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On hyperbolic small-span CNS polynomials

By HORST BRUNOTTE (Diisseldorf)

Abstract. We characterize hyperbolic small-span CNS polynomials of degree up
to 4.

1. Introduction

For a long time various generalizations of our ordinary decimal number sys-
tem have been known and thoroughly been studied. Here we deal with canon-
ical number systems (commonly abbreviated by CNS) special cases of which
were already investigated by GRUNWALD [19], KNUTH [25], PENNEY [29] and
GILBERT [18]. The systematic study of canonical number systems has been initi-
ated by the Hungarian school some decades ago (see [23], [21], [22], [26]). Detailed
background information and relations to other areas such as shift radix systems,
finite automata or fractal tilings can be found in the surveys by BARAT et al. [6]
and by KIRSCHENHOFER—THUSWALDNER. [24].

The general notion of canonical number systems and the concept of CNS
polynomials were introduced by PETHS [31]. The CNS property of a given poly-
nomial can algorithmically be decided [36], [7], [15], and some characterization
results on these polynomials are known. For instance, see [21], [18] for quadratic
polynomials, [26], [4], [8], [5] for some other classes of polynomials, and [27], [20]
for more general results. However, the complete description of these polynomials
has remained an open problem even for small degrees (e.g., see [2, Problem 2.2]
in a more general context).
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In view of this situation, several studies have been undertaken to describe
particular classes of CNS polynomials (e.g., see PETHO [32], KANE [20], CHEN [15],
MADRITSCH-ZIEGLER [28]). In this vein, we give a necessary condition for hyper-
bolic CNS polynomials and provide a characterization of hyperbolic small-span
CNS polynomials of degree up to 4. Our approach exploits the list of irreducible
hyperbolic small-span polynomials elaborated by ROBINSON [34], well-known suf-
ficient conditions for CNS polynomials and the algorithm mentioned above.

2. On hyperbolic CNS polynomials

Let us briefly recall the definition and basic properties of CNS polyno-
mials. The monic polynomial f € Z[X] with non-vanishing constant term is
called a CNS polynomial if for all A € Z[X] there exists a polynomial B €
{0,...,]f(0)] — 1} [X] such that A = B (mod f). Among other things, it is
known (see [30] and [4, Section 1]) that the roots of CNS polynomials lie outside
the closed unit disk and are non-positive. CNS polynomials of degree at most 2
are known: A monic linear integer polynomial is a CNS polynomial if and only
if its constant term is at least 2 ([19], [1, Remark 4.5]), and X2 +bX + ¢ € Z[X]
is a CNS polynomial if and only if —1 < b < ¢ and ¢ > 2 ([21], [22], [18], [8],
[37], [5]). Furthermore, the CNS property of a given polynomial can algorithmi-
cally be decided [36], [7], [15]. The reader is referred to [1] for more background
information. Throughout, we denote by C the set of all CNS polynomials.

A polynomial with real coefficients is called hyperbolic if it has only real
roots (for a comprehensive survey see [33, Chapter 6]). Its span is the maximal
difference between a pair of its roots. The span is small if it is strictly less than 4.

Here we are interested in monic hyperbolic integer polynomials with all roots
less than —1. Our main result is the complete description of the hyperbolic small-
span CNS polynomials of degree up to 4.

Theorem 1.
(i) Every monic hyperbolic small-span integer polynomial of degree at most 3
all of whose roots are less than —1 is a CNS polynomial.

(ii) Let p be a monic hyperbolic small-span integer polynomial of degree 4
all of whose roots are less than —1. Then p is a CNS polynomial if and only if
one of the following five conditions holds:

(a) p is irreducible.
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(b) p = (X2 4+ bX + ¢)(X? + mX + n) with two irreducible quadratic integer
factors and
b<c or m<n.

(¢) p has exactly one monic linear integer factor.

(d) p=(X+i)(X+k)q withi > k > 2 and q € Z[X] irreducible such that either
i>2o0ri=2 and q# X?>+5X +5, X2 +6X +6.

() p=(X+r)(X+9)(X+t)(X+u) with2<r<s<t<u<r+3andu>3.

Corollary 2. Let p be a monic hyperbolic small-span integer polynomial of
degree at most 4 all of whose roots are less than —1. Then every monic non-trivial
divisor of p is a CNS polynomial.

