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Weakly stretch Finsler metrics

By BEHZAD NAJAFI (Tehran) and AKBAR TAYEBI (Qom)

Abstract. In this paper, we introduce a new non-Riemannian quantity named
mean stretch curvature. A Finsler metric with vanishing mean stretch curvature is called
weakly stretch metric. This class of Finsler metrics contains the class of stretch metrics.
First, we show that every complete weakly stretch Finsler manifold with bounded mean
Cartan torsion is a weakly Landsberg manifold. Then, we prove a rigidity theorem
stating that every compact weakly stretch manifold with negative flag curvature reduces
to a Riemannian manifold. Finally, we show that every generalized Berwald Randers
metric with a Killing form S with respect to « is a weakly stretch metric if and only if
it is a Berwald metric.

1. Introduction

In Finsler geometry, there are several important non-Riemannian quantities:
the Cartan torsion C, the Berwald curvature B, the Landsberg curvature L, the
mean Landsberg curvature J and the stretch curvature 3, etc. (see, [9], [21], [17]
and [28]). They all vanish for Riemannian metrics, hence they are said to be non-
Riemannian. These non-Riemannian geometric quantities describe the difference
between Finsler geometry and Riemann geometry. The study of these quantities
is benefit for us to make out their distinction and the nature of Finsler geometry.

Let (M, F) be a Finsler manifold. There are two basic tensors on Finsler
manifolds: the fundamental metric tensor g, and the Cartan torsion C,, which
are second and third order derivatives of %Fﬁ at y € T, My, respectively. The
rate of change of the Cartan torsion along geodesics, L, is said to be Landsberg
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curvature. Taking trace with respect to g, in first and second variables of C,
and L, gives rise to mean Cartan torsion I, and mean Landsberg curvature J,,
respectively. The mean Landsberg curvature is the rate of change of the mean
Cartan torsion along geodesics.

In [3], L. BERWALD introduced a non-Riemannian curvature so-called stretch
curvature and denoted it by 3,. He showed that this tensor vanishes if and only
if the length of a vector remains unchanged under the parallel displacement along
an infinitesimal parallelogram. Then, this curvature investigated by SHIBATA [16]
and MATSUMOTO [6]. A Finsler metric is said to be stretch metric if ¥ = 0.
Taking trace with respect to g, in first and second variables of X, gives rise to
mean stretch curvature 3. A Finsler metric is said to be a weakly stretch metric
if £ = 0. By definition, every weakly Landsberg metric is a weakly stretch metric.
It is interesting to find some topological condition on the manifold M such that
every weakly stretch metric on M reduces to a weakly Landsberg metric.

Theorem 1.1. Every complete weakly stretch manifold with bounded mean
Cartan torsion is weakly Landsbergian.

In Finsler geometry, it is natural to find the geometric assumptions under
which a Finsler manifold reduces to a Riemannian manifold. The best result
towards this question is due to H. AKBAR-ZADEH, who proved that every com-
pact Finsler manifold with negative constant flag curvature is Riemannian [1].
Recently, SHEN proved that a closed Finsler manifold with negative flag curva-
ture and constant S-curvature must be Riemannian [15]. He also proved that
if a weakly Landsberg manifold is of non-zero constant flag curvature, then it
must be Riemannian [15]. Then WU extended this result and proved that any
closed weakly Landsberg manifold with negative flag curvature is Riemannian [31].
In this paper, we generalize their results to weakly stretch metrics as follows.

Theorem 1.2. Every compact weakly stretch manifold with negative flag
curvature is a Riemannian manifold.

A Finsler manifold (M, F') is called a generalized Berwald manifold if there
exists a covariant derivative V on M such that the parallel translations induced
by V preserve the Finsler function F' (see [19], [29] and [30]). If the covariant
derivative V is also torsion-free, then (M, F') is called a Berwald manifold. In [30],
VINCZE showed that a Randers manifold is a generalized Berwald manifold if and
only if the dual vector field of the perturbating term is of constant Riemannian
length. In this paper, we study generalized Berwald Randers metric and prove
the following.
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Theorem 1.3. Let F' = a+ 3 be a Randers metric on a manifold M, and let
B be a Killing 1-form with respect to «. Suppose that F' is generalized Berwald
metric. Then F is a weakly stretch metric if and only if F' is a Berwald metric.

