'(s) = R(s)(cos 0(s),sin(s),siny(s), cosy(s)) (3.24)

for some smooth functions R, §,~. By using (h(0s,0s), h(0s,0s)) = 0, (3.23a) and
(3.24), we obtain 72 = 2, which implies v(s) = £160(s) + ¢1 for a constant ¢y,
where 1 = +1. Thus, (3.24) implies

a'(s) = (a1(s), aa(s),e1sincy ai(s) + &1 coser as(s),

coscy ag(s) —sine; as(s)) (3.25)

for some smooth functions ay, as.
By integrating this equation and using the inverse function theorem, we see
that we can assume

a(s) = (¢1(8), s,e18incy ¢1(s) + €1 cosey s,cosc; P1(s) —siney ) (3.26)

for a smooth function ¢;. Note that if ¢; is linear, i.e., ¢/ = 0, then a becomes
an open part of light-like line. In this case, M is congruent to the surface given
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by (3.6), and Theorem 3.8 implies M has harmonic Gauss map, which yields
a contradiction. Thus, ¢; must be non-linear.
In a similar way, we have

B(t) = (¢2(t),t,e28inca ¢2(t) +e2cosca t,coscy ¢2(t) —sines t) (3.27)

for another constant ¢y and a smooth non-linear function ¢o, where e5 = +1.
By combining (3.4) with (3.26) and (3.27), we get

x(s,t) = ($1(8) + d2(t), s + t,e18incy P1(s) +easiney Pa(t) + €1 cosey s

+ egcoscy t,coscy ¢1(8) + cosca do(t) —siney s —siney t),
which is congruent to the surface given by

x(s,t) = (P1(s) + P2(t),s +t,s +ccosc t + esinc Po(t),
¢1(s) —sinc t + cosc ¢a(t)),
for € = e169 and ¢ = ¢y — ecy. In addition, a direct computation yields ¢ = 0 or
c = 27 implies Av = 0 . Hence, we obtain a contradiction. Therefore, we can

assume c € (0,27).
On the other hand, if ¢ = —1, then we have

m2(s,) = —{o/(s), B/ (1)) = (qba(sm —come
<¢/2(t)\/1 — cosc+ smc|1—|—cosc> .

sin ¢

N |sinc|y/1 + cosc)

sinc

By combining this equation and (3.3), we obtain K = 0, which yields a contra-
diction. Hence, M is congruent to the surface given by (3.22).
The converse of the theorem follows from a direct calculation. O

In the remaining of this section, we want to obtain the complete classification
of minimal Lorentzian surfaces whose Gauss map satisfies (1.1) for a constant A.
First, we obtain the the following lemma.

Lemma 3.11. Let M be the minimal Lorentzian surface given in Theo-
rem 3.10. If M has constant Gaussian curvature, then it must be flat.

PROOF. Let M be the surface given by (3.22). Then, o and g are light-like
curves given by (3.26) and (3.27). By a direct computation, we get

m?(s,t) = —(a/(s), B'(t)) = (1 = cos ) (¢ (s)¢5(t) + 1) + sinc( (s) — P5(1)).
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By combining this equation with (3.3), we obtain
mOK = 2(1 — cos )¢} (s)py (1). (3.28)

Now, suppose that K is a non-zero constant. Then, from (3.28) we have
m(s,t) = my(s)ma(t) for some smooth functions m;y, my. However, Remark (3.2)
implies that K = 0, which yields us a contradiction. O

By combining Theorem 3.10 and Lemma 3.11, we obtain:

Proposition 3.12. There exists no minimal Lorentzian surface in the semi-
Euclidean space E3 with the Gauss map satisfying (1.1) for A # 0 and C # 0.

From the Theorem 3.8 and Proposition 3.12 we have:

Theorem 3.13. There exists no minimal Lorentzian surface properly con-
tained in the semi-Euclidean space E3 with non-harmonic 1-type Gauss map.

4. Minimal surfaces in S5(1) with 2-type Gauss map

In this section, we consider minimal surfaces in S3(1) with finite type Gauss
map.

Before we proceed, we would like to state the following results obtained by
the second-named author and DURSUN in [20].

Theorem 4.1 ([20]). Let M be a Lorentzian surface lying fully in S3(1) C E3.
Then, M is minimal in S3(1) with the constant Gaussian curvature K and non-
zero constant normal curvature K7 if and only if it is the surface given by

27

z(s,t) = (382 + E(a’”(t), a'”(t)>) a(t) + =sd/(t) + =a’(t), (4.1)

where « is a null curve in the light cone LC of E satisfying

(@ (8), 0" () = =. (4.2)

Corollary 4.2 ([20]). Let M be an oriented minimal Lorentzian surface in
S3(1) C E3 with the Gaussian curvature K and normal curvature KP. If K and
KP +0 are constant, then K = § and |[KP| = 2.



The Gauss map of minimal Lorentzian surfaces in R3(c) 363

In the following, we consider a Lorentzian surface M7 in the semi Riemannian
space S3(1) with 2-type Gauss map v. In this case, v satisfies (1.4) for some
constants &, 7.

Let (s,t) be the local coordinate system on M given in Lemma 3.1, and
consider local pseudo-orthonormal frame field {f1, f2} of the tangent bundle of M
given by fi = m™19, and fo = m~'0,. The Levi-Civita connection of M takes
the form

Vi fi=vifi, Vyifo=—0ifa, (4.3)

for smooth functions 1 and s given by
oo = — 0. (4.4)

On the other hand, since the normal space of M in S3(1) has dimension 2
and index 1, there are two null vector fields f3, f4 tangent to S3(1) and normal
to M satisfying (fs, f1) = —1. Now, assume that M is minimal in S5(1). Then,
the second fundamental form h of M in Ej takes the form

h(f1, f1) = afs + bfa, (4.5a)
h(f1, f2) = =, (4.5b)
h(f2, f2) = cfs + dfs (4.5¢)
for some smooth functions a, b, ¢, d. By considering (2.3), we also get
As(f1) =0bf2, As(f2) = dfy, (4.6a)
Aa(fr) = afs, Ay(f2) = cfr- (4.6b)

Thus, the Gaussian curvature K of M becomes
K =ad+bc+1, (4.7)
and the normal curvature K of M is
KP = ad — be. (4.8)
Next, we obtain the following lemma.

