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Isometries of vector-valued function spaces
preserving the kernel of a linear operator

By KAZUHIRO KAWAMURA (Tsukuba)

Abstract. We prove Banach—Stone type theorems for isometries of continuously
differentiable (continuously twice differentiable resp.) functions on the unit interval
equipped with norms related to the first derivative (a linear differential operator of
second-order resp.). They are consequences of a general theorem on isometries of func-
tion spaces, on which a linear operator is defined, over compact Hausdorff spaces.

1. Introduction

The Banach—Stone theorem and its variants on isometries of function spaces
is a subject of extensive study. They state that every surjective linear isome-
try between function spaces is an operator of special type, often referred to as
a (generalized) weighted composition operator, whenever the function spaces sat-
isfy certain conditions. Various extensions of the classical theorem due to Banach
and Stone, which deals with isometries of continuous function spaces over com-
pact Hausdorff spaces with the supremum norm, have been obtained by many
authors. Among these extensions, the following are of importance to the present
paper. They deal with isometries between function spaces of:

(i) vector-valued continuous functions [1], [2], [3], [10], [16], [19], [20], [21], [30],
[34],
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(ii) scalar/vector-valued continuously differentiable functions on [0, 1] or subsets
of R [5], [9], [10], [11], [17], [18], [31], [35], [36], and
(iii) scalar/vector-valued Lipschitz functions on compact metric spaces [4], [6],
7], [12], [28].
Also monographs [14] and [15] are valuable sources of information. A real-linear
isometry of scalar-valued continuous function spaces which fail to be a weighted
composition operator was explicitly constructed and studied in [29] and [33].
MIURA and the author [27] studied such isometries and the study continued in [22]
for vector-valued continuous function spaces, and in [23] for spaces of continuous
sections of vector bundles. A subsequent paper [26] by KosHIMIZU, MIURA and
the author studied isometries with respect to various norms on the continuously
differentiable function space on the unit interval and gave a single framework to
characterize these isometries.
The present paper is a continuation of these papers. Throughout the paper,
[F denotes a scalar field R or C. For a compact Hausdorff space X and a Banach
space E over F, C(X, E) denotes the space of all E-valued continuous functions
on X with the supremum norm || - ||oo. We consider the following set up:
X and Y are compact Hausdorff spaces and E and F' are finite dimen-
sional Hilbert spaces over F. A linear operator D : A — C(Y,F) is
defined on a subspace A of C(X,E). For p with 1 <p < o0, || - |[|lpp
denotes the norm on A defined by, for f € A,

(I£15e + 1D flE) P, if p < oo,

||f||D,p = )
max (| flloc, [ Dfllec),  if p=oo0.

Let U(FE) be the group of all linear isometries on the Hilbert space . We show
that, under certain conditions on A and D that guarantee the “abundance of
functions in A,” every surjective linear isometry 7' : A — A such that T'(Ker D) =
T~'(Ker D) = Ker D is always a generalized weighted composition operator in
the following sense:

there exist homeomorphisms ¢ : X — X and ¢ : ¥ — Y, and maps
U: X >UE);z—Uyand V:Y — U(F);y — V, such that for each
f € A and for each (z,y) € X x Y we have the equalities

Tf(z) = Us(f(e(2)), D(Tf)(y) = Vy(Df((y)))-

The Main Theorem, stated in Section 2 after some preliminaries, is somewhat
technical, yet some of its consequences are worth mentioning here.
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The first consequence generalizes a result of [26] on the norms of C*([0, 1],C),
the space of all complex-valued continuously differentiable function space on [0, 1].
It supplies a “continuous interpolation” between the norm || f||s = ||f oo + |/ || s
and the norm || f||as = max(|| fl|oo, || f'|leo) on C1([0,1],C), where f’ denotes the
derivative of f. The result for p = 2 gives a partial answer to a question posed
by RAO and ROY in [36]. A part of the result on the norm || - ||5r follows from
a result of JAROSZ [17].

Theorem 1.1. Let p € [1,00], and Iet ||-||, be the norm on C*([0, 1]) defined
by
1£1lp = (12 + 11207, f € CH([0,1]). (L.1)

Let T : C([0,1],C) — C'([0,1],C) be a surjective real-linear || - || ,-isometry and
assume, if p > 1, that T satisfies
f = const if and only if T'f = const. (1.2)

Then there exist a constant ¢ with |c| =1 and €,y € {1} such that

Tf(t) = c[f(es ()] feC([0,1]),

where 1 (t) =t and p_1 = 1 —t. Also [f(z)]' = f(x) and [f(x)]"! = f(z)(= the
complex conjugate of f(x)). If, moreover, T is complex-linear, then e = 1.

Remark. When p = 1, condition (1.2) is a consequence of other assumptions.

Another application of the Main Theorem yields a novel Banach—Stone type
theorem. Let L : C™(]0,1],F) — C([0,1],F) be a linear differential operator
of order at most n. We consider the solution space S; of the homogeneous
differential equation

Lf=0, feC"([0,1],F),

and define the following norm for each p € [1, o0]:

1FlLp = (115 + ILFIE)Y,  f € C™([0,1),F). (1.3)

Then we may ask whether every linear surjective || - ||, p-isometry which makes
the space Sy, invariant must be of a special form. In this direction, we prove the
following.

Theorem 1.2. Let a € (0,7/2), and let || -|| <o~ be the norm on C?([0,1],C)
defined by

Ifll<a> = max([lflloo, [/ + o fllc)- (1.4)
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Let S, = {aexp(iat) + bexp(—iat)|a,b € C}. Then every complex-linear sur-
jective || - || cas-isometry T : C?(]0,1],C) — C?([0,1],C) satisfying T(S,) =
T~Y(S8,) = S, is of the form

Tf(t) = wflp4(1), fe€C*([0,1],C),

where k € C is a constant with |k| = 1, v = %1, and ¢ is the function defined
in Theorem 1.1.

The formalism of the Main Theorem looks more complicated than necessary
for the proofs of these two results. If we are content with proving Theorems 1.1
and 1.2, then simpler arguments seem to be available. While the scheme presented
by the Main Theorem provides a convenient framework to obtain a Banach—Stone
type theorem in other contexts as well. Recently the author applied the scheme
in the vector bundle setup to prove Banach—Stone type theorems for isometries
of C' function spaces over compact Riemannian manifolds ([24],[25]).

The whole proof is based on the extreme point method in the setting of
vector-valued function spaces (cf. [13]).

2. Preliminaries and statement of the Main Theorem

Throughout the paper, T denotes the unit circle on the complex plane: T =
{z € C||z| = 1}. As in Section 1, for a Banach space E over a scalar F = R
or C, C(X, E) denotes the space of all continuous E-valued functions defined on
a compact Hausdorff space X with the supremum norm || - ||. Also B(E) and
S(E) denote the unit ball and the unit sphere of E respectively. For two normed
linear spaces L1, Ly over F, let Lp(L1, Ly) denote the space of the F-linear maps
Ly — Ly with the operator norm. The dual space Lp(L,F) is denoted by L*.
An extreme point of a convex set C of a linear space L is a point £ € C with
the property that the equality & = ’77"'4 with n,( € C implies n = ( = . The
set of all extreme points of C' is denoted by ext(C). By abuse of notation, the
extreme points of the unit ball B(F) of a Banach space E are denoted by ext(E)
for simplicity. Under this notation, a Banach space E is strictly convex if and
only if ext(E) = S(E) (see [32]).

Let A be a (not necessarily closed) linear subspace of C'(X, E), and let D :
A — C(Y,F) be a (not necessarily bounded) linear operator on A to the space
C(Y,F), for a compact Hausdorfl space Y and a Banach space F. For each p
with 1 < p < 0o, we define a norm on A as follows:
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1£15.0 = (112 + DS 2)7
= sw (@I +IDIWINY?, feA D)

(z,y)eX XY

Asin Section 1, we follow the standard convention: || f| p,co =max(|| f||cc,|| D f|lco)-
We seek a set of conditions on A and D which implies that every surjective linear
| - || p.p-isometry is a generalized weighted composition operator:

Tf(z) =Va(fp())), [feA zeX, (2.2)

where ¢ : X — X is a homeomorphism and V,, : E — F is a linear isometry for
x € X. We consider the following conditions on A and D.

(C1) The set My ={f x Df|f € A} is closed in C(X x Y, E x F).
(C2-1) For each = € X and for each u € E, we have the following:
(C2-1a) there exists an f € Ker D such that f(z) = u and || f]|c = |lull-
(C2-1b) for each finite subset J of X \ {x}, there exists a g € A such that
g(x) =w and g|J = 0.
(C2-2) For each y € Y and for each v € F, we have the following:
(C2-2a) for each e > 0 there exists an f € A such that Df(y) = v, || Df|lcc =
[oll and [|flloc <€
(C2-2b) for each finite subset J of Y \ {y}, there exists a ¢ € A such that
Dg(y) = v and Dg|J = 0.
(C2-3) For each u € E, for each z € X, for each finite set J C X \ {«} and for
each finite set K C Y, there exists an f € A such that f(z) =u, f|J =0,
and Df|K = 0.
The next conditions are related to the identification of the extreme points of the
dual spaces. For a point (z,y) € X xY, “(Peak)” refers to the following condition
on (z,y):
(Peak) for each (u,v) € E x F, there exists an f € A such that (f(z),Df(y)) =
(u,v) and

£ < Null,  IDF@IHI <],

for each (z/,y") € (X \ {z}) x (Y \ {y}).
Also, for a point z € X and a point y € Y, the conditions “(Px)” and “(Py)”
refer to:
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(Px) for each u € E, there exists an f € A such that f(z) = u, ||f(2)|| < ||lu||
for each 2’ € X \ {z}, and further |Df||c < ||lu||, and
(Py) for each v € F, there exists a g € A such that Dg(y) = v, ||Dg(y')|| < |[v]|
for each ¥’ € Y \ {y}, and further ||g]|o < [|v]|-
Then we consider:
(C3-1) The set P = {(z,y) € X x Y|(xz,y) satisfies (Peak)} is dense in X x Y.
(C3-2) The sets Px = {x € X|z satisfies(Px)} and Py = {y € Y|y satisfies
(Py)} are dense in X and in Y respectively.

