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Abstract. In this paper, we prove the following result. Let m > 1, n > 1 be
some fixed integers with m # n, and let R be a prime ring with char(R) > (m + n)?.
Suppose that D : R — R is an additive mapping satisfying the relation (m+4n)?D(z*) =
4m?D(z)z® + dmnzD(x)x? + dmna® D(z)z +4n’z3 D(x) for all x € R. In this case, D is
a derivation and R is commutative.

Throughout, R will represent an associative ring with center Z(R). Given
an integer n > 2, a ring R is said to be n-torsion free if, for € R, nz = 0 implies
x = 0. As usual, the commutator xy — yx will be denoted by [z,y]. We shall use
the commutator identity [z,yz] = [x,y] z + y [z, 2] for all z,y,z € R. Recall that
aring R is prime if, for a,b € R, aRb = (0) implies that either a = 0 or b = 0, and
the same is semiprime in case aRa = (0) implies a« = 0. We denote by char(R)
the characteristic of a prime ring R. We denote by Q., @r, @s, C and RC the
maximal right ring of quotients, the right ring of quotients, the symmetric ring
of quotients, the extended centroid and the central closure of a semiprime ring
R, respectively. For the explanation of Q,,,, @Q,, Qs, C and RC, we refer the
reader to [9]. An additive mapping D : R — R, where R is an arbitrary ring,
is called a derivation if D(zy) = D(x)y + xD(y) holds for all pairs =,y € R,
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and is called a Jordan derivation in case D(z?) = D(x)x + xD(z) is fulfilled for
all x € R. Obviously, any derivation is a Jordan derivation. The converse is
in general not true. A classical result of HERSTEIN [23] asserts that any Jordan
derivation on a prime ring with char(R) # 2 is a derivation. A brief proof of
the Herstein theorem can be found in [15]. CUSACK [18] generalized the Herstein
theorem to 2-torsion free semiprime rings (see [11] for an alternative proof). For
generalizations of the Herstein theorem, we refer to [6], [17], [22]. An additive
mapping D : R — R is called a left derivation if D(zy) = yD(x) + D(y) holds
for all pairs =,y € R, and the same is called a left Jordan derivation (or Jordan
left derivation) in case D(x?) = 2xD(x) is fulfilled for all z € R.

The concepts of left derivation and left Jordan derivation were introduced by
BRESAR and VUKMAN in [16]. One can easily prove (see [16]) that the existence
of a nonzero left derivation on a prime ring forces the ring to be commutative.
Moreover, we have the following result.

Theorem 1. Let R be a prime ring, and let D : R — R be a nonzero left
Jordan derivation. If char(R) # 2, then D is a derivation and R is commutative.

The result above has been first proved by BRESAR and VUKMAN [16] un-
der the additional assumption that R is a prime ring with char(R) # 2 and 3.
Later on, DENG [19] removed the assumption that R is a prime ring with
char(R) # 3. Theorem 1 is related to the theory of commuting and centralizing
mappings. A mapping F, which maps a ring R into itself, is called centraliz-
ing on R in case [F(z),z] € Z(R) holds for all z € R. In a special case when
[F'(z),z] = 0 is fulfilled for all z € R, F is called commuting on R. A classical
result of POSNER (POSNER’s second theorem) [33] states that the existence of
a nonzero centralizing derivation D : R — R, where R is a prime ring, forces
the ring to be commutative. Posner’s second theorem cannot be generalized to
semiprime rings as shows the following example. Take R; to be a noncommuta-
tive prime ring, and let Ry be a commutative prime ring that admits a nonzero
derivation d : Ry — Ro. Then R = R; ® R» is a noncommutative semiprime ring,
and the mapping D(r1,72) = (0,d(r2)) is a nonzero derivation, which maps R
into Z(R). This example shows that Theorem 1 cannot be proved for general
semiprime rings. However, VUKMAN [36] has proved the following result.

Theorem 2. Let R be a 2-torsion free semiprime ring, and let D : R — R
be a left Jordan derivation. In this case, D is a derivation which maps R into
Z(R).