Throughout this paper, we use the Berwald connection on Finsler manifolds
(see [4], [5], [18] and [20]). The h- and v-covariant derivatives of a Finsler tensor
field are denoted by “ | 7 and “, 7 respectively.

2. Preliminaries

Let M be an n-dimensional C'*° manifold. Denote by T, M the tangent space
at x € M, and by TM = UpgepT, M the tangent bundle of M. A Finsler metric
on M is a function F : TM — [0, 00) which has the following properties:

(i) Fis O on TMy :=TM \ {0};
(ii) F is positively 1-homogeneous on the fibers of tangent bundle T'M,

(iii) for each y € T, M, the following quadratic form g, on T, M is positive defi-
nite,

1 92
g, (1v) =555

[FQ(?J‘FSU‘FW)] ls,t=0, w,v € TyM.

Let x € M and F,, := F|r,p. To measure the non-Euclidean feature of F;, define
Cy:TM@T,MeT,M— R by

1d
Cy(u,v,w) := % (811w (V)] =0, u,v,w € T M.

The family C := {C,},yerm, is called the Cartan torsion. It is well known that
C = 0 if and only if F' is Riemannian. For y € T, M, define the mean Cartan
torsion I, by I, (u) := I;(y)u’, where I; := ¢g'*Cj;y.

There is a notion of distortion 7 = 7(z,y) on T'M associated with the
Busemann-Hausdorff volume form dV = o(z)dz of the Finsler metric F, which
is defined by

det(gi;(z, y))
7(z,y) =In (@) .
It is well known that I; = gyﬁ (see [23]).

Let @ = y/a;;(z)y'y? be a Riemannian metric, and 8 = b;(z)y" be a 1-
form on M with ||8|lo := b =< 1. Then F = a + § is called a Randers
metric. To characterize Randers metric among Finsler metrics, we introduce
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the Matsumoto torsion. Let (M, F) be an n-dimensional Finsler manifold. For
y € T, My, define the Matsumoto torsion M, : T,M @ T,M ® T,M — R by
M, (u, v, w) := My (y)u'v’w*, where

Mijk = Cijr —

] {Iihjk + Lihg, + Ikhz'j},
and hg; = g;5 — %gipyi”gquq is the angular metric. A Finsler metric F is said to
be C-reducible if M, = 0. Matsumoto proves that every Randers metric satisfies

M, = 0. Later on, Matsumoto-Hojo prove that the converse is true, too.

Lemma 2.1 ([7]). A Finsler metric F on a manifold of dimension n > 3 is
a Randers metric if and only if My = 0, Yy € T' M.

The horizontal covariant derivatives of C along geodesics give rise to the
Landsberg curvature L, : T,M ® T,M ® T, M — R defined by L, (u,v,w) =
Lijr(y)uiviw®, where L;jp := ijk)sy’. The family L := {Ly},ern, is called
the Landsberg curvature. A Finsler metric is called a Landsberg metric if L=0.
The horizontal covariant derivatives of I along geodesics give rise to the mean
Landsberg curvature J,(u) := J;(y)u’, where J; := ¢*L;;,, = I;;y°. A Finsler
metric is said to be weakly Landsbergian if J = 0 (see [11] and [12]).

Define the stretch curvature ¥, : T,M @ T,M @ T,M ® T,M — R by
kol

2, (u,v,w, 2) 1= Xy (y)uiviwt 2!, where

Sijrt = 2(Lijrp — Lijik)-

A Finsler metric is said to be stretch metric if 3 = 0 [3]. Every Landsberg
metric is a stretch metric. It is well known that 3 = 0 if and only if the length of
a vector remains unchanged under the parallel displacement along an infinitesimal
parallelogram. Taking an average on the two first indices of the stretch curvature,
we get a new non-Riemannian curvature, namely, mean stretch curvature.