The next conditions describe the connection of Ker D with the constant func-
tions. For a vector u € F and a vector v € F, ¢, and ¢, denote the constant
functions on X and Y which take value u and v respectively. The subspace of
constant functions on X is denoted by Constx.

(C4-1) The subspace A contains the subspace of constant functions Constx and
D|Constx is a bounded operator, i.e. there exists a constant K > 0 such
that ||Deylloo < K||ul for each u € E.

(C4-2) There exists a constant L > 0 with the following property: for each v € F,
there exists an h, € A such that Dh, = ¢, and ||hy||e < Liv]|.

As was pointed out by a referee, when A is a closed subspace of C(X, E), condition

(C1) is equivalent to the boundedness of the operator D (by the Closed Graph

Theorem).

We are now ready to state the main theorem. As in Section 1, U (F) denotes
the group of all linear isometries on F.

Main Theorem. Let F = R or C, and let E and F be finite dimensional
Hilbert spaces. For compact Hausdorff spaces X and Y, let A be an F-subspace of
C(X,E),andlet D : A — C(Y, F) be a linear operator satisfying conditions (C1),
(C2-1), (C2-2), (C4-1) and (C4-2). For p € [1,00], let || - || p,p be the norm defined
by (2.1) by p and D, and let T : A — A be a surjective F-linear | - || p p-isometry.
(1) Assume p € (1,00), and assume that A and D also satisfy condition (C3-1),

and further T : A — A satisfies

T(Ker D) = T~ (Ker D) = Ker D. (2.3)

Then T is a generalized weighted composition operator in the sense of (2.2):
there exist homeomorphisms ¢ : X — X andv : Y — Y, and mapsU : X —
UE);z2— Uy and V1 Y - U(F);y — V, such that

Tf(x) =Us(fp(2))), D(TF)y) =Vy(Df(¥(y))),
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for each f € A and for each (x,y) € X xY. Moreover, the maps U and V are
continuous with respect to the strong operator topology on U(E) and U(F)
respectively.

(2) Assume that p =1, F =R, dimE = dim F, and X,Y are connected. Also
assume that A and D further satisfy conditions (C2-3) and (C3-1). Then
the same conclusion as that of (1) holds for every R-linear surjective || - || p1-
isometry T : A — A. Moreover, equality (2.3) always holds for such T.

(3) Assume that p = co. If A and D further satisfy the conditions (C3-2), then
the same conclusion as that of (1) holds for each linear surjective || - || p,oo-
isometry T : A — A satisfying equality (2.3).

Remark. Conditions (C4-1) and (C4-2) guarantee the continuity of U and V.

We made use of this observation in [24].

In Section 3, we examine the extreme point of the dual spaces and apply the
result in Section 4 to prove the Main Theorem. Theorems 1.1 and 1.2 are proved
in Section 5. In order to clarify the whole structure of the proof, some proofs are
postponed to Section 6.

3. Extreme points of dual spaces

This preliminary section studies extreme points of dual spaces of products of
Banach spaces. Let F and F' be strictly convex Banach spaces, and let p € [1, 00].
We define a norm || - ||, on E x F by

1(w, 0)llp = (lull” + [[0]7)/7, (u,0) € B x F, (3.1)

where ||u|| and ||v|| denote the norms of v and v in F and F respectively. The
product space £ x F' equipped with the above norm is denoted by E x,, F. The
next two propositions play basic roles in studying extreme points of the dual
spaces. For completeness, we give a proof of Proposition 3.1 in Section 6.
Proposition 3.1. Let 1 < p < 0.
(1) The space (E x,, F)* is isometric to E* x, F*, where % + % = 1 with the
convention é + % =1.
(2) If E* and F* are strictly convex, then
S(E* x4 F*) if1 <p < oo,
ext(E x, F)* = { S(E*) x S(F") itp=1,
S(E*) x {0} U {0} x S(F*) ifp=cc.
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Observe that (E x F)* = E* x F* as linear spaces, and also recall S(E* X,
F*) = {(&,n) € B* x F*[¢]le + nlle = 1}.

For a subspace A of C(X) and a point z € X, let §2 : A — F denote the
point-evaluation functional at x defined by

5Hf) = flx), feA

When no confusion occurs, 62 is simply denoted by 6.

Proposition 3.2 ([14, Theorem 2.3.5, Corollary 2.3.6]). Let X be a compact
Hausdorff space and E be a Banach space.

(1) ext(C(X, E)*) = {£0 6P| € ext(E*)}.
(2) For each subspace A of C(X, E), we have the inclusion

ext(A*) C {€ 0 62| € ext(E*)}.

For a compact Hausdorff space X and for a Banach space F, let A be a linear
subspace of C(X, E). For a linear operator D : A — C(Y, F), where Y is a com-
pact Hausdorff space and F is a Banach space, and for p € [1,o0], consider the
norm (2.1) on A. Define a subspace M4 of C(X xY,E x, F) by

Ma={fxDf: X xY — Ex, F|f € A},
and define Q : (A, ||lp,p) = (Ma,| - |loo) by

Qf)y=fxDf, feA

It is easy to see that §2 is a linear isometry, and hence the dual A* is linearly
isometric to M}%. When A and D satisfy conditions mentioned in Section 2,
the set ext(M?}) is identified as in the next theorem. For (z,y) € X x Y, let

5(’3; Xyl)“’ : M4 — E x F be defined by

514 (f x Df) = (f(2). Df (), [ € A.

Most likely, the next theorem still holds without the finite-dimensionality assump-
tion of E and F', while the assumption simplifies the proof of Lemma 3.6 and the

result is sufficient for our purpose. In what follows, extA} denotes the closure of
extM} with respect to the weak*-topology. The idea of considering the closure
of the extreme point-set was first presented in [18].
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Theorem 3.3. Let E and F be finite dimensional Hilbert spaces, and let A
be a subspace of C(X, E) with a linear operator D : A — C(Y, F). Forp € [1, 0],
we have the following.

(1) If 1 < p < oo and A satisfies conditions (C1) and (C3-1), then we have the
following equality:

oxTMG = {(£,m) 0 6114 [(€.m) € S(E* x F*).(x,y) €X x Y}, (3.2)

(zy

(2) Ifp =1 and A satisfies conditions (C1) and (C3-1), then we have the following
equality:

extM3, = {(€,m) o 6M4

@ (&n) € S(E™) x S(F7), (z,y) € X x Y} (3.3)

(3) If p = oo and A satisfies conditions (C1) and (C3-2), then we have the
following equality:

extMj = {(£,0) 0 6,4, |€ € S(E®), (z,y) € X x Y}

(z,y

U{(0,n) 0 604, In € S(F), (z,y) € X x Y} (3.4)

For the proof of the above theorem, we reduce the detection of extreme points
above to that of extreme points of the dual of the scalar-valued function space
and appeal to the next theorem. This reduction follows the idea of CAMBERN—
BoOTELHO and JAMISON ([5] and [9]). The following theorem was proved by
DE LEEUW for real-valued function spaces. For completeness, we supply a proof
for complex-valued function spaces in Section 6.

Theorem 3.4 (cf. [12, p. 61]). Let A be a closed linear subspace of the
space C(Z) of the complex-valued continuous functions over a compact Hausdorff
space Z, and let z be a point of Z. If there exists an f € A such that

[fllee = f(2) =1, [f(2)| <1 for each z # z,
and further, for a point © € Z, the equality
[f(@)] =1
holds if and only if there exists a ¢ € T such that
g(x) = cg(z) for each g € A.

Then §2 € A*, defined by §2(f) = f(2) (f € A), is an extreme point of the unit
ball of A*.
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In order to apply the above theorem, we recall the isometry (E x, F)* =
E* x4 F* with % + % = 1: every element of S((E X, F)*) is identified with a pair
(&,m) € E* x F* such that [|£||?7 + ||n]|]2 = 1 (Proposition 3.1). Define a map
A (A - llpp) = CSU(E xp F)?) x (X xY),F) by

A& m), (2, ) = E(f (@) +n(Df(y)),

&m e X< F [+ nll* =1, (z,y) e X xY, feA

Notational Convention. By the end of this section, a point ((£,7), (z,y)) €
S((E %, F)*) x (X xY) is written as (§;,n,) in order to keep in mind that “¢
and 7 evaluate points of the form f(x) and D f(y) respectively”.

The proofs of the next two lemmas are postponed to Section 6. The finite-
dimensionality assumption of the spaces E and F' are used in the proof of
Lemma 3.6.

Lemma 3.5. For each f € A, we have ||A(f)|lco = || fllD.p-
Lemma 3.6. Let Ny = A(A). Then N4 is a closed subspace of

C(S((E x, F)*) x (X x Y),F).

PROOF OF THEOREM 3.3. (1) First, we assume that 1 < p < oo and A sat-
isfies condition (C-1) and (C3-1). By the previous two lemmas, A : My — Ny
is an isometric isomorphism onto the closed subspace N of C(S((E x, F)*) x
(X xY),F).

For a point (§;,1my) € (B xp F)* x (X XY) 2 (E* xq F*) x (X xY), let
A, m,) : Na — F be the evaluation functional at ({,7,) defined by

Ae,m,) (M) = M) (& my) = E(f () + (DS (y))-

Noticing the equality

Ay in) (M) = Ef @) +0(Df(y) = (€.1) 0 6425, (F), (3.5)

we see that the adjoint A* satisfies A* (A ¢ ) = (&, n)oéé‘;[*;). Hence by Lemma 3.5,
(&, m)od(y4) € ext(M3) if and only if A(e, ) € ext(N}). We show that A, )

(zy
is an extreme point of B(N}) whenever the point (zg,yo) satisfies the condition

(Peak). In view of (3.5) and Theorem 3.4, it suffices to prove the following.