For results concerning left Jordan derivations, we refer to [2]-[5], [16], [19]-
[20], [24]-[28], [31]-[32], [35]-[36]-
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Let m > 0, n > 0 be some fixed integers with m + n # 0. An additive
mapping D : R — R, where R is an arbitrary ring, is called an (m,n)-Jordan
derivation in case

(m +n)D(x?) = 2mD(z)x 4 2nzD(x) (1)

holds for all z € R.

The concept of (m,n)-Jordan derivation has been introduced by VUKMAN
in [37]. This concept covers the concept of Jordan derivation, as well as the
concept of left Jordan derivation. Namely, (1, 1)-Jordan derivation on a 2-torsion
free ring is a Jordan derivation, and (1,0)-Jordan derivation is a left Jordan
derivation. For results concerning (m, n)-Jordan derivations, we refer the reader
to [1], [21], [29], [37]. In [37], one can find the following conjecture.

Conjecture 3. Let m > 0, n > 0 be some fixed integers with m + n # 0,
m #n, and D : R — R be an (m,n)-Jordan derivation, where R is a semiprime
ring with suitable torsion restrictions. In this case, D is a derivation which maps
R into Z(R).

FOSNER and VUKMAN [21] have recently proved the following result.

Theorem 4. Let m > 1, n > 1 be some fixed integers with m # n, and let R
be a prime ring with char(R) > (m + n)?. Suppose that D : R — R is a nonzero
additive mapping satisfying the relation

(m +n)2D(x®) = m(3m + n)D(x)x® + 4mnzD(z)x + n(3n +m)z*D(z), (2)
for all x € R. In this case, D is a derivation and R is commutative.

One can easily prove that any (m,n)-Jordan derivation on an arbitrary ring
satisfies the functional equation (2), which means that Theorem 4 proves Conjec-
ture 3 in a special case when we have a prime ring.

Kos1-ULBL and VUKMAN [29] have proved the following result.

Theorem 5. Let m > 1, n > 1 be some fixed integers with m # n, let R
be an mn(m + n) |m — n|-torsion free semiprime ring, and let D : R — R be an
(m, n)-Jordan derivation. In this case, D is a derivation which maps R into Z(R).

Neglecting the fact that in the result above we have the assumption m > 1,
n > 1instead of m > 0, n > 0, Theorem 5 proves Conjecture 3 in general. Putting
in relation (1) (m+n)a? for 2% and applying (1), we obtain the functional equation

(m +n)*D(z*) = 4m*D(x)z® + 4mnxD(z)x?
+ dmna®D(x)x + 4n’23D(z), = € R. (3)
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Let us point out that in case m = n = 1, relation 3 reduces to a special case
of the relation considered in [6]. We proceed with the following conjecture.

Conjecture 6. Let m > 0, n > 0 be some fixed integers with m + n # 0,
m # n, let R be a semiprime ring with suitable torsion restrictions, and D: R— R
be an additive mapping satisfying the relation

(m +n)?D(z?) = 4m2D(z)z® + 4mnxD(z)z>
+4mna?D(z)x + 4n*2®*D(z), = € R.

In this case, D is a derivation which maps R into Z(R).

It is our aim in this paper to prove the following result, which is related to
Conjecture 6.

Theorem 7. Let m > 1, n > 1 be some fixed integers with m # n, and
let R be a prime ring with char(R) > (m + n)2. Suppose that D : R — R is an
additive mapping satisfying the relation

(m +n)?D(z*) = 4m*D(x)z® + 4mnzD(z)x?
+ dmna®D(x)x + 4n*z3 D(z), (4)

for all x € R. In this case, D is a derivation and R is commutative.

The proof of the above theorem depends heavily on the following result
proved by BRESAR ([12]).

Theorem 8. Let R be a prime ring, and F : R — R an additive mapping.
Suppose that [F(z),z], = 0, for all x € R and some fixed integer n > 1. If either
char(R) = 0 or char(R) > n, then [F(x),z] =0, for all x € R.