Remark 3. (i) An extension of Theorem 1 to larger degrees does not seem to
be obvious. First, the product of the two hyperbolic CNS polynomials

X?24+6X+6 and (X?2+6X+6)(X+5)

is a quintic small-span non-CNS polynomial, however, it can also be written as
the product of (X? +6X +6)? ¢ C and X +5 € C. Second, analogously as in
Section 3, below we see that the polynomials

fo(X):=g(X +5)  (s=3)
are hyperbolic small-span polynomials with all roots less than —1, where
g:=X°—X*-4X34+3X%+3X -1
is the (irreducible) polynomial no. 5a in [34]. We algorithmically check
f3= X% 4+ 14X* + 74X3 + 183X2 + 210X +89 ¢ C,

but
fa= X" +19X* 4+ 140X3 + 499X 2 4+ 859X + 571 € C.

(ii) Tt is well-known that Corollary 2 does not hold for arbitrary CNS poly-

nomials. Indeed,
(X% —2X +3)(X +2) €,

but X2 — 2X + 3 ¢ C ([11, Proposition 15]). Moreover, there exists a reducible
CNS polynomial without CNS factors, e.g., see [11, Example 13]. A related
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phenomenon in our surroundings is the following: The hyperbolic small-span
polynomial
(X +2)%(X +3)(X?+5X +5)

is not a CNS polynomial, and it can be written as the product of the polynomials
X+3eC and (X +2)*(X*+5X+5)¢C,

or

X+2cC and (X +2)(X+3)(X?+5X+5)eC.

The proof of Theorem 1, which we delay to the next section, essentially
consists of checking finitely many cases. To this end, we need the following result
on hyperbolic CNS polynomials.

Theorem 4. Let f € Z[X]| be a monic hyperbolic polynomial of positive
degree d, and set

g = e log(2'/%~1)

If all roots of f are less than —p,, then f is a CNS polynomial.

PROOF. Since pg > 1, all roots of f are less than —1. For a maximal root /3

of f, we have
_log(21/d -1

log(—B) '

and our result drops out from [11, Theorem 14]. O

Remark 5. The first few interesting values of the constant pq are
ps =3.847322..., ps=05.285213..., p5=06.725023....

Certainly, pg is not optimal. Indeed, for d = 3 it can be replaced by 5/4 (see
[9, Corollary 5.3]). Moreover, for polynomials with only integer roots, a sharper
result was established by PETHO [32, Theorem 4].

We conclude by speculating on the size of the coefficients of CNS polynomials.
For expansive polynomials, BUrRcsi-KovAcs [13, Statement 2.1] gave bounds for
the moduli of the coefficients relative to their constant term. Many examples of
CNS polynomials suggest the following:

Conjecture 6. If E?:o p; X% € C, then we have

|pi|<2p0 (iZl,...,d—l).
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3. Proof of Theorem 1

Let f € Z[X] be a monic non-constant hyperbolic polynomial, and let oy
(Bf, resp.) be a minimal (maximal, resp.) root of f. Thus the span of f (written
span(f)) is the difference 5y — ay-.

For o €{—1,1} and any integer s, the polynomials f(X) and ¢9°8(/) f (o X+ 5)
are called equivalent. Obviously, equivalent polynomials have the same span.

For fixed degree, the number of equivalence classes of small-span polynomials
is finite, and ROBINSON [34] computed a list of representatives of equivalence
classes of irreducible hyperbolic small-span integer polynomials for degree up to 6,
and conjectured lists for degrees 7 and 8. CAPPARELLI, DEL FRA and ScI10 [14]
presented a (possibly not exhaustive) list of small-span polynomials of degree up
to 17. FLAMMING, RHIN and WU [17] verified the completeness of these lists up
to degree 15. Recently, EL. OTMANI et al. [16] developed an alternative approach
for this problem based on Linear Programming methods.

For brevity, we let H4 be the set of monic hyperbolic small-span integer poly-
nomials of degree d, all of whose roots are less than —1. After some generalities,
exploiting Robinson’s results cited above we simply list all irreducible polynomi-
als in Hy for d = 2,3,4. Then we describe the reducible CNS polynomials in Hy4,
and we conclude by a proof of Theorem 1 and Corollary 2.

Lemma 7. Let f,g € R[X] be hyperbolic polynomials of positive degree

with
span(f), span(g) <.
If By > B4, then we have
span(fg) <n <= B —ay <.