(#1) Let (z0,y0) € X X Y be a pair of points satisfying the condition (Peak). For
each (£%,n") € S((E x, F)*), there exists an f € A such that
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(1) Ao, o) (M) = A&, my,) = 1,
(2) for each (&5,my) € S((E xp F)*) x (X xY), we have
A (Eymy)| <1,

(3) |A(f)(&x,my)| =1 if and only if there exists ¢ € T such that

A(g)(Easm1y) = cA(9)(&y > My,)
for each g € A.
PROOF OF (f1). Take (ug,vo) € E x F so that €% = (-, ug),n° = (-,v9). We
have ||ug||? + ||vo]|? = 1. By the condition (Peak), we find an f € A such that
f(xo) = lluol|**uo, Df(yo) = [[vo]| "~ w0,
1f @) < fluo]|7~" for each = # xo
IDf ()l < llvol|*~" for each y # yo. (3.6)

Let (£,m) € S((E xp F)*) x (X xY) with (&,n,) # (520,7]80). We divide our
consideration into two cases.

Case 1. (x,y) # (o, Yo).
Applying condition (3.6) and the Holder inequality, we proceed as follows:

[N Eermy)| = 18 (@) + n(DF )] < NE - LF @)+ lInll - 1D f @)
< N+l (L f @)IP + 1D f )1
< (€l + 11l 79 - (ol + [lvol|*)*/” = 1.

Case 2. (z,y) = (z0,Y0)-
Let & = (-,u),n = (-,v), and notice ||ul|9 + ||v||? = 1. Then we have

IA(S) (o o )|

[(f(x0),u) + (Df(v0),v)]

ud™ el + lvoll“= 1] :
(ol @712 + [l |4~ P) 2 (JJuf|9 + [|u]|9) /e (3.8)
1

IN N

)

where the equality |A(f)(&z,,7y,)| = 1 holds if and only if the equalities in both
(3.7) and (3.8) hold, which is equivalent to the following. There exist a and b
such that

u=aug, v = buy, (3.9)
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and also
lluo |4~V [w]| = [|wo[|““" VP ||ul|? (& Ifuoll[[v]l = llvoll]lul)-
The latter condition implies |a| = |b| = 1, which further implies
1 = [loll 7o, o) + o172 e, buo)
= [llwo 1% + lfoollB| = lluoll® + lleol1“(B/)|,

which yields a = b := ¢. Then for each g € A, we have

A myg) (A9)) = (g(0), u) + (Dyg(yo), v)

= c({g(20), o) + {Dg(yo), vo)) = - Aea g, )(A(9))-

yD
This proves (f1). O

The above (#1), Proposition 3.2 (2) and Proposition 3.1 (2) imply the follow-
ing inclusions:

{(&,m) 0 6E*F1(&,m) € S((E x,, F)*), (x,y) satisfies (Peak)}

(z,y)
C ext(M}3) C {(&m) 0 05716 m) € S((E x,, F)Y), (a,y) € X x Y}
By condition (C3-1), the first set is dense in the last one with respect to the
weak*-topology, and hence we have the desired equality.

(2) For p = 1, we prove the following:

(#2) Let (zo,y0) € X x Y be a pair of points such that (zo,yo) satisfies the
condition (Peak). Then (£Y,7°) o 5@:5) is an extreme point of M}, for each
(% n°) € S(E*) x S(F™).

Having proved the above, we obtain, again by Proposition 3.2 (2) and Propo-
sition 3.1 (2), the following inclusions:

{(&m)o 5(225 (&,m) € S(E*) x S(F*), (x,y) satisfies (Peak)}

Cext(M3) C {(&:m) 0 6055 1(€,m) € S(E®) x S(F*), (z,y) € X x Y}

(z,y)

y (C3-1), we obtain the desired equality.
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PROOF OF (#2). The proof is similar to that of (§1). Let €% = (-, up),n° =
(-,v0). We have [Jug|| = ||vo]| = 1. By the condition (Peak), we find an f € A
such that

f(xo) = uo/2, Df(yo) =v0/2,
[ f ()]l < lluoll/2(= 1/2) for each z # o,
[DfW)I < [lvoll/2(= 1/2) for each y # yo. (3.10)
Let (&z,7y) € (S(E*) x S(F*)) x (X x Y) with (&,7,) # (£2,,75,)-

Case 1. (z,y) # (z0, yo)-
We have

[AF) (s my)| = 1E(F (@) +n(Df )] < ENLF @I+ Il D W)l
= [[F @I+ 1D < 1f @)l + [1DF (yo)ll = 1.

Case 2. (xay) = (x(]ayo)'
Let &€ = (-,u),n = {-,v) with ||u|| = ||v|| = 1. Then we have

IACS) Eaos o) | = [(f (20), w) + (D f(yo), )]
< 17 o)l + £ o) el = gl + ol = 1.
When the equality |A(f)(€zys My, )| = 1 holds, we have
u = aug, v = bug,
and hence |a| = [b] = 1. Also the equality
1 =[{f(z0),w) + (Df(yo), v)| = la- [uoll*/2+ b voll*/2] = |a +b] /2
implies a = b := ¢. Then as in (f1), we see for each g € A, we have
Aery ) (A9) = cAgo no 1 (A(g))-
This proves (£2). O

(3) For p = oo, we prove:

(83) Let (x0,%0) € X x Y be a pair of points such that xy and yo satisfy the

conditions (Px) and (Py) respectively. Then (£°,0) 06(Em§1;0) and (0,7°) 06(]1;;1;0)

are extreme points of M7, for each (£°,1°) € S(E*) x S(F™*).
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Having this, we see, once again from Proposition 3.1 (2) and Propo-
sition 3.2 (2), the inclusions

{(€,0) 06074 |€ € S(E™), x satisfies (Px)}
u{(0,n) o 5?53”77 € S(F™),y satisfies (Py)} C ext(M}) C
{(€,0) 0607 |¢ € S(E™), (z,y) € X x Y}
U{(0,n) 0 602, In € S(F*), (z,y) € X x Y}
By condition (C3-2), the first set is dense in the last one with respect to the
weak*-topology, and we have the desired equality.

PROOF OF (£3). We show that (£2,0) o 5@,:50) is an extreme point for each
€0 € S(E*). Let €% = (-, up) with |Jug|| = 1. Apply the condition (Px) to find
f € A such that

f(xo) = uo, || f(x)]] <1 for each x # xp, and || D[]l < 1. (3.11)
Let (€,7my) € (S(E* x1 F*)) x (X xY) = S((Exoe F)*) x (X x V) with (,7,)
(€2, 7y,)- Notice that [[£]| + [|n]| = 1.
Case 1. x # xg.
We have
IACS) (asmy)l = [E(F(2)) +n(Df(y))]
< 1€ML @I+ [P f )l < lIEl + linll = 1.
Case 2. x = x9,n # 0.
We see
[AC) (Eaor )| = 1€(f (0)) + n(Df (o))l
< SN @o)ll + Il DS (wo)ll < NN (o)l + Il Df o
< lI€lllluoll + llmll = [1€]] + lInll = 1.
Case 3. © =z, n =0 (and hence ||£]| = 1).
In this case we have
IAC) (aor )| = 1E(S (z0)) + n(Df ()] < [I€]l[Juoll = 1.

Let &€ = (-,u) with ||u|| = 1. If the equality holds in the above, then we have
u = aug, and hence |a| = 1. For each g € A, we have

Ae,, ) (A(9) = &(g(20)) = a&olg(wo))-
This proves (#3). O

These prove Theorem 3.3 in all cases. ([
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4. Proof of the Main Theorem

This section is devoted to the proof of the Main Theorem. Sections 4.1 and 4.2
prove preliminary results, depending on the value p: p € (1,00] and p = 1. Our
proof for the case p = 1 is a straightforward modification of [5, Lemma 2.2], in
which we assume that the scalar F is equal to R and dim F' = dim F' < oo.

Throughout this section, A is an F-subspace of C(X,E), D : A — C(Y, F)
is a linear operator satisfying conditions (C1), (C2-1) and (C2-2), and also T :
A — A is a surjective linear || - || p p-isometry. The proof of the Main Theorem is
outlined as follows.

Step 1. In Sections 4.1 and 4.2, we prove that
(1.1) if 771 (Ker(D)) = T(KerD) = KerD, and A and D satisfy (C3-1) for 1 <
p < oo and (C3-2) for p = oo, or
(1.2) if A and D satisfy (C3-1) and (C2-3) and if X,Y are connected, for p =1,

then there exist continuousmaps ¢ : X — X, ¢ : Y =Y, a: X xS(E*) — S(E*)
and A : Y x S(F*) — S(F™*) such that

§Tf(x)) = oz, §)(f(x)), n(D(Tf)(y)) = My,m)Df(P(y)),

for each ((z,¢), (y,n)) € (X x S(E*)) x (Y x S(F*)) and f € A.

Step 2. In Section 4.3, we show, under the additional hypotheses (C4-1) and
(C4-2), that T and DoT are weighted composition operators of the desired form.

Recall that My = {f x Df|f € A}, and let T : My — My be the linear
operator defined by
T(f x Df)=(Tf) x D(Tf) €e C(X xY,Ex, F), f¢€A.

Then T is a surjective linear | - ||s-isometry. Its adjoint operator T* : M% — M?%
is a surjective linear isometry, which preserves the extreme points of M}. Also
it is a homeomorphism with respect to the weak*-topology on M}, and hence,

restricts to a homeomorphism T*|exthg s extM} — extM}. The following
lemma will be used repeatedly in the sequel.