As the main tool in this paper we use the theory of functional identities
(Beidar-Bresar—Chebotar theory). The theory of functional identities considers
set-theoretic maps on rings that satisfy some identical relations. When treating
such relations, one usually concludes that the form of the mappings involved
can be described, unless the ring is very special. We refer the reader to [13] for
an introductory account on functional identities, where Bresar presents this new
theory, the theory of (generalized) functional identities, and also its applications,
to a wider audience, and to [14] for full treatment of this theory.

For the proof of Theorem 7 we need Theorem 9 below, which is of independent
interest.
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Let R be a ring, and let

p(r1, 20, T3, 24) = Z T (1) T (2) Tre(3) T (4)
TESY

be a fixed multilinear polynomial in noncommutative indeterminates xy, 2,
x3, 4. Further, let £ be a subset of R closed under p, i.e., p(T4) € L for all
Z1,%9,x3,24 € L, where Ty = (x1,22,23,24). We shall consider a mapping
D : L — R satisfying

(m +n)*D(p(T4))

= 4m2 Z D(xﬂ(l))xw(z)xﬂ(g,)xﬁw+4mn Z .’Ew(l)D(xﬂ.(z))xﬂ-(g)fEﬂ-M)
TESY TESy

+ 4mn Z T (1) T (2) D (T (3)) Tr(4) +40° Z T (1) Tr(2) T (3) D(Tr(a)), (5)
TESy TESy

for all x1,x2, 23,74 € L. Let us mention that the idea of considering the expres-
sion [p(Z4),p(¥4)] in its proof is taken from [8].

Theorem 9. Let L be a 8-free Lie subring of R closed underp. If D : L — R
is an additive mapping satisfying (5), then there exist p € C(L) and A : L — C(L)
such that 4m?(3m + n)(n —m)D(x) = xp + \(x) for all x € L.

PROOF. Note that for any a € £ and 7, € £*, we have

[p(§4),a] = p([xl,a},:vg, 1‘371‘4) +p($17 [.’I}Q,(L],l‘g, 1‘4)
+p($1,$2, [2133, CL],.T4) +p($1,$2,l’3, [‘T47 CL])

Thus

(m +n)*D[p(Z4), a]
= (m +n)?D(p([z1,d], x2, x3,24)) + (m + n)2D(p(21, 22, a], 23, 74))
+ (m + n)QD(p(xl, €2, [$3, a]7 .’E4)) + (m + n)2D(p(x1, x2,I3, [.’E4, CL]))

Using (5), it follows that

(m +n)*DIp(z4), a]
= 4m? Z D[xﬂ(l), a]xﬂ.(g)xﬂ(g)xﬂ@) + 4dmn Z [:C,r(l), a]D(:CTr(g)):CTr(g)ZCTr(4)

TESyY TESY

+aAmn Y [@e), altn@) D(@n(3)Tr@) +40° Y [Tr(1), A)Tr2)Tn(3) D(@n(a))+

TESY TESyY
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+ 4m® Z () [Tr(2)> A)Tr(3)Tr(ay + 4mn Z Tr(1)D[Tr(2), Q)T r(3)Tr(a)

TESY TESy

+Amn > (1) [Tr(2), ] D(@n(3)Tra) + 407 Y Tr (1) [Tn(2), A)Tr(3) D(Tr(a))
TES, TES,

+ 4m? Z D(2r1))Zr(2)[Tr(3), A]Tr(a) + 4mn Z (1) D(Tr(2))[Tr(3), @] Tr(a)
TESY TESY

+ 4mn Z Tr(1)Tr(2) D[Tr(3), Q)T (ay + 4n° Z Tr(1)Tr(2) [Tr(3), A D(Tr(a))
TESy TESY

+4m® Y D(@r(1))Tr(2) Tr(3) [Tr(a), ] +4mn Y 22 D(@r(2)) Tn(3) [Tr(4), 0]
TESY TESy