PRrROOF. This can easily be checked by the definitions. O

The next two lemmas are trivial, but useful.

Lemma 8. Let f € Hq and g € Z[X] be a monic divisor of f with 0 <
deg(g) < d. Then g € Hyeg(q)-

Lemma 9. Let g € Z[X] be a monic hyperbolic integer polynomial of posi-
tive degree d and f € Z[X] equivalent to g, i.e.,

F(X) = = 0g(oX +5).
for some s € Z and o € {—1,1}.
(i) Let 0 = 1. Then we have

feHs <= s> pg+1.
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In this case, we have
ay=ag—s and [y =P84 —s.
(ii) Let 0 = —1. Then we have
feEHs &= s<ay—1.
In this case, we have
af=8—fB; and fBf=s5—a04.

Denoting by Z; the set of irreducible polynomials in H,4, we obviously have
d
’Hd:IdUURd,g (1<d<4),
£=0
where we introduce the (possibly empty) sets

Rae:={f € Ha : f reducible and f has exactly ¢ monic linear factors} .

In the following tables, we list all elements of Z; for 2 < d < 4 based on the
tables by ROBINSON [34]. For a degree d polynomial g whose number from [34,
Section 3] we give in the first column, we denote by f(X) = 09Wg(cX + s)
an equivalent polynomial in H,; parametrized by an integer parameter t := os.
In the fourth column, the region of ¢ is specified. In view of later use, we list the
discriminant of f in case d = 2. Let us clarify our procedure by an easy example.
Take the polynomial no. 2a

gi=X>-X-1
and o := —1, hence
fX)=(-1)2g(-X +s)=X>-(2s - D)X +s*—s5—1
with s < —2, because ay = —0.6180. .. and
s<ag—1
by Lemma 9. Thus we conclude f = X2+ (2t +1)X +t>+t—1,t > 2, and
diser(f) = (2t + 1) —4(t* +t — 1) = 5.

no. [ o [ f—Xx2 [ t [ discr(f)
2a 1[@t-DX+t2—t—1]>3 5
1| +DX+t2+t—1 | >2 5
2b | +1 2AX 412 -2 >3 8
2 | £1 2tX +t2 -3 >3 12

2d 1| (2—-1)X+t2—-t—-3| >4 13
1| 2t+1D)X+t?2+t—-3| >3 13

Table 1. Irreducible elements in Hs.
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no.l al f—Xx3 t

3a 1] Bt—1DX2+ B2 -2t —2)X +t3—t2—t+1 | >3

1| Bt+1)X2+ B2 +2t—2)X +t3+t2 -2t -1 | >3

3b 1 3tX2 4+ 32 —1)X +t3 -3t —1 >3

-1 X243 - 1)X +t3—-3t+1 >3

3c 1| (Bt—1)X24+(Bt2 -2t —3)X +t3—t2-3t+1| >4

1| Bt+1)X2+ B2 +2t-3)X +t3+t2-3t—-1| >3

3d 1 3tX2 4+ (32 —4)X +t° —4t—2 >4

-1 3tX2 4+ (32 —4)X +t2 -4t +2 >3

3e 1 3tX2+ B2 — )X +t3 -4t -1 >4

-1 X2+ (32 —4)X + 13 —4t+1 >3

Table 2. Irreducible elements in Hs.