Lemma 4.1.

(1) Assume & 0(551 = 520552 with & € E*,i =1,2. If & # 0 # &, then we have
(21,61) = (22,&2).

(2) Assume m; 0551 =10 552 with n; € F*,i = 1,2. If 1 # 0 # 12, then we
have (y1,m) = (y2,72)-
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PRrROOF. (1) For each f € A, we have

&(f(z1)) = &(f(22)). (4.1)
If 21 # 29, then apply condition (C2-1b) to find f € A such that

&(f(21)) #0,  flz2) =0.
This contradicts (4.1), and hence 1 = x5 := x. For each u € F, take an f € A
with f(x) = u by condition (C2-1) (either of (C2-1a) or (C2-1b) will do). Then
we have by (4.1) that & (u) = & (u).
(2) The proof is the same as that of (1), with the only exception that this
time we apply condition (C2-2). O

4.1. The case p > 1. Throughout this subsection, we assume that the isometry
T : A — A satisfies equality (2.3): T~ !(Ker D) = T'(Ker D) = Ker D. The goal
of this section is to prove the following proposition.

Proposition 4.2. Let p € (1,00], and let T : A — A be a linear isometry
satisfying equality (2.3). Assume that A and D satisfy (C1), (C2-1), (C2-2), and
further satisfy (C3-1) if p < oo, and (C3-2) if p = co. Then there exist continuous
mapsp: X - X, Y =5 Y, a: XxS(E*) = S(E*) and A : Y XS(F*) = S(F*)
such that, for each ((x, &), (y,n)) € (X xS(E*))x (Y x S(F*)) and for each f € A,
we have the following equalities:

§(Tf(x) = alz,§)(f(e(x))) (4.2)
n(D(Tf)(y) = Ay, n)Df (¥ (y))- (4.3)

PROOF. The proof is divided into two cases: p < co and p = oo.
(1) p € (1,00). First let

S(M%) = {g 0 6EXF|¢ € S((E x,, F)*), (2,y) € X x Y} .

(z,y)

By Theorem 3.3 we have S(M}) = extM}, and
T*|S(M}) : S(M3) — S(M3) (4.4)

is a homeomorphism. For each (z,&) € X x S(E*),(y,n) € Y x S(F*), notice
ool =(£,0)0 6@2@7 and 7o 55 =(0,n)o0 5(me5. Then (4.4) yields the following
two equalities:

T*(£06F) = a(z,&)o 5@@5) + B(x,€) o 55ﬁ(w,5) (4.5)

T*(no b)) = k(y,n) 005 (ym +AH:M) 000 (s (4.6)
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for some (a(z, €), B(x,€)), (k(y,m), Ay, n)) € S(ExF)*) and (pa(z, ), ¢s(z, ),
(Vr(y,m), ¥a(y,m) € X x Y.

We examine the above equalities in a series of lemmas. Notice that it is not
clear at this moment that they are single-valued maps. After the next lemma it
turns out that they are.

Lemma 4.3.
(1) B(x,&) =0, for each (z,£) € X x S(E*).
(2) k(y,m) =0, for each (y,n) € Y x S(F*).
PROOF. Suppose that §(x, &) # 0 in (4.5), and observe that

la(a, )l = (1 = [|Bx, )7 < 1. (4.7)

Take an arbitrary u € S(E), and apply (C2-1a) to find a g € Ker D such that
g(z) = v and ||g||oc = 1, and let f = T~1g. Observe f € Ker D by (2.3), and

I fllsc = (I£12 + IDFIE)Y? = || flDp
=lgllpp = (lgll% + IDgl[2) " = ||gllsc = 1.

Then we have

[€(u)] = [€(g(x))] = [E(T f(2))] = |T*(€ 0 82)(f)]
(#,8)f (pal2,£)) + Bz, ) Df(pp(,£))]
(2, 6) f(palz; ) < oz, [ flloo <l ).
Hence we have 1 = ||£]| < [|a(z, £)]|, but this contradicts (4.7) and proves (1).

(2) By (4.6), we have for each g € A,

n(D(Tg)(y) = w(y M (g(Wx(y:m)) + My, M (Dg(@a(y,m)))- (4.8)

For each v € E, take g € Ker D such that g(¢(y,n)) = u by (C2-1a). We obtain
by (2.3) that D(Tg) = 0. Hence 0 = x(y,n)(u) by (4.8), and therefore k(y,n) = 0.
This completes the proof of Lemma 4.3. (]

o~ o~

(0%
(0%

The above lemma reduces (4.5) and (4.6) to

T*(€06F) = a(x,&) 067 (e, (4.9)
T*(nodf) =My, n) 06l (- (4.10)

By Lemma 4.1, we see that a(x, &), pa(2,£), AM(n,y), ¥a(y,n) are all single-valued
functions. Next, we apply the finite-dimensionality assumption of E and F' to
show
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Lemma 4.4.
(1) In (4.9), pa(z,§) does not depend on &.
(2) In (4.10), ¥A(y,n) does not depend on 7.

ProoF. (1) Fix € X, and we prove that the map ¢ : S(E*) — X defined
by
P(§) = ¢al(,§)

is a constant map. The proof below is adopted from the proof of BOTELHO and
JAMISON [5, Lemma 2.1]. Let d = dim E, and let (¢;)&; be an orthonormal basis
of E*. Suppose that there exists a point z € ¢(S(E*)) \ {é(e;)]i = 1,...d}, and
let z = po(x,), 2 = @a(x,€;),t =1,...,d. Using (C2-1b), we choose an f € A
so that

a(z,)(f(2) #0, f(z)=0i=1,...d. (4.11)

We then have from (4.9) that

ei(Tf(x)) =T*(e;06F) = oz, €) 0 6., (f)
= a(r,€)(f(z)) =0,

for each ¢ = 1,...,d, which implies Tf(x) = 0. While we see from (4.9) that
0=¢&(Tf(x)) = alz,&)(f(z)) # 0, a contradiction. This proves that ¢(S(E*)) =
{#(ei)|i = 1,...d}. Since this holds for every orthonormal basis {¢;|i = 1,...d},
we see that ¢ is a constant map. This proves (1).

(2) is proved in exactly the same way as (1). We apply (C2-2b) this time. O

By these two lemmas, we may write

T*(¢06F) = a(x,€) 0 05, (4.12)
T (no 55) = Ay, n) o 5£(y)a (4.13)

for (z,8) € X x S(E*) and (y,n) € Y x S(F™*). Then the continuity of the maps
a: X xSE*)=SE),¢p: X=X, A: Y xSF*) = S(F*)andy:Y =>Y
follows from the continuity of 7*. The above (4.12) and (4.13) are equivalent to
(4.2) and (4.3) respectively.

This proves Proposition 4.2 for the case 1 < p < co.

(2) Next, we assume p = oco. In view of Theorem 3.3 (3), we define

S(M}) = {08l € S(B*),x € X} U{nod,|neS(F),yeY}.
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Again, T* preserves S(M?%). Hence for each z € X and for each ¢ € S(E*), we
have either
T*(€00F) = a0 dF, (4.14)

for some av € S(E*), z € X, or
T*(£0d8y) = Aodl, (4.15)

for some A € S(F*),w €Y.
We show below that (4.15) does not occur. For this purpose, fix © € X and
define

S1={¢€S(E)|S*((0 ) =aody for some a,z},
Sy ={& € S(E¥)|S*(€06L) = Ao sk for some A\, w}.

Lemma 4.5. S; and Sy are closed subsets of S(E*).

PROOF. Suppose that (£,) is a convergent net in S; with £ = lim,, &, and set
T*(€,00,) = a, 052. By the compactness of X and S(E*), we may assume that
(o) and z, are convergent, and let lim, o, = a,lim z, = z. By the continuity
of T*, we have T* (o 65) =qo 55, and hence £ € S;. Hence S is closed. The
same proof works to prove that Ss is closed. (]

Now, we have S; = () or Sy = ). This follows from the connectedness of S(E*)
and the above lemma if dimg F > 1. If dimg EF = 1, this is a direct consequence
of the equality S(E*) = {#1} and the real-linearity of T*.

If S; = @, then we have, for each £ € S(E*),

T*(§o5f):A05£,

for some w € Y and A € S(F*). For each g € Ker D, we see from (2.3) that
f=T7"1g € KerD. Then for each £ € S(E*), we have

§(g(x)) = E(Tf(x)) = MDf(w)) =0,

which implies g(x) = 0. This violates condition (C2-1a). Thus we have proved
Sa = 0.

Therefore, we always have (4.14) for each 2 € X and £ € S(E*). Lemma
4.1 implies that z € X and « € S(E*) are uniquely determined by z and £, and
we may write o = a(z,§) and z = ¢(x) by single-valued maps a : X x S(E*) —
S(E*) and ¢ : X — X.
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Similarly, we can prove, for each y € Y and for each n € S(F*), there exist
w €Y, A€ S(F*) such that

T*(UO(?yF):)\O(SE,

and w € Y and A are uniquely determined by y,7n. Thus we obtain single-valued
maps A: Y x S(F*) — S(F*) and ¢ : Y — Y such that

T (no 55) = Ay, m)o 55(1,)-

Then the continuity of «, ¢, A and v is a direct consequence of that of T*.
This completes the proof of Proposition 4.2. O

4.2. The case p = 1. In this subsection, we assume that p = 1,F = R, X
and Y are connected, and follow the proof of [5, Lemma 2.2] to prove the next
proposition which corresponds to Proposition 4.2 in the present context. Here we
do not assume that the || - || p 1-isometry T': A — A satisfies (2.3).