+Amn Y () Tr(2) D (@) [Tra), @] + 407 Y Tr)Tr(2)T(3) DTr(a), al-
TESY TESY

Thus
(m +n)*D[p(F4), d]
= 4m?> Z D[-'Uﬂ-(l)7 a]xﬂ(z)xﬂ(g)xﬂ(@ + 4dmn Z [:Cﬂ(l), a]D(:Eﬁ(Q)):EW(:;)IEﬁ@)

TESY TESyY
+4dmn Z [r (1) Tr(2), Al D(Tr(3)) Tr(ay + 40° Z [Tr(1)Tr(2)Tr(3), O] D(Tra))
TESy TESy

+4m® Y " D(@r(1))[Tr(2)Tr(3) Tr(a), ] +4mn Y Tr(1) D[Tr(2), Q) (3)Tr(a)
TESY TESY

+4mn Z Tr(1)D(Tr(2)) [Tr(3)Zr(a), a] + 4mn Z Tr(1)Tr(2) D[Tr(3), A]Tr(a)

TESY TESY
+ 4mn Z xﬂ.(l)xﬂ.@)D(ZEﬂ(g))[xﬂ@), a]+4n2 Z xﬂ.(mmﬂ.(g)mﬂ.@)D[‘rﬂ.@), a]. (6)
TESY TESY

In particular

(m +n)* D[p(Z4), p(¥,)]

= 4m? Z [Zr(1), P(Ua)]Tr(2) T (3) T (a) + 4MT2 Z [Tr(1)s P(T2)] D (T (2)) T (3) T (a)

TESy TESy
+Amn > () Tr(2), PEDID (@r(3))Tr(a) +40° Y [Br(1)Tr(2) (), P[] D (e ()
TESy TESY

+4m* Y D(@n()[Tn(2)Tr(3)Tr(a), PEL)] +Amn Y 21 Dltn(z), Pa)Er(3)@r(a)
TESy mESy

+4mn Z Tr(1) D(@r(2)[Tx(3)Tr(a), P(T)] + dmn Z Tr(1)Tr(2) D[Tr3), PTg)]Tr(a)

TESY TESyY
F4Amn Y Ta)Tr@)D(@r(3) [Tr(a), D)) + 407 D Tr()Tr(2)T(3) D), (),
TESy TESy

(7)
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for all 74,7, € L*. For i =1,2,3,4 we also have (by (6))

(@) = (M + 1) Dlzn(sy, p(Fa)] = —(m +n)* D[p(F4), Tx(i)]

am? Z D[z x(i), Yo (1))Yo(2)Yo (3)Yo (4) + 4mn Z [T (0)s Yo (1) D Wo (2) Yo (3)Yor(a)
o€Sy o€Sy

HAmn > [Tr(i)s Yo ()Y @): 1D Wo()Yo@) + 417 D [Tn()s Yo () Vo) Yo3)) Do)

o€Sy o€Sy
+4m’ Z D(Yo (1) [Tr(i), Yo (2) Yo (3) Yo (1)] + 4mm Z Yo (1) D[Zr(i)> Yo (2)|Yo (3) Yo (4)
oESy ocESy

F4mn Y Yo 1) D(Yo@) [Er(i)s Yo @) Vo] +4m0 Y | Yo()Yo(2) DlTx(i), Yo 3) Vo)
oESy ocESy

+4mn D Yo1)Yo@) D Yo 3) [Tn(i)s Yo@)] + 41" D Yo()Yo(@) Yo 3) DlTx() Yo ()],
oc€Sy o€Sy

for all 77, € £*. Therefore (7) can be written as

(m+n)'Dp(Fa), p(F,)] = 4m* Z O(Tr(1))Tr(2) T (3) L (4)