no.‘ a‘ f-Xx* t
da | 1| (4t —2)X3+ (61> —6t—2) X2+ (43 — 61> — 4t +3)X +t* —2t3 — 242+ 3t +1 | > 4
—1 | (4t +2)X3 + (612 + 6t —2) X2+ (483 + 612 — 4t — )X+t + 263 - 212 -3t +1 | >3
db | 1| (M —-1D)X34+(6t2 -3t —3)X?+ 43 —32 -6t + X+t -3 -3+t +1 | >4
1| M4+1D)X3+ (682 +3t—3) X2+ (43 +3t2 -6t — D)X+t + 3 -3t —t+1 | >3
de | £1 4t X3 + (612 — 4)X2+(4t3—8t)x+t4—4t2+2 >3
4d | 1| (A—1)X3+ (612 -3t —4) X2+ (43 - 3t2 -8t +2)X +t* — 3 — 42+ 2t +3 | >4
1| At+D)X34+ (662 +3t —4) X2+ (43 +32 =8t — )X +t4 +3 - 42 -2t +3 | >3
de | 1| (4t—1)X34 (612 =3t —4)X2+ (43 =312 -8t +4)X +t* — 3 — 42 +4t4+1 | >3
1| (At+D)X3+ (62 +3t— X2+ (A2 +32 -8t — DX +t* +3 42 —4t+1 | >3
af | 41 44 X3 + (6t2 — 5) X2 + (43 — 10)X +t* — 52 +5 >3
4g | 1 4X3 4+ (612 —4) X%+ (443 — 8t — )X +t4 — 42 —t + 1 >4
-1 X3+ (612 — X2+ (43 -8t + DX +tt — a2+t + 1 >3
4h | 1| (4t—2)X3+ (6t2 —6t—3) X2+ (42 —6t2 — 6t +5)X +t* — 23 - 32+ 5t +1 | > 4
—1| (4t +2)X3+ (6t2+6t—3) X2+ (43 +6t2 -6t —5)X +t*+2¢3 -3t -5t +1| >3
4i | +1 4X3 + (612 — 4) X2 + (4¢3 — 8) X +t* — 42 + 1 >3
44| 1| At-1DX3+(6t2 -3t —4) X2+ 43 -3 -8t + X+t -3 42 +t+2 | >4
1| M#4+1D)X3+ (612 +3t —4)X2+ (A3 + 32 -8t — D)X+t + 3 — 4> —t+2 | >3
4k | 1 4X3+ (612 —5) X2+ (43 — 10t — D)X +t* — 3 — 512 —t +4 >4
-1 4tX3 + (612 —5) X2 + (4¢3 — 10t + )X +t* — 3 —5t2 +t 4+ 4 >3
41 1| (4 —2)X3+ (6t — 6t —4) X2+ (483 — 6t2 — 8t +5) X +t* —2¢3 — 42 + 5t +5 | > 4
—1| (4t +2)X3+ (6t2+6t —4) X2+ (483 +6t2 -8t —5)X +t* +2¢3 — 442 -5t +5 | >3
dm | 1 (4t — 1) X3 + (612 — 3t —4) X2 + (4¢3 - 3t2 —8) X + ¢4 — 3 — 4> + 1 >4
-1 (4t + 1) X3 + (612 + 3t — 4) X2 + (483 + 32 — 8) X + 4+ — 412 + 1 >3
dn | 1| (4t—2)X3+ (612 —6t—3)X2+ (42 — 612 —6t+ )X +t* — 262 - 32 + 4t +1 | > 4
—1| (4t+2)X3+ (6t2+6t—3) X2+ (43 +6t2 -6t —4)X +t1 +2¢3 - 32 —4t+1| >3

Table 3. Irreducible elements in H4.

From now on, we write p := p4 for shortness.

We now characterize the polynomials in Ho U H3 with relatively large roots.
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Lemma 10. Let ¢ = X2 +bX +c¢ € Z[X]. Then q belongs to Hs if and only
if ¢ > 4 and

max {4, 2%} < b < min {c, Ve + 15} .

In this case, we have
1 1
Qg = 5(7b - \/Z)a ﬂq = 5(71) + \/K)7 Span(‘]) = \/K,

where A := b% — 4c is the discriminant of q.

PROOF. Recall that by [3, Lemma 11] all roots of ¢ lie outside the unit disk
if and only if |b] < |¢|. The proof can now easily be completed. O

Lemma 11. Let ¢ € Hy with 54 > —p.
(i) If q is reducible, then there exist k € {2,...,5} and m € {0,...,3} such that

q=X>+ 2k +m)X + k(k +m).

Further, we have 3, = —k.

(ii) If q is irreducible, then q is one of the following polynomials:

X242t -DX +12—t—1 (3<t<6),
X2+ D)X +24+t—-1 (2<t<5),
X2 42tX +t% -2 (3<t<6),
X2+ 2tX +12 -3 (3<t<T),
X2+ 2t -1)X +t2—-t-3 (4<t<7),
X242+ D)X +t2+t-3 (3<t<6).

PRrROOF. (i) This can be checked straightforwardly.
(ii) ¢ is equivalent to one of the polynomials f listed in Table 1, and we observe

tg{ﬁerp (c=1),

0:
O
—ay+p (0=-1).

Now we turn to quartic polynomials. Here we often use the following result.