Proposition 4.6. Let p =1 and F=R, and also let dim E=dim F := d < co.
Assume that X,Y are connected, A and D satisfy (C1), (C2-1), (C2-2) and further
satisfy (C2-3) and (C3-1). Then we have the following:

(1) There exist continuous maps ¢ : X — X, ¢:Y =Y, a: XxS(E*) — S(E¥)

and A : Y x S(F*) — S(F*) such that for each ((z, &), (y,n)) € (X xS(E*)) x

(Y x S(F*)) and for each f € A, we have

A
—~
~
-
—~
8
S~—"
S~—
[

a(z, §)(f((x))) (4.16)
n(D(Tf)(y) = Ay, m)(Df((y)))- (4.17)
(2) The isometry T satisfies equality (2.3).

PROOF. The proposition is proved in a series of lemmas. In view of Theo-
rem 3.3 (2), we define
S(M?¥) = S(E*) x S(F™).

The set is again preserved by T*, and we may write for each (z,y) € X xY and
for each (&,n) € S(E*) x S(F™)

T ((S»n) ° 5@,*;) = (o, y,6m), M2, 9,6,1)) 0 (o e by ey (4:18)

Lemma 4.7. The above 0[(£E7 Y, 57 77),)\(30, Y, 67 77)7 (,0({,5, Y, 57 77) and 1/’(557 Y, 57 77)
are all uniquely determined by x,y, & and 7, and they all define continuous maps.
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PROOF. Equation (4.18) is rephrased as

E(Tf(x)) +n(D(Tf)(y))
= a(x7 y7 5’ n)f(so(x7 y’ 57 77)) + )\(x7 y7 6’ n)Df(/ll)(:E7 y? g’ 77))7 (4'19)

for each f € A. In order to prove that a, ¢, A and 1 are uniquely determined, it
suffices to prove that the equality

ar(f(x1)) + M (Df(y1)) = caa(f(z2)) + Xa(Df(y2)), f€A, (4.20)

implies (a1, %1, A1,y1) = (a2, 22, A2, y2). Suppose that x1 # x2. Applying (C2-3),
we find an f € A such that

ar(f(z1)) #0, f(z2) =0, Df(y1) = Df(y2) =0,

which contradicts (4.20). Thus z; = z2 := z. Next, for each u € E, apply
(C2-1a) to find a g € Ker D such that g(z) = u. Equality (4.20) then yields
a1 (u) = az(u). Hence a3 = ay. Then equality (4.20) reduces to

M(Df(y1)) = A2(Df(y2)),

for each f € A. As in Lemma 4.1 (2), we apply (C2-2b) and (C2-2a) to conclude

(y1,m) = (y2,7m2)-

The continuity of these four maps a(x,y,&,n), AMz,y,£,m)), ¢(x,y,&,n) and
Y(z,y,&,m) is a direct consequence of that of T* and the above. This completes
the proof. 0O

Lemma 4.8. The points ¢(x,y,&,m) and ¥(x,y,£,n) do not depend on &, 7).
PROOF. Asin Lemma 4.4, we adopt the proof of [5, Lemma 2.1]. Fix a point

(z,y) € X xY, and define ¢, : S(E*) x S(F*) = X by

Gry(§n) = o(x,y,6,m),  (&m) € S(E) x S(F™).

We prove in the sequel that ¢ , is a constant map. Let {e1,...€eq} and {w1,...wq}
be orthonormal bases of E* and F*. Suppose that there exists a point z €
@E,y(S(E*) X S(F*)) \ {<pr,y<6ivw]’)v@x,y(6iv_Wj)‘ivj = 17~~~7d}, and let z =
©Pz,y(&,m) for some (&,n) € S(E*) x S(F*). Also let

Zij = Puy(€iywj), Wij = Puy(€, —wj).
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We apply (C2-3) to find an f € A such that

a(z,y,&n)(f(2)) # (4.21)
Df(p(x,y,&m)) = (4.22)
f(zi5) = f(wi) =0, (4.23)
Df(¥(x,y,€,w;)) = Df(Y(x,y, €, —w;)) =0, (4.24)
for each 4,7 =1,...,d. By (4.19), (4.23) and (4.24), we have
)) = €i(Tf(x)) —w;(D(Tf)(y)) = 0,

ei(Tf(x)) +w;(D(Tf)(y
f

and hence ¢,(Tf(z)) = w;(D(Tf)(y)) = 0 for each ¢,5 = 1,...d. Thus we have
Tf(x) = D(Tf)(y) = 0. Using (4.19) and (4.22) again, we have the equality
alx,y,&,n)(f(z)) =0, which contradicts (4.21).

Thus we have @, , (S(E*)xS(F*)) ={@u,y(€i,w;), Pu (€, —wj)|i, j=1,...,d}.
Since (¢;) and (w;) are arbitrary orthonormal bases, we see that ¢, , is a constant
map, as desired. This proves the lemma. [l

The next lemma depends on the assumption that dim £ = dim F' = d < oo
and the connectedness of X and Y.

Lemma 4.9. In (4.19), a(z,y,&,n) does not depend on n and A(z,y,&,n)
does not depend on §.

SKETCH OF PROOF. The proof is a straightforward modification of those of
[6, Lemmas 2.2 and 3.2] and is sketched below. First, we show that, for each
(z,y) € X x Y and for each £ € S(E*), the map

n—alx,y,&n), SEF")—= S(EY)

is a constant map.

For this, fix a point (z,y) € X xY and § € S(E*), let L, () = a(z,y,&,n)+
a(z,y,§,—n) € E*, and let LY (n) = (-, £, (n)) for a vector £{(n) € E. For
each f € Ker(D), we have from (4.19)

26(Tf(x)) = L (n)(f (o2, 9)))-

By (C2-1a), each u € E admits a function f,, € Ker(D) such that f,(¢(z,y)) =
We see from this that Lg¥(n)(u) = 2£(T'fu(2)), and hence L¥(n) does not
depend on 7. Hence as in [5, p. 43], we have

V() + €Y (=) = cl@,y,6), (4.25)

a constant vector with respect to 7. As in [5, Lemma 2.2], we can conclude
from (4.25) that either of the following holds:
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(i) for each n € S(F*) we have £ (n) = £ (—n);
(ii) for each n € S(F*) we have £%(n) = 761 Y(—n).
We define a map 6 : X x Y x S(F*) —>C(S( *), S(E*)) by

0(x,y,&) = £ (n), ne€SEF).

The above shows that either

(iii) O(x,y,&) is a constant map, or

(iv) O(z,y,§) is an antipodal map in the sense that 6(z,y,&)(—n) = —0(z,y,£)(n)
for each n € S(F™).

Observe that S(E*) and S(F*) are both homeomorphic to the (d—1)-dimensional

sphere: The map 6(z,y,§) of the type (iv) above is not homotopic to a constant

map; this follows directly for d = 1, and follows from the proof of Borsuk—Ulam

theorem for d > 2 ([8, Chapter IV, Theorem 20.1]). Hence such a map belongs

to a different component than that of the type-(iii)-constant-maps in the space

C(S(F*),S(E*)). By the connectedness of X x Y x S(F*) if d > 2, and by

a direct argument for d = 1, we see that either of the following holds:

(a) O(z,y,&) = constant for each (z,y,£) € X x Y x S(E*), or

(b) 6(z,y,&) is an antipodal map for each (z,y,&) € S(E*).

If (b) holds, then we have a(z,y,&,—n) = —a(x,y,§,n) for each (z,y,&,n) €

X xY x S(E*) x S(F*). Using this to the equality (4.19), we see, for each

f € Ker(D)

E(Tf(x)) +n(D(Tf)(y)) = alx,y.&n) f(e(x,y)),
(T f(x) —n(D(Tf)(y) = —alz,y,n) f(p(x,y))

These two imply £(Tf(x)) = 0 for each € X and £ € S(E*). Thus T'f = 0,
and hence f =0 for each f € Ker D, a contradiction. Therefore (a) holds, which
implies (i) above, and thus L;" is a constant map. This proves that the map
a(x,y,€,mn) does not depend on n € S(F*), We may now write in (4.19) as

a(z,y,§) = a(z,y,§,n). (4.26)

In order to prove that A(x,y,&,n) does not depend on &, we exchange the
roles of E* and F'*, £ and 1 respectively, and proceed in exactly the same way as
above. In the final step, we derive a contradiction by assuming that

Az, y,—&m) = =Az,y,§,m),
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for each (z,y,&,1n) € X xY x S(E*) x S(F*). Indeed, under the notation (4.26)
we have from (4.19) the following:

E(Tf(x)) +n(D(Tf) () = alz,y,&) fle(x,y) + Mz, y,§,m)Df(Y(x,y)),
—&(Tf(x)) +n(D(Tf)(y)) = alz,y, =&) f(e(x,y)) — M, y,§,0)Df(¢(x,y)),

from which we have

20(D(Tf)(y)) = ((,y,8) + alz,y, =€) (f ((,9)))-

The right hand side of the above does not depend on 7, and thus n(D(T'f)(y)) = 0
for each n € S(F*). This shows D(Tf) = 0 for each f € A, and hence D = 0,
a contradiction. As in the proof for a(z,y, £, n), this yields the desired conclusion
on \(z,y,&,n). These prove Lemma 4.9. O

The above lemma enables us to rewrite (4.19) as

§(Tf (@) +n(D(TF)y) = alw,y, ) f (e, ) + A, y, ) Df (¢ (2, y)), (4.27)

for each f € A, where \(x,y,n) := A(z,y,&,n) for an arbitrary £ € S(E*).

Lemma 4.10.
(1) T(Ker(D)) C Ker(D).
(2) For each (z,y,£,m) € X xY x S(E*) x S(F*), we have

0‘(337% _é-) = _Oé(.%',y,f), )‘(xuyv _77) = _A(xayvn)'

(3) For each ((x,&),(y,n)) € (X x S(E*)) x (Y x S(F*)), we have

§Tf(x)) = alz,y, ) (f(e(z,9))), (4.28)
n(D(TF)(y)) = M, y,)(Df(¥(x,9))), (4.29)

for each f € A.