TESY
+ (mA4n)*4mn Y [@e), D) D(Tn(2)) Tr(3) T ()
TESY
+ (m+ n)24mn Z [Tr(1)Tr(2)s P(T)] D(Tr(3)) T (a)
TESY
+ (m + n)%4n? Z [Tr(1)Tr(2)Tr(3), P(F4)] D(Tray)
TESY
+ (m +n)*4m? Z D (1)) [Tr(2)Tr(3)Tr(a), P(T,)] + 4mn Z Lo (1) P(Tr(2) )T (3) Tre(4)
€Sy TESY
+ (m4n)24mn Y we) D(@n(2) @) Tr(ay, DTL)] +4MN D Tr()Tr(2)P(Tn(3))Tr(a)
TESY TESY
+(m+n)Amn Y 2r)Tr(2) D(@n(3) [Tr), PH0)] + 407 Y Tr()Tr(2)Tn(3) P (Tr ()5
TESY TESyY
(8)
for all 74,7, € L*.
On the other hand, using [p(Z4),p(T4)] = —[p(H4),p(T4)], from the above

identity we get

(m + n)4D[P(f4):P@4)} = 4m? Z ‘Pl(yo(l))ya(2)yo(3)yo(4)

oESy

+ (m +n)*4mn Z P(T4), Yo (1)) D Yo (2)) Yo (3) Yo () +
oESy
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+ (m+n)%4mn Y [p(T4), Yo (1) Yo ()] D Yo(3) ) Yo ()

o€Sy

+ (m+n)*4n® D" [p(Fa), Yo (1) Yo @) Vo) Do)
oESy

+(m+n)*4m* " Do) P(@a), Vo) Yo @ Vo] +4mn D> Yo' (Yo2))Yo(3) Yo
o€Sy ocESy

+ (m + n)*4mn Z Yo (1) D (Yo (2)) [P(T4), Yo (3) Yo (a)] + 4min Z Yo (1) Yo 2)P (Yo (3)) Yor(2)
oc€Sy o€Sy

+ (m+n)4mn > Yo)Uo@)DWe3)[P(E4), Yo@)] +47° D Yo()) Vo Yo @ Vo),
o€Sy o€Sy

(9)
for all Ty, 7, € £*, where
@' (Yo(i))
= 4m? Z D(z(1), Yo ()| Tr(2)Tr(3)Tr(a) + 4mn Z [Zr(1)s Yo (i) [ D(Zr(2))Tr(3) Tre(a)

TESy, TESyY

+4mn Z [ (1) Tr(2)s Yo ()| D(Tn(3) ) Tm(a) + 4 Z [Tr(1)Tr(2)Tr(3) Yo (i) D(Tr(a))

TESyY TESyY

+4m® Y D(@r(1)) [Br(2)Tr(3)Tr(), Yo (iy| +4mn > (1) D[Tr(2)s Yo i) [T (3) T (a)

TESy TESy

+ 4dmn Z Te()D(Tr(2))[Tr(3)Tr(a): Yo(iy] + 4MN Z Ta()Tr(2) D[Tr(3)s Yo (i) Tr(a)
TESy TESY

+Amn Y @r ()T D(@r(3) [T, Yo ()] + 407 Y Tx(1)Tr(@2)Tn(3) DlTr(a), Yoo,
TESy, TESyY

for all 7, € £L*. Let s : Z — Z be a mapping defined by s(i) = i — 4. For each
o € Sy, denote the mapping s~ tos : {5,6,7,8} — {5,6,7,8} by . Comparing
identities (8) and (9), and writing x4, instead of y;, i = 1,2,3,4, we can express
the so obtained relation as

8 8
Z EZ(Eg)LL’Z + ZLL'JFJJ (fg) =0,
i=1 j=1
for all Ty = (21,9, 23,24, T5, Te, T7,Lg) € £8. We can prove that there exist
p € L and a mapping A : £ — C(£) such that
4m? (Bm+n)(n—m)D(x) = zp + Az), (10)

for all x € £. Similarly, we can show that there exist ¢ € £ and a mapping
w: L — C(L) such that

4n*(3n 4+ m)(n — m)D(x) = qx + u(x), (11)
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for all x € £. Thus