Lemma 4.3. Let M be a Lorentzian minimal surface in S3(1), and f1, fa, f3,
fa the null vectors described above. Then, the tangent Gauss map v = f1 A fo
and p = f3 A fy satisfy

Av = (4 —2K)v+ 2Ky, (4.9)

and
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A% = (= 28K+ (4 - 2K+ 4K D% v+ (2AKP + 2KP (4 2K+ 2 2K) )
—defi (K— KP)fi A fa+ dafo(K+ KP)fo A fa— 4dfy (K+ KP)fi A fa
+4bfo(K — KP)fa A fa+ Af1(K)(f2 Ax) — 4f2(K)(f1 A ) (4.10)

PrROOF. By a direct long computation using (4.3)—(4.6) and considering
(4.7), (4.8), we get (4.9) and

Ap = (4—-2K)u+2KPv. (4.11)
By using (4.9), we obtain

A% = A4 —2K)v + (4 —2K)Av + AQKP)u + 2KP Ap
+2f1(4 = 2K) fo(v) + 2f2(4 — 2K) f1(v)
+2f12KP) fo(p) + 2f2(2KP) f1(n)

Next, we combine this equation with (4.9) and (4.11) to get (4.10). O

Theorem 4.4. Let M be a connected minimal Lorentzian surface in S5(1).
Then, M has a 2-type Gauss map if and only if it has constant Gaussian curvature
and non-zero constant normal curvature.

PROOF. Let M be a minimal Lorentzian surface in S3(1) with 2-type Gauss
map. In order to prove the necessary part of the theorem, we, on the contrary,
assume that K and K are not constant on M. Then its Gauss map v satisfies
(1.4) for a constant vector C' and some constants Aq, Ag.

By considering (4.9), (4.10), we obtain

(C.fsnm) = (4.12a)
(C, fahz) = (4.12b)
(C fina) = —4f1( ), (4.12¢)
(C, fa Na) = dfa(K), (4.124)
(C, fL A f3) = 4bfo(K — KP), (4.12e)
(C, f2 A f3) = —4dfi (K + KP), (4.12f)
(C,fi A fa) = dafo(K + K7), (4.12g)
(C, fa A fa) = —defi(K — KP). (4.12h)
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By considering (4.12a), (4.12b) and using (4.6), (4.6), we get

(Cbfana+ fi A f3) =0, (4.13a)
(Codfi N+ f2 A f3) =0, (4.13b)
(CiafaNa+ fi A fa) =0, (4.13¢)
(Cicfina+ faNfa) =0 (4.13d)

Finally, we combine (4.13) with (4.12) to get
b(4f2(K)) +4bfo(K — KP) =0 )

d(=4f1(K)) — 4df1( 0 )

a(4f2(K)) +4dafo(K + KP) =0, (4.14c)

c(—4f1(K)) —dcfi(K — KP) =0 )

which gives

bf2(2K — KP) =0, (4.15a)
df1 (2K + KP) =0, (4.15b)
afe(2K + KP) =0, (4.15¢)
cfi(2K — KP) =o. (4.15d)

Now, consider an open, connected subset M of M on which VK and VK do
not vanish. Note that if ad # 0 and be # 0 at p € M, then (4.15) implies that K
and K are constant on a neighborhood of p in M, which yields a contradiction.
Therefore, we have either ad = 0 or bc = 0 at p. Moreover, if ad = bc = 0 on an
open subset O of M, then we have K” = 0 and K = 1 on O because of (4.7)
and (4.8). Hence, we have either ad = 0,bc # 0 or ad # 0,bc = 0 on O.

We assume that ad # 0, bc = 0 on O. Then, we have K = ad + 1, KP = ad
from (4.7) and (4.8). In addition, (4.15b), (4.15¢) yield that 2K + 2KP = const
over O. By combining these equations, we see that K and K are constants on
O, which yields a contradiction. Therefore, we have K = const # 0. In a similar
way, we obtain the same result for the case bc # 0,ad = 0. Hence, we proved the
necessary part.

In order to prove the sufficiency part, we assume that M has constant Gauss-
ian curvature K and non-zero constant normal curvature K. Then, up to re-

orientation, we may assume K = 1/3 and K? = —2/3 because of Corollary 4.2.
Thus, (4.9) and (4.11) imply
10 4 4 4
Av = 3V gk and A(p) = —§V—l—§,u.
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4 2 1
By a direct computation, one can check that vy = 51/ — gu and v = gu + 5

2
satisfy v = v; + 1o, Avy = 41y and Avy = 51/2. Hence, M is 2-type. O

By combining Theorems 4.1 and 4.4, we obtain the following classification
result.

Theorem 4.5. Let M be a connected minimal Lorentzian surface in S3(1).
Then, M has a 2-type Gauss map if and only if it is congruent to the surface given

by (4.1) for a null curve « in the light cone LC of Ej satisfying (4.2). In this case,

4 2 1 2
(1.3) is satisfied for v; = gl/ - g,u, vy = gu + 3'“’ A =4 and \y = %

Corollary 4.6. There are no minimal Lorentzian surface in S3(1) with null
2-type Gauss map.
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