Definition 2.1. For y € T, My, define E_Jy T M T, M — R by E_Jy(um) =
Yi;(y)uiv?, where ;5 := gF'Sy;;. A Finsler metric is said to be a weakly stretch
metric if £ = 0.

It is easy to see that every Landsberg metric or stretch metric is a weakly
stretch metric.
Given a Finsler manifold (M, F'), a global vector field G is induced by F'

on T'My, which in a standard coordinate (z°,y*) for T My is given by G = 821.

2G(z,y) —a‘zi, where
; 1, | 0°F? OF?
G'(z,y) = 491{ g }

Oxk oyt L
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The vector field G is called the associated spray to (M, F'). In local coordinates,
a curve ¢ = c(t) is a geodesic if and only if its coordinates (c'(t)) satisfy & +
2G(¢) = 0 (see [10]).

The notion of Riemann curvature for Riemann metrics can be extended to
Finsler metrics and sprays. For a vector y € T,M,, the Riemann curvature
R, :T,M — T, M is defined by

where
OG? 02G? j j(“)zGi OG* 9GY

B =258 = awop” ** dyont oy oy

Take an arbitrary plane P C T,,M (flag) and a non-zero vector y € P (flag pole),
the flag curvature K = K(P, y) is defined by

g, (Ry(v),v)

) g, - 8,0, )

where v is an arbitrary vector in P such that P = span{y,v}. F is said to be
of scalar curvature if, for any non-zero vector y € T, M, and any flag P C T,, M,
xz € M, withy € P, K(P,y) = A(z,y) is independent of P, or equivalently,

where I : T, M — T, M denotes the identity map and g, (y,.) = L[F?,dy’. Tt is
said to be of constant curvature X if the above identity holds for the constant .

For a vector y € T, My, define B, : T,M @ T,M @ T,M — T,M and
E, : TwM ® TM — R by By(u,v,w) := B, (y)uivFw! 2|, and Ey(u,v) =
Ejr(y)uiv*, where

31
06 (), Euly) = B0 w),

Bijkl(y) : 9

= OyI Oy oy!

u = ui%\w v = Ui@21|w and w = wi%h. B and E are called the Berwald

curvature and mean Berwald curvature, respectively (see [8]). A Finsler metric
is called a Berwald metric and a mean Berwald metric if B = 0 and E = 0,
respectively.
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3. Proof of Theorem 1.1

In this section, we are going to prove Theorem 1.1. For this, we need the
following.

Lemma 3.1. Let (M, F) be a Finsler manifold. Suppose that F is a weakly
stretch metric. Then, for any geodesic ¢ = c¢(t) and any parallel vector field
V =V(t) along ¢, the function I(t) := I.(V(t)) must be in the following form:

I(t) =t J(0) 4+ 1(0). (1)
PROOF. By definition, we have

i =2(Jiyj — Jjp0)-

By assumption, F' is weakly stretch metric. Then

ity = Jiji- (2)
Contracting (2) with y?, we have
Jiy’ = 0. (3)
Let
J(t) = Jo(V (1)) (4)

L (t) =3 (t) = Ju(e(®)d )V (1) = 0. ()

Then (5) yields (1). O

Remark 3.1. Suppose that F' is a weakly stretch metric, i.e., J;; = Jjj;.
Then, we have Ji|jyj = 0, which means that the rate of change of the mean
Landsberg curvature is constant along any geodesic.