4m2n?(3m +n)(3n +m)(n — m)D(x) = n?(3n + m)xp + n?(3n + m)A(x),
4n*m?(3n 4+ m)(3m + n)(n — m)D(x) = m?*(3m + n)gx +m?*(3m + n)u(x),

for all x € £. Comparing the last two identities, we arrive at

0 = n%(3n +m)xp — m*(3m + n)qx
+n2(3n +m)A(x) — m?(3m + n)u(x), (12)

for all x € L. Now, putting xy for  in the last equation, we get

0 = n?(3n +m)zyp — m*(3m + n)qry
+n2(3n + m)\(xy) — m?(3m + n)u(xy).
On the other hand, if we multiply equation (12) from the right side with y, we
obtain
0 = n%(3n 4+ m)xpy — m*(3m + n)qry
+n2(3n +m)\(x)y —m?(3m + n)u(z)y,

for all x € L. Now comparing the last two equations, we arrive at

0= 2(n?(3n + m)yp — n*(3n + m)py) + y(m?(3m + n)p(z)
— 1230+ m)A(@)) + n(3n + m)A(ay) — m> (B3m + n)u(zy),

for all z € £. Using the theory of functional identities, it follows from the last
equation that n%(3n + m)yp — n?(3n + m)py = 0, m?>(3m + n)u(z) — n?(3n +
m)A(x) = 0 and n?(3n+m)A(zy) — m?(3m +n)u(xy) = 0. This yields p € C(L),
m2(3m + n)u(z) = n?(3n + m)A\(z) and n?(3n + m)A(zy) = m?(3m + n)u(zy).
Using the last three equalities in (12), we arrive at n?(3n +m)p = m?(3m + n)q.
Now, we can conclude from equations (10) and (11) that there exist such p € C(£)
and A : £ — C(£) that 4m?(3m + n)(n — m)D(z) = xp + A\(z) for all x € L.
Thereby the proof is completed. [

We are now in the position to prove Theorem 5.

PrROOF. The complete linearization of (4) gives us (5). First suppose that R
is not a PI ring (satisfying the standard polynomial identity of degree less than 8).
According to Theorem 9, there exist p € C' and A : R — C' such that

4m?(3m +n)(n —m)D(x) = xp + \(z),
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for all x € R. Thus
3 2 2 _ 24 (.,.4
22 (3(m+n)’zp +4(m +n)*Ax)) = (m + n)°A(z"),

which yields
2 (3ap + 4A(2)) = A(a?),

for all x € R. A complete linearization of this identity leads to

Z T (1) Tr(2) Tre(3) (39077(4)17 + 4)\(fﬂn(4))> = AMp(T4)),
TESY

for all 1, x2,x3,24 € R. Since R is not a PI ring, it follows that

3zp + 4A(z) = 0,

(13)

for all x € R. Thus [3zp,y] = 0 for all z,y € R, which in turn implies [z, y]zp =0
for all z,y,z € R. By the primeness of R, it follows that R is commutative or

p = 0. The second relation gives us A(x) = 0 for all x € R by (13

Thus

D = 0. Suppose now that [z,y] = 0 for all z,y € R. Using (13), it follows that

Az)y — Ay)z =0 for all z,y € R, which implies A = 0. Consequently, D =

0.

Assume now that R is a PI ring. It is well-known that in this case R has
a nonzero center (see [34]). Let ¢ be a nonzero central element. Pick any = € R,

and set ©1 = 29 = x5 = cx and x4 = z in (5). We arrive at

(m +n)2D(3z?)

=m?D(x)c*2® + 3m*D(cx)cx® + 3mnaD(cx)ca? + mnxD(x)cP2?
+mnc®2? D(z)x + 3mnc’z® D(cx)x + 3n’ca® D(cx) + n?cGx®D(2).

On the other hand, setting x1 = 2o = 23 = ¢ and x4 = 2 in (5), we obtain

(m +n)*D(c3z?)

= (m*+2mn + n?)E D (x*)+(3m*+3mn)c? D(c)z* + (3mn+ v3n?)z

Comparing the so obtained relations, we get

0 =—m?cD(x)x® + m?*c2D(cx)2® + mnczD(cx)a?