PRrOOF. (1): By (4.27), we have for each f € Ker(D),

2(D(TF)(y)) = (alz,y,8) + ez, y, =€) f(e(z,y)).

The right hand side of the above does not depend on 7, from which we conclude
n(D(Tf)(y)) = 0 for each n € S(F*). Thus we have D(Tf) = 0.
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(2) and (3): By (1), we have, for each f € Ker(D), the equality

§(Tf(x) = alz,y,)(fle(x,9), (z,y) € X XV, £ S(E).

Fix a point (z,y) € X x Y. By condition (C2-la), each u € F admits an
fu € Ker(D) such that u = f,(o(x,y)). It follows from the above that

_a(x’ Y, f)(u) = _g(T.fu(@")) = Oé(.]?, Y, —f)(u),
and thus a(z,y, —¢) = —a(x,y,£). Applying this to (4.27), we have

—&{(Tf(x)) + n(D(Tf)(y) = —alz, y, &) fle(@,y) + Mz, y.n)Df (¥ (z,y)),
for each f € A. Combining this with (4.27), we have

§(Tf(x) = oz, y,8) f(e(z,y)),

and then
n(D(Tf)(y)) = Mz, y,n)Df((x,y)),

for each (x,y,&,m) € X xY x S(E*) x S(F*). The equality A(z,y,—n) =
—X(z,y,n) follows directly from the above. O

In order to complete the proof of (1) of Proposition 4.6, we show that ¢(z,y)
and ¢ (x,y) do not depend on y and z respectively.

Lemma 4.11. The map ¢(x,y) does not depend on y, and the map (x,y)
does not depend on x. Hence they define maps ¢ : X — X and ¢ : Y — Y by

o(x) = p(x,y) and Y(y) := P(z,y).
PROOF. We show that ¢(z,y1) = ¢(z,y2) for each yi,y2 € Y. If it is not

the case, apply (C2-1b) to find f € A such that a(z,y,&)(f(p(z,y1)) # 0 and
flo(z,y2)) = 0. Then we have

0 7é 06(33, ylaf)f((p(xa yl) = E(Tf(x)) = Oé(JZ, y27£)f(§0($, y2)) = Oa

a contradiction which implies the desired conclusion. With the help of (C2-2b),
the second assertion can be proved in the same way. ]

The equations

§Tf(x)) = alz,y,8)f(p(x)) and n(D(T[)(y)) = Az, y,n)Df(¥(y))

easily imply that a(z,y, ) and A(z,y,7n) do not depend on y and x respectively.
Now Lemmas 4.7-4.11 prove (1) of Proposition 4.6. Applying the same argument
to T—1, we see that T-1(Ker(D)) C Ker(D), which implies equality (2.3). This
completes the proof of Proposition 4.6. O
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4.3. Proof of the Main Theorem. Let T : A — A be a surjective linear
| - || p,p-isometry, where A and D satisfy conditions (C1), (C2-1), (C2-2), (C4-1)
and (C4-2). Assume further that
(i) p € (1,00), A and D satisfy condition (C3-1), T satisfies (2.3), or
(ii) p = o0, A and D satisfy condition (C3-2), or
(iii) p=1,F=R,dim F = dim F, X and Y are connected, and further A and D
satisfy conditions (C2-3) and (C3-2).

In all cases, we have obtained, in Section 4.1 and 4.2, continuous maps ¢ : X — X,
P:Y =Y, a: X xS(E*) = S(E*) and A : Y x S(F*) — S(F*) such that

§(Tf(x) = alz,&)(f(e(@)))), (4.30)
n(D(Tf) () = Ay (D f((y))), (4.31)

for each f € A. Equality (4.30) implies
fle(x)) =0=Tf(z) =0, (4.32)

for each z € X. In fact f(p(x)) = 0 implies E(Tf(z)) = a(&)(f(p(x))) = 0, for
each £ € S(E*). Hence T'f(x) = 0, as desired.
For each u € E, choose an f € A such that f(¢(z)) = u. Let

Up(u) := Tf(z). (4.33)

The above (4.32) guarantees that U, : E — FE is a well-defined linear map, for
which we have

Us(f(e(2))) = Tf(x), (4.34)

for each f € A. Next we prove
Uz ()| < lull, (4.35)

for each z € X and for each w € E. For the proof, we apply (C2-1a) to choose
an f € Ker D such that f(¢(x)) = u and ||f|lcc = ||u||. Notice that D(T'f) = 0.
Then we have the desired inequality as follows:

()| = I TF(@)| <N Tfllpp = 1flDp = (If1E + IDFIE)Y? = I flloo = llull-

This proves (4.35). The continuity of the map U : X — U(FE);x — U, is proved
in the next lemma, where U(F) is the group of all linear isometries on E with the
strong operator topology.
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Lemma 4.12. The map U : X — U(FE) defined by U(z) = U,, « € X, is
continuous.

PROOF. As before, let ¢, : X — FE be the constant function on X taking
the value v € E. Fix a vector v € E, and let (x,) be a net in X such that
lim, x, = xg. We show

tin U, (a) = Usy ()] = 0. (4:36)

Let fo € A such that fo(p(20)) = u. For an arbitrary p, let f,, be the function
defined by

Ju = Jo+ Cu—fo(p(z,))

By (C4-1), we have ¢, f,(y(x,)) € 4, and hence we see f, € A. It follows directly
from the definition that f,(¢(x,)) = u. By the definition (4.33), we have

Uo(u) =T fo(zo), Us,(u) =Tfu(zu)

We estimate || f, — follp,p as follows:

1fie = folloo = lleu—sototun lloo = [l = folp(au))l, and
[1Dfu = Dfollee = [I1Dufo (o lloo < Kllu = fole(zu))ll - (by (C4-1)).

Hence
fu = Follpp < (14 KP)Plu— fole(x))]- (4.37)

Thus we have the following inequality:

1T fu(en) = Tho(zu)l < T fu = Tfollo < NTfu—Tfollpp
= 1fu = follpp < (1 + KP)Pllu — fole()]-

Then we have

1T fu(x) =T fo(wo)ll < T fu(2n) = Tholwwll + 1T fo(x) — T folzo)ll
< L+ E?)P|u — fole(@a))ll + 1T fo(ey) — T folzo)ll

from which we conclude lim,, [|T'f,(x,) — T fo(zo)|| = 0. By (4.33), this is equiv-
alent to (4.36). This proves lemma 4.13. O
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Similarly, we use (4.31) to find, for each y € Y, a linear operator V,, : F' — F
such that

Vy(Df((y))) = D(Tf)(y),
for each y € Y. We show that
Vy @)l < vl (4.38)

for each y € Y and for each v € F.

For this, we take an arbitrarily € > 0, and choose g € A such that Dg(y) =
v, || Dgllee = ||v]l, and ||g]|sc < € by means of (C2-2a). This time we proceed as
follows:

Vy)Il = ID(Tg) W)l < [1Tgllp = llglly
= (lgl% + 1DglB) P < (€ + || DgllB) /P = (€@ + [v][*) /7.
Since € is an arbitrary positive number, we obtain the desired inequality.

As for the continuity of y — V,,, we have

Lemma 4.13. The map V : Y — U(F); y — V,, is continuous with respect
to the strong operator topology on U(F).

PROOF. The proof is identical to that of the previous lemma. For a net (y,
in Y with lim, y, = yo and v € F, we take a go € A such that Dgo(¢(y0)) = v
by applying (C2-2a). We apply (C4-2) to find an h, € A such that

Dhy, = cy_pgo(y))> |7 ]loo < Lilv — Dgo((y0))]l-
Let g, = go + hy, then we can show lim, || D(T¢,)(y.) — D(T'g0)(yo)|| = 0. O

Repeating the same argument to the inverse operator T~!, we obtain con-
tinuousmapsgb:X—>X,1/;:Y—>Y7[A]:E—>EandV:F—>Fsuch
that

(T7h)(x) = Us(M(@(2))),  D(T~'h)(y) = V,(Dh(P(y))),
for each h € A and for each (z,y) € X x Y. Also we have
1Tz (@)I] < Jlull, (4.39)
IV @)l < loll, (4.40)
for each (u,v) € E x F. We can straightforwardly verify that
p=vl =y

and

Upoy = Ua) ", Vi = (V)
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for each € X and for each y € Y. Then inequalities (4.35), (4.38), (4.39) and
(4.40) imply U, and V,, are isometries.
This completes the proof of the Main Theorem. O

5. Applications of the Main Theorem

5.1. Proof of Theorem 1.1. Let p € [1,00], and let || - ||, be the norm on
C1([0,1]) defined by (1.1). Let T : C*([0,1]) — C([0,1]) be a surjective real-
linear || - ||,-isometry. Assume, if p > 1, that T satisfies condition (1.2).

First, we identify C with the 2-dimensional real Euclidean space R? (as real
vector spaces) and C([0,1],C) with C([0,1],R?). Let X =Y = [0,1], E =
F=R% A=CY0,1,R?) c C([0,1],R?), and let Df = ' : C'([0,1],R?) —
C([0,1],R?), the derivative of f. First, we verify conditions (C1)-(C4): The
verification of conditions (C1), (C2-1), (C2-2), (C2-3), (C4-1) and (C4-2) are
straightforward. For (C3-1) observe that

for each pair of distinct points (s, t) of [0, 1] and for each u,v € R?, there
exists f € C1([0,1],R?) such that (f(s), f'(t)) = (u,v) and

LF @< flull, 1L @I <ol

for each x # s and for each y # t.

This shows that each point (s,t) € [0,1] x [0,1] with s # ¢ satisfies (Peak). By
the same reasoning, we see that each point of [0, 1] satisfies both (Px) and (Py).
Thus conditions (C3-1) and (C3-2) are satisfied as well.