Remark 3.2. Let (M, F') be a Finsler space and ¢ : [a,b] — M be a geodesic.
For a parallel vector field V (¢) along c,

gc.(V(t), V(t)) = constant. (6)
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PROOF OF THEOREM 1.1. Let (M, F') be a complete Finsler manifold. Sup-
pose that F' is a weakly stretch metric. Take an arbitrary unit vector y € T, M
and an arbitrary vector v € T, M. Let ¢ = ¢(¢) be the geodesic with ¢(0) = x and
¢(0) = y, and V (t) be the parallel vector field along ¢ with V(0) = v. Then by
Lemma 3.1, we get

I(t) =t J(0) + I(0). (7

Suppose that I, is bounded, i.e., there is a constant A < co such that

I
IT|; == sup sup L)s =4 (®)
yET, Mo vET, M [gy(vvv)]§

By Remark 3.2, we have [I(t)] < AQ? < oo for some constant Q. Therefore, I(t)
is a bounded function on (—oo,00). Thus, letting ¢ — +o0o in (7) implies that
J,(v) = J(0) = 0. Hence, F is a weakly Landsberg metric. O

4. Proof of Theorem 1.2

In this section, we are going to prove Theorem 1.2. First, we must mention
that weakly stretch curvature has a delicate relation with the flag curvature.
Indeed, we discover a relation between the distortion and the flag curvature on
weakly stretch manifolds of scalar flag curvature K = K(z,y). Indeed, we have

Proposition 4.1. Let (M, F) be an n-dimensional Finsler manifold. Sup-
pose that F' is a weakly stretch metric of non-zero scalar flag curvature K =
K(x,y). Then K is given by following

n+1

K=c'5 (@7 (9)

where ¢ = +1 depending on the sign of K, 0 = o(z) is a scalar function on M
and T is the distortion of F'.

Proor. For Finsler metric F' of scalar flag curvature K, the following holds:

1
Lijusy® + KF2Cijp + gFQ{hink + h K + hkin} —0, (10)

where K; = g;f- (for more details, see [1]). Multiplying (10) with ¢’* and using

Jijsy® =0, we get

3
KIl,+ —K,; =0. 11
Jrn—|—1 (11)
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Taking into account I; = g—&, we get the following:

3
{7’ + I ln(eK)} =0. (12)

yi

Thus, for some scalar function o = o(x) on M, we have

3
T+
n

1 In(eK) = o, (13)

and consequently we get (9). O

PROOF OF THEOREM 1.2. Let F be a weakly stretch metric of negative flag
curvature on a compact manifold M. Define f := F2ILI’, where I; is the mean
Cartan torsion of F'. The scalar function f is homogeneous of degree zero on T'Mj.
It is known that £4(F) =0, i.e., F' is constant on every geodesic. Therefore, we
have

£6(f) = fisy® = F?I'Lyy® + F2I' y°I; = 2F*J'L; = 0, (14)

where we have used Theorem 1.1. (14) means that f is constant along geodesics
of F. Using a Ricci identity given in [15], we get

FoBRY + filplay"y? = 0. (15)
Let ¢ : R — M be an arbitrary unit speed geodesic, and put
(t) = f.if 59" (e(t), (1))
It is easy to see that
¢"(t) = 2fiipiaf 3197 + 2f aip f j1aP g7 (16)
Plugging (15) into (16), we get
¢"(t) = —2Ry fif39°" + 2f ap] 51497 (17)

Since F has negative flag curvature, we have ¢”(¢) > 0. It means that ¢ is
a convex function. Therefore, for every ty, we have

o(t) = (to) + ¢/ (to)(t —to), VteR. (18)
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If ¢'(tg) # 0 for some tg, then letting ¢ — oo or ¢ — —oo implies that ¢ is
an unbounded function which is a contradiction with compactness of M. Thus,
@' is zero function, and consequently ¢” = 0. It follows form (17) that

Wil 39" = Fapf i1 elg" = 0. (19)

The non-negatively curved condition and the arbitrariness of the geodesic ¢ imply
that f; = 0. It means that f is a function of position. From (14), we get

0 .
f, y' =0.
ol
Thus, ga{i = 0, and as a result f is a constant. We recall that I; = g&. For

a fixed point xg € M, the distortion attains its extremum on indicatrix of F' at
2. At this point f vanishes, and constancy of f implies that f = 0. The proof
follows from Deicke’s theorem. O

One can relax the topological condition from Theorem 1.2 and still get the
same result under a stronger condition on the flag curvature. More precisely, we
have the following.