—mnczD(z)x? + mnca?D(cx)r — mnc®zD(x)z + n*c®2® D(cx)

233D (x) — (m?* + mn)c*D(c)z* — (n* + mn)c*z* D(c),

‘e?D(c).

(14)
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for all z € R. In the case when x = ¢, we have
D(c?) = 2¢D(c). (15)
Now setting 71 = 29 = ¢, 23 = ¢® and x4 = x in (5), we arrive at
(m 4 n)2D(c'z) = (m? + 2mn + n?)c* D(x) + (mn + n?)PxD(c?)
+ (m? + mn)2D()x + (2m? + 2mn)ED(c)z + (2n? + 2mn)EzD(c).
On the other hand, setting 21 = 5 = 23 = ¢ and 24 = cx in (5), we obtain
(m +n)2D(c'z) = (m? + 2mn + n*)3D(cx)
+ (3m?2 + 3mn)c D(c)x + (3mn + 3n?)c*xD(c).
Comparing the so obtained relations, we get
(m+n)D(cx) = (m + n)cD(x) +nzD(c) + mD(c)z, (16)
for all x € R. Now putting the last equation in (14), we obtain
0 = 2maD(c)z® + 2na®D(c)x — (2m + n)D(c)z*
— (2n 4+ m)z*D(c) + (m + n)x>D(c)2>. (17)

By the complete linearization of (17), and setting x1 = 29 =« and 23 = x4 = ¢
in the so obtained identity, we get

22D(c)z = D(c)z® 4+ 22 D(c),

for all z € R. The last equation can now be rewritten as [[z, D(c)], z] = 0, for all
x € R. Using Posner’s second theorem, it follows that [z, D(c)] = 0 for all z € R.
From (16) we get

D(cx) = D(c)z + cD(z), (18)

for all z € R. Pick any x € R, and set 1 = x2 = ¢ and 3 = x4 = z in (5), we
arrive at

(m 4+ n)D(cx?) = 2mc?D(z)x + 2nc®zD(x) 4+ 2(m + n)cx’D(c),

for all z € R.
By (18), we have (m + n)2D(c*z?) = (m + n)c®?D(x?) + 2(m + n)cx®D(c),
for all z € R.
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Comparing the so obtained identities, we arrive at
(m + n)D(x?) = 2mD(z)x + 2nzD(z), (19)

for all x € R. The linearization of relation (19) gives us
(m+n)D(zy + yz) = 2mD(z)y + 2mD(y)x + 2naD(y) + 2nyD(x), (20)
for all z,y € R. Now, putting (m + n)2x3 for y in relation (20), and applying

(m+n)2D(x3) = m(3m+n)D(z)z* +4mnazD(x)x +n(m+3n)z?D(z), we obtain
after some calculations

(m +n)3D(z*) = (4m> + 3m?*n + mn?)D(2)x> + (Tm*n + mn?)zD(z)x?
+ (Tmn? + m?n)x?D(x)z + (4n® + 3mn? + m?n)z3D(x), (21)

for all € R. By comparing (4) and (21), we obtain

mn(n —m)D(x)x® + 3mn(m — n)zD(z)x>

+ 3mn(n — m)x?D(x)x + mn(m — n)z*D(x) = 0,
for all z € R. Whence it follows
D(z)x® — 3zD(x)2? + 322 D(x)x — 23 D(z) = 0,
for all x € R, which can be written in the form
[[D(x), z], 2], z] = 0,

for all x € R. By Theorem 8, it follows that [D(x),z] = 0 holds for all € R,
which makes it possible to replace D(x)z in (19) with D (z). We have therefore
(m+n)D(x?) = 2(m+n)xD(x) for all z € R, which reduces to D(z?) = 2zD(x),
x € R. Applying again the fact that D is commuting on R, we arrive at D(z?) =
D(x)x 4+ xD(zx) for all € R. In other words, D is a Jordan derivation, whence
it follows that D is a derivation by the Herstein theorem. Thus D is a nonzero
commuting derivation. By Posner’s second theorem, R is commutative. Thereby
the proof of the theorem is complete. ([l
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