Under these notations, the above T : C*([0,1],R?) — C([0,1],R?) is a
real-linear || - ||p p-isometry that preserves, if p > 1, the subspace of constant
functions Const[p,;; = Ker D. By the Main Theorem, we obtain homeomorphisms
©,% : [0,1] = [0,1] and continuous maps U : [0,1] — U(R?), t +— Uy, and
V[0,1] — U(R?), t s V;, such that

Tf(t) = U(f (1)), (5.1)
(TF)'(t) = Ve(f (1)), (5-2)

for each f € C([0,1],R?) and for each t € [0,1]. From the remark to the Main
Theorem, T preserves the constant functions for the case p = 1 as well. It follows
easily that U; does not depend on ¢. Thus (5.1) is written as

Tf(t) =U.(f(e(®)), tel01],

for some orthogonal transformation U,.
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Case 1. detU, = 1.
Then U, is expressed as a 2 X 2 matrix of the form

U, = R(O) = ( cos —sinf >

sinf cos6

for some . Transforming this back to the original function space C'([0,1],C),
we see that T must be of the form

Tf(t) = exp(i0) f(2(t), f € C'([0,1],C).
Case 2. detU, =
In this case, U, is the multlphcatlon U. = R(0)J, where

(s %)

In the complex-valued function space C*([0, 1], C), J represents the complex con-
jugation, and hence we have T'f(t) = exp(z@)f( ( ), f € CH[0,1],C).

Summing up these two cases, the isometry T of (5.1) is written as

Tf(t) = clf ()] (5.3)
with |¢| = 1.
In order to identify the map ¢, we take the derivative of (5.3) and compare
it with (5.2). By the same reasoning as above, (5.2) is rephrased as

(TF)'(t) = &) [f (X)),
for some continuous function ¢é: [0,1] — T and € € {£1}. Notice that unlike (5.3),
it is not clear at this stage that ¢(¢) is a constant function. We have

(TF)'(t) = c[f ()] (t) = elf (v (1)), (5:4)
which implies cp’(t) = é(t), € = €. In particular, we have |¢/(t)| = 1, and since
©(t) is a real-valued function, we have ¢’(t) = £1. By the connectedness of [0, 1],
we conclude that ¢’ =1 or ¢’ = —1.

This completes the proof of Theorem 1.1. O
Observe that the equality

i [1f ]l = max(|f oo, 11 lloo)

holds for each f € C'([0,1],C). Hence the collection (|| - [|,)pef1,00] is a collec-
tion of norms on C*(]0,1],C) which is continuous in the sense of [26, Section 3].
Thus the collection supplies a continuous (in the above sense) interpolation be-
tween the norm [l = | flloc + I/ loc and [|fllar = max({fllocs ILf'loc)- This is
a complementary result to the main theorem of [26] and was announced in that
paper.
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5.2. Proof of Theorem 1.2. Let a € (0,7/2), and let || - || <4> be the norm de-
fined in (1.4) on C2(]0,1]). Let L : C?([0,1],C) — C([0,1],C) be the operator de-
fined by Lf = f”+a?f. We study a real-linear || - || <o>-isometry T : C2([0,1]) —
C?([0, 1]) which makes the solution space Sy, = {f € C?([0,1])|Lf = 0} invariant.

We start with an elementary lemma whose proof is omitted. The choice of «
in (0,7/2) guarantees the first statement.

Lemma 5.1.

(1) For each a € [0,1], the real-valued function f(t) = cos(a(t — a)) on [0,1]
achieves its maximum only at a.

(2) For each w # a, the function f(t) = —2cosw(t — a) satisfies Lf =
Acosw(t — a).
(3) For each g € C([0,1],C), every solution f € C([0,1],C) of the equation
Lf = g is written as
f(t) = (A+Iy(t)) exp(iat) + (B — Jy(t)) exp(—iat), (5:5)
where A and B are constants given by

A=5 (10 r@). B=5 (100~ Lro),

(10

and I,(t) and J,4(t) are the functions defined by

() = /Ot wd& Jg(t) = /Ot Md&

2ia 2ia
In order to apply the Main Theorem, let X =Y = [0,1], F = F = C,
A= C?*([0,1],C) c C([0,1],C) and D = L. Then we have || - |<a> = || - | D,co-

Lemma 5.2. The above A and D satisfy conditions (C1), (C2-1), (C2-2),
(C3-2), (C4-1) and (C4-2).

PROOF. In order to verify (C1), let (f,) be a sequence of C*-functions in
C?([0,1],C) such that

tm | f ~ flloe = 0. lim |Lf, — gl = 0. (56)

for some f,g € C([0,1],C), and let g, = Lf,. We see from Lemma 5.1 (3), f, is
written by g, as in (5.5):

fu(t) = (Ap + 1, (t)) exp(iat) + (B, — Jg, (t)) exp(—iat).
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Then we have
A, exp(iat) + By exp(—iat) = f(t) — Iy, (t) exp(iat) + Jg, (t) exp(—iat).

It follows from (5.6) that A := lim, A, and B := lim,, B,, both exist, and the
function f(t) is written as in (5.5). Then we see that f is actually a C2-function
and satisfies Lf = g. This verifies (C1).

For (C2-1a), take an arbitrary v € C and x €10, 1], and let f(t)=wu cos a(t—z),
t € [0,1]. Then f satisfies the required condition by Lemma 5.1 (1). For (C2-2a),
take an arbitrary € > 0 and v € C, and choose w > 0 such that | z%—| < e.
For each = € [0,1], the function f(t) = —z%—s cosw(t—x) satisfies Lf(z) = v,
ILflloo = |v] and || f]lec < € by Lemma 5.1 (2). This verifies condition (C2-2a).
The verification of (C2-1b) and (C2-2b) is straightforward.

For (C3-2), we observe that each point z of [0, 1] satisfies the conditions (Px)
and (Py): for each u,v € C and for each ¢ > 0, choose w so that | %—| < e
Then we see

ft) =ucosa(t —z), g(t)= ﬁcosw(t —x), te][0,1]

are the functions that witness the conditions (Px) and (Py ), respectively, for x
(see Lemma 5.1 (1) and (2)).

For (C4-1) and (C4-2), observe L(c,) = a’c,. O

Applying the Main Theorem (3), we have a homeomorphism ¢ : [0, 1] — [0, 1]
and a continuous function « : [0, 1] — T such that

Tf(t) = k() f(e(1), feC*([0,1],C).

In order to identify ¢(t) and x(t), we use the assumption that T'(S,) = S4. From
this, we find constants a, b, c,d € C satisfying the following equalities:

k(t) exp(iap(t)) = aexp(iat) + bexp(—iat),
k(t) exp(—iap(t)) = cexp(iat) + dexp(—iat). (5.8)

By (5.7) and (5.8), we see that |a exp(iat) + bexp(—iat)| = |b+ aexp(2iat)| =1
for each t € [0, 1], and similarly, see that |d + cexp(2iat)| = 1 for each ¢ € [0,1].
We then easily obtain

ab=cd=0 and |a|+[b]=|c|+]|d] =1

There are three cases to consider.
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Case 1. (b,c) = (0,0).
Equalities (5.7) and (5.8) are reduced to

k(t) exp(iap(t)) = aexp(iat), k(t)exp(—iap(t)) = dexp(—iat),

from which we have x(t)? = ad. Hence x(t) is a constant function. Let x(t) = &.
Then by (5.7), we see

exp(iap(t)) = av ™' exp(iat).

Since ¢ is a homeomorphism on [0, 1], we have ¢(0) € {0,1}. If ¢(0) = 0, then
by the above, ax™! =1 and exp(iap(t)) = exp(iat). This implies (t) —t € 227Z
for each t € [0,1]. It follows from the connectedness of [0, 1] that the function
t — (p(t) —t) is a constant function, and hence is equal to zero. Thus we
conclude ¢(t) = t. On the other hand, if ¢(0) = 1, then exp(ia) = ak™! and we
obtain exp(iap(t)) = exp(ia(t 4+ 1)). However, this implies ¢(t) = ¢ + 1, which is
impossible.

Case 2. (b,d) = (0,0) or (a,c) = (0,0).
If (b,d) = (0,0), then equalities (5.7) and (5.8) are reduced to
K(t) exp(iap(t)) = aexp(iat), k(t)exp(—iap(t)) = cexp(iat),
which implies exp(2iag(t)) = ac™!, and hence ¢ is a constant, a contradiction.
The same argument applies to the case (a,c¢) = (0,0) to derive a contradiction.
Case 8. (a,d) = (0,0).
We have
k(t) exp(iap(t)) = bexp(—iat), k(t)exp(—iap(t)) = cexp(iat).

As in Case 1, we conclude k(t) is a constant function = x and exp(icp(t)) =
b=t exp(—iat). If p(0) = 0, we conclude bx~! = 1 and exp(icp(t)) = exp(—iat).
This yields an equality ¢(t) = —t, a contradiction. If ©(0) = 1, then we have
bk~ = exp(ia) and exp(icp(t)) = exp(ia(1l —t)). We conclude in the same way
as in Case 1 that ¢(t) =1 —+t.

This completes the proof of Theorem 1.2. O

6. Proofs of Proposition 3.1, Theorem 3.4, Lemma 3.5 and Lemma 3.6

This section supplies proofs of Proposition 3.1, Theorem 3.4, Lemmas 3.5
and Lemma 3.6.
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6.1. Proof of Propostion 3.1.

PrROOF OF PROPOSTION 3.1. We prove
(1) the Banach spaces (E x, F)* and E* x, F'* are isometric with % + % =1,

(2) the isometric isomorphisms

S(E* x4 F*) if 1 <p< oo,
ext(E x, F)* = { §(E*) x S(F*) ifp=1,
S(E*) x {0} U{0} x S(F*) if p= o0,

hold when E* and F'* are strictly convex.