Corollary 4.1. Every weakly stretch manifold with non-zero constant flag
curvature is a Riemannian manifold.

PrOOF. Multiplying (10) with ¢’¥ and using Jijsy® = 0 and K; = 0, we get
KI; = 0. By Deicke’s theorem, it follows that F' is Riemannian. (]

A Finsler space is said to be R-quadratic if the Riemannian curvature R,
of Berwald connection is quadratic in y € T, M. Here, we prove that every R-
quadratic Finsler manifold is a stretch metric and get the following.

Corollary 4.2. Every R-quadratic Finsler manifold of non-zero scalar flag
curvature with dimension n > 3 is a Riemannian manifold of constant curvature.

PRrROOF. Indeed, a Finsler metric is R-quadratic if and only if the h-curvature
of the Berwald connection depends on position only in the sense of BAcsSO—
MATSUMOTO [2]. We have the following Bianchi identity

h h h
R ije = Bojiyi — Blik)s- (20)
Contracting (20) with yy, yields
Un R ik = yhmajk\z' - yhmaik\j = —2Lpjk)i + 2Lmik); = Ymikj- (21)

Then, every R-quadratic Finsler metric is a stretch metric. In [8], it is proved
that every R-quadratic Finsler manifold of scalar flag curvature with dimension
n > 3 is of constant flag curvature. By Corollary 4.1, we get the proof. O
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5. Proof of Theorem 1.3

In this section, we are going to prove Theorem 1.3. Suppose that F' = a+f is
a Randers metric, where v = y/a;;(x)y'y’ is a Riemannian metric and 8 = b;(x)y’
is a 1-form on a manifold M. First, we find the stretch curvature and the mean
stretch curvature of F'. Then, we get the following.

Lemma 5.1. Let F = a+ 8 be a Randers metric. Then the stretch and the
mean stretch curvatures are given by following:

2
ijkm = m{Jﬂmhjk = Jijkhgm + Jjjmhix — Jj|khim}
2
= { Tt = )iy + 20k Lijon = 2L}, (22)
Skm = 2(Jkjm — Jmjk)- (23)

PrROOF. By Lemma 2.1, F' is C-reducible:
1
Cijk = m{fihjk + Ijhik + Ikhij}- (24)
Taking a horizontal derivation of (24) implies that
1
L, = m{Jihjk + Jih + thij}~ (25)
Since hij = Gij — FﬁQyiyja F” =0 and Yiji = 0, we have
hiji = gijn = —2Liji.

Then by taking a horizontal derivation of (25), we get

1
Lijkim = m{Jumhjk + Jjmhix + Jk\mhij}

2
= m{Jiijm + JiLikm + Tk Ligm } (26)
By definitions of stretch and mean stretch curvatures, and by relations (25) and
(26), we get (22) and (23). O

It is known that for a Randers metric L = 0 if and only if J = 0 if and only
if B = 0. On the other hand, Randers metrics have bounded Cartan and mean
Cartan torsions [24]. Therefore, by Theorem 1.1, we have the following.
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Corollary 5.1. Let F = a + 8 be a complete Randers metric on a mani-
fold M. Then F is a weakly stretch metric if and only if F' is a Berwald metric.

Remark 5.1. In [27], it is proved that if a Randers metric F' is a Douglas
metric, then F is a stretch metric if and only if F' is a Berwald metric.

Let VB = b;,;dz* ® dz? be the covariant derivative of 3 with respect to a.
Put
1 1
Sij = 5 (bz‘;j - bj;,»), i =5 (bi;j + b.,-;i),
S; = aikskj, S5 = bisij, r; = bi’l“ij, Ti0 : = T'ijyj,

si0 := 8i5y’, ro:i=ry, S0 =Sy, ey i=1ij +bis; + bys;.