~

(1) The proof is an adoption of the standard duality ¢; = ¢,. Let w :
E* x4 F* — (E x, F)* be the linear map defined by

w(a, B)(u,v) = a(u) + B(v), (a,B)€ E* x F*,(u,v) € E X F.
By the Holder inequality, we see
jw(e, B)(w,0)| < [lafllul +IBIHvl < (el + 181D (ull” + o] ?)/7.
Hence we have
(e, B)I1 < (el + 11819 = [I(ex, B)lq-

In order to show the equality in the above, first we assume o # 0 # 3. For each
€ > 0, take a vector ug € E so that |ug|| = 1, |a(uo)|] > ||| — (¢/||a]|971), and let
u = ||a||? *ug. Then

lull =l Ja(u)] > [laf? e
Similarly, take v € F' so that

[l = 181177, 1B(v)] > [IBI|7 — e.

By multiplying appropriate scalars with modulus one, we may assume that a(u)
and ((v) are positive. Then
e[ + 18117 = 2€ < e(u)| + |B(v)] = a(u) + B(v) = w(a, B)(u, v)
< Jlw(ew, )1 (us v)lp = flw(er, B ([lall @ + [|g[|«@=1P) /P
= Jlw(, B) ([l ? + (181197



Isometries of function spaces preserving kernels 51

Since ¢ is an arbitrary positive number, we see from the above that |lw(«, 8)|| >
(lale 4 18]|9)=A/P) = (Jla]|9 + ||8]|9)*/2. When a = 0 or § = 0, this inequal-
ity directly follows from the definition. This proves that w is an isometry and
proves (1).

(2) (2.1) First, we assume 1 < p < oo and show that (E x, F')* is strictly
convex, from which the conclusion follows directly.

In view of (1), it suffices to prove the following.

If L and M are strictly convex normed linear space, then L x, M is

strictly convex for each ¢ € (1, 00).
Tak; (1,41), (x2,92) € S(L xq M), and note that (|lz1[l, [[ys])), ([lz2]], [lv2l)) €
S(67).

Case 1. (=1l lyall) = (ll=2ll, lly21)-
By the strict convexity of L and M, we have

1t ol + (2 yityz, vl + [yl
= d == .
|y < ol ama 22 < B2 s
Then we have
T1 + T2 Y1+ Y2
=1+ 517 < llzall* + flya I =1,

which proves the desired inequality.

Case 2. ([lzall, lyall) # (2], [ly=21)-

By the strict convexity of 63, we see

lall + N2l N, yall + w2l \
—_— ] <1
< 2 + 2
Then we have

witay ot (Lol el Nl el
I g e < o (Lol ol

2 2 2

which is to be shown.

(2.2) Next, we assume that p = 1, and observe by (1) that (E x; F)* &
E* X F*. In particular, we have the inclusion S(E*) x S(F*) C S((E x1 F)*).
If (&,m) € S(E x1 F)*) with n ¢ S(F*) = ext(F"™) (the last equality follows
from the strict convexity of F*), then n = %(,81 + B2) for some f1,02 € S(F*)
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with 61 75 n # ﬁQ' Then the equahty (5777) = %((&’51) + (5762)) with (6,61) €
S((E x1 F)*), i = 1,2 , shows that (£,n) is not an extreme point. Similarly,
( *

'1’) is not an extreme point if &' ¢ S . This proves the inclusion
n

ext(E x1 F)* C S(E™) x S(F™).

The reverse inclusion follows from the strict convexity of E* and F*. This proves
the desired equality.

(2.3) Finally, we assume p = oco. Then (E X, F)* & E* x1 F*. If (£,n) €
S(E* x1 F*) with € # 0 # n, then define

a = ((I=nl)& A+lgln) # (&n) and B = ((L+[nl)s, 1 =El)n) # (& n).

Then o, B € S(E* x1 F*) and (£, 7) = 3(a+8), and hence (&, 7) is not an extreme
point. Thus we see ext(E* x; F*) C S(E*) x {0} U {0} x S(F™).

On the other hand, if (£,0) =  ((a1, a2) + (B1, B2)) with (a1, az), (81, B2) €
S(E* x1 F*), then by the strict convexity of E*, we have £ = a; = 1, and thus
lloa]l = ||B1]] = 1. Also, we have ag + B2 = 0. These two imply o = B2 = 0, and
hence (aq, a2) = (B1,52) = (£,0). Thus (£,0) is an extreme point. In this way,
we obtain the inclusion S(E*) x {0} U{0} x S(F*) C ext(E* x1 F*). This proves
the desired conclusion. (]

6.2. Proof of Theorem 3.4. We prove de Leeuw’s Lemma for complex-scalar
function spaces.

PROOF OF THEOREM 3.4. Let d, = 5;4 for simplicity. We prove that §, is an
extreme point of A*. Assume that §, = %(1/11 + 1)) for 11,19 € S(A*). We take
norm-one extensions of 1, 1o respectively to functionals on C'(Z) by the Hahn—
Banach theorem, and apply the Riesz representation theorem to take complex-
valued Borel regular measures 1, 1o on Z with total variations |u1| = |ue| = 1
so that

X

for i = 1,2. For p = pq, uo, we notice

‘/deu’S/XIfdulél.

1:f(z):;(¢1(f)+1/’2(f)>:;(/deul—’—/xfduz)7

Since
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we have

/ fdu; =1, i=1,2. (6.1)
X
Let u = pq, po for simplicity, and let

Zy ={z e Z||[f(x)| =1}, Zo={z € Z||f(x)] <1}.

We show
\ul(Zo) = 0. (6.2)

To show (6.2), we first observe

1= ]/Zfdu| S/ZIfIdIMI <1,

and hence [y |f|d|pu| = 1. Let g = 1 —|f]. It is a non-negative function such that

/ gdlpl =1 - / Fldlul = o,
Z Z

due to the assumption |u|(Z) = 1. Then

0= / gdl| = / gdl| + / gdlp| = / gdlpl,
Z Z1 Zo ZO

which implies the desired equality (6.2).
Combining (6.1) and (6.2), we obtain

/ Fdp =1, (6.3)
Z1

For each x € Z;, we have ¢ € T such that g(z) = cg(z) for each g € A. In par-
ticular, f(z) = ¢, and hence the above implies g(x) = f(x)g(z). This proves the
equality

g9(x) = f(x)g(z), =€ Zy.

Therefore, for i = 1,2, we have
Yi(g) = /Z gdp; = /Z gdupi  (by (6.2))
_ /Z o) F@dpx) = o(2) [ o =g(z) by (63))

Therefore, ¥, = 12 = J,, which is to be proved. ([l
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6.3. Proofs of Lemma 3.5 and Lemma 3.6.

PrOOF OF LEMMA 3.5. We prove that the map
A (A lipp) = CSU(E xp F)Y) x (X xY),F)
defined by

A& ), (z,y) = &(f () +n(Df(y)),
&m e BX < F [+ nll* =1, (z,y) e X XY, feA,

satisfies the equality ||A(f)||c = ||f]lp,p for each f € A. For (§,n,) € S((E X,
F)*) x (X x Y) with [[£]|7 + ||n]|? = 1, we have, by Holder’s inequality,

[ACF) (s )| < IENLF @I+ DMl DS ()l
< (€7 + Ml f @P + IDF @Y < 1 fllp.p-

Hence ||A(f)]lcoc < [|fllp- In order to prove the reverse inequality, take a point

(z0,90) € X x Y so that ||fl|lp.p = (ILf (zo)|I” + [[Df (yo)lI7)!/7, and let (uo,v0) =
(f(x0), Df(yo)). Choose (§,n) € E* x F* such that

E(uo) = lluoll” - 1flps  NEN = lluolP~" - 1 I 5
(o) = llwol® - 1y, llall = llwolP~ - I fllp

Then we have |£]|?7 + ||n]|9 = 1, and

A o o)l = (luoll? + oo IS I 5 = 11Dy

which proves the desired equality. ([l

PrROOF OF LEMMA 3.6. We show that the subspace N4 = A(A) is closed in
C(S(ExpF)*)x (X xY),F). Let dim E = d, fix an orthonormal basis (e;)1<i<d
of E, and let (¢;)1<;<q be its dual basis of E*. Take a net (f,) C A, and assume
that lim, A(fo) =h € C(S((E x, F)*) x (X xY),F). Then for each i = 1,...,d
and for each (x,y) € X x Y, we have lim, ¢;(fo(z)) = limy A(fo)(€4,0,) =
h(€iz,0y). Since fo(z) = Zle € (fa(z))e;, we see lim,, f,(z) exists and is equal
to Z?Zl h(€i z,0y)e;. In particular, the vector Z?Zl h(€i z,0y)e; does not depend
on the choice of the orthonormal basis and a point y € Y. Fixing a point y € Y,
define f(z) = Zle h(€i ,0y)e; for z € X. Then we see

lim | fa = fllee = 0. (6.4)
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Indeed, we have for each z € X,

d d
[folz)=f ()| SZ 1(€i(fa(®)) = h(eiw, Oy))esll SZ [A(fa)(€iz: 0y) = h(€iz; 0yl

=1

d
<D NA(fa) = hlloo = dl|A(fa) = hloo,
i=1

and the last term tends to 0. This proves (6.4), and in particular, f is continuous.

By the same reason, we obtain a continuous map g : ¥ — F such that
lim, Df, = g. By condition (Cl), we have f € A and ¢ = Df. For each
(&x,my) € S((E %, F)*) x (X xY), we have

A& my) = (@) + (DS ()
= I (€(fa(@)) + 9(Da ) = 1m A(fa) € 1y) = h(Ear ).

Hence we obtain A(f) = h as desired. O
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