The mean Landsberg curvature of a Randers metric F = a+ on an n-dimensional
manifold M is given by the following:

1
Ji = 4110(2}{204{(61'0042 — yieoo) — 2B(sia® — yiso) + sio(” + 52)} +40”Bsio

+ (XQ(@ioﬂ — bieoo) + 6(61‘00{2 — yieoo) — 2(81'042 — yiSO)(OéQ + 62)} (27)

Lemma 5.2. Let F' = a+ 8 be a Randers metric on a manifold M. Then
F' is a generalized Berwald metric with a Killing form [ with respect to « if and
only if r;; = 0 and s; = 0.

PROOF. Since § is a Killing form, it has a skew-symmetric covariant deriv-
ative with respect to the Levi-Civita connection of a, i.e., 7;; = 0. Suppose that
F' is a generalized Berwald metric. Then, [30, Theorem 2] implies that the dual
vector field of 3 is of constant length, that is, r; +s; = 0. Using that r;; = 0 and
contracting r;; with &, one can get s; = 0.

Conversely, r;; = 0 and s; = 0 imply that F' is a generalized Berwald manifold
with a Killing form 8 with respect to a. (]

Proor oF THEOREM 1.3. By Lemma 5.2, we have r;; = 0 and s; = 0.
In this case, the mean Landsberg curvature and spray of F' are given by

G'=G" +as), (28)

1
Ji = n—; a s, (29)
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where the index 0 means contracting with y/. By taking a horizontal derivation

of (29), we get
2

n+1

A direct computation shows that

Jijj = (a_1)|j Sio + a_lsik‘jyk. (30)

(Ofl)\j =a ?sq;, (31)
and 5
s,
sy =" 55 = swGl — suGl. (32)

Substituting (31) and (32) into (30) yields

2
n+1

_ _ Js;
Jijj = o 2sgj8i0 + ot (yk 55 — 540Gy — SitG;)- (33)

Putting (28) and (33) into (23), we get

2
o - k(08 Osjk ~t ~t
ﬁzij =« ly ((%Zj - 8;1' ) + 51t G — 5:Gi | + tjoyi — tioy;, (34)
where t;; = siks’; and t;,9 := tijyj. Decomposing (34) into its rational and

irrational parts with respect to (y*) implies the following

o0 owi )+ Gl — s5GL=0, (35)
tjoyi — tioy; = 0. (36)

& (85“C 05,

Contracting (36) with b° and using the assumption s; = 0, we get ;03 = 0, which
implies either ¢;; = 0 or 8 = 0. The former and s;; = 0 imply that 3 is parallel
with respect to «, and then F' is a Berwald metric. This completes the proof. [J

Randers metrics belong to a class of Finsler metrics named (o, 3)-metrics.
An (o, B)-metric is a Finsler metric defined by F := a®(s), s := /a, where ® is
a smooth function on a symmetric interval (—bg, by) with certain regularity, « is
a Riemannian metric and j is a 1-form on the base manifold (see [22], [25] and
[26]). These metrics form an important class of Finsler metrics, appearing itera-
tively in formulating Physics and Seismology, Biology, Ecology, Control Theory,
etc.

If the function

Ag(s) := ' (—s)P(s) + ®(—s)P'(s)
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has a fixed sign on a symmetric interval (—bg,bp), then we say that the («a, 3)-
metric F' = a®(s), s = /a, satisfies the sign property [19]. In [19], the second
author with BARZEGARI extend Vincze’s Theorem for the class of («a, §)-metrics
with sign property. More precisely, they show that every («, 8)-Finsler function
with sign property is a generalized Berwald manifold if and only if 5* is of constant
Riemannian length. Next, we would like to study the class of generalized Berwald
(a, B)-metrics with sign property and vanishing mean stretch curvature. Are they
Berwaldian metric? This problem remains open.
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