Lemma 12. Let p = X* + p3X? 4+ p2 X2 + p1 X + po € Z[X] enjoy the
following properties:

(i) p is not divisible by a cyclotomic polynomial;
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(vi) p1 <po = p3 < po.
Then we have p € C.

PROOF. If p; > pg, then our assertion is clear by [12, Lemma 5.1]. Now, let
p1 < po. Then we have
1 <ps <p2<nps,

and our assertion is clear by [27, Theorem 6. O

We are now in a position to describe the reducible polynomials in H4. Our
method of proof always aims at reducing as far as possible the number of polyno-
mials which have to be checked by an algorithm. Let us begin with the product
of two irreducible quadratic polynomials, i.e., the set R4 .

Lemma 13. Let ¢ = X?+bX +c, r = X?+mX +n € Z[X] be irreducible,
and assume qr € H4. Then we have

qreC <= b<c or m<n.
PRrROOF. Corollary 15 below tells us that
pi= X4 paXP P2 X2+ p1 X +po = gr (3.1)

is not a CNS polynomial if b = ¢ and m = n. To prove the converse, we may
restrict to B, > —p in view of Theorem 4. Without loss of generality, we assume

Bp = Bq, hence
b<2p+ Vb —Ac, (3.2)
and
\/m2—4n—\/b2—4c§m—b<\/m2—4n—\/b2—4c+8. (3.3)

We frequently use b,m > 5 (see Table 1), pg = ¢n > 3 and

l1<ps=b+m < pp=bm+n+c < p; =cm+bn. (3.4)
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If p1 < po, we are done by the KOvAcs—PETHO theorem [27, Theorem 6] (see
also [10, Corollary 5]), because p is not divisible by a cyclotomic polynomial.
Therefore, in the following we impose the condition p; > pg, hence

(c=b)n < cm. (3.5)
Furthermore, we only need to consider the case
2(c—=b)+1)n < (2c—b+2)m —c+ 2b. (3.6)

Indeed, the opposite inequality means

2p1 — p2 + 2p3 < 2po,

and then Lemma 12 yields p € C, because we convince ourselves that then also
the inequality
D1 > 2p2

holds. Simply observe

- (2c—b+2)m —c+2b
2(c—=b)+1 ’

and verify
(b—2)((2c—b+2)m —c+2b) + (2¢ — 2b+ 1)((c — 2b)m — 2¢) > 0.

The remainder of the proof consists of checking several cases. Specifically,
we let ¢ run through the (irreducible) polynomials described in Lemma 11, and
r through the polynomials listed in Table 1. Let ¢ be the first polynomial, hence

we let
3<t<6, b=2t—1, c=t>—t—1.

For convenience, we collect the following values:
t] b ¢| p3s | P2 | p1 | po | (35 | (3.6)
3| 5| 5| m+5 5m+mn+5 5(m +n) 5n - n<T7Tm+5
4 7111 | m+7 ™™ +n+ 11 1lm+7n | 11ln | 4n < 11lm In < 17m+ 3
5 9119 | m+9 I9m +n+ 19 1I9m+9n | 19n | 10n < 19m | 21n < 31m —1
611 |29 | m+11 | 1lm+n+29 | 29m+11ln | 29n | 18n <29m | 3Tn < 49m — 7

Now, we let r run through the polynomials listed in Table 1, and start with

m=2s—1,

n=s

2

—s—1

(s > 3).
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Our prerequisites and (3.3) yield that
t+1<s<t+43.
For t = 3, we check
X4 412X3 4 51X2 490X + 55, X%+ 14X3 4+ 69X? 4+ 140X + 95,

X* +16X3 +89X2 + 200X + 145 € C

by an algorithm. Now, ¢t = 4 is excluded by (3.6), and ¢ = 5,6 by (3.5).
The remaining polynomials are dealt with analogously and left to the
reader. |

Lemma 14. If2 < b < ¢, then
X* 40X+ (b+c) X2 +2cX +c¢C.

PROOF. We refer the reader to [1] for some basic facts on CNS polynomials,
and observe that our polynomial admits the following periodic sequence:
(17 _17 17 _1) - (_L la _17 1) - (17 _1a la 0) - (_15 1707 _1) - (17 Oa _17 2) —
= (0,-1,2,-2) = (-1,2,-2,2) = (2,—-2,2,-1) — (-2,2,—-1,0) —
- (2,-1,0,1) —» (-1,0,1,—1) — (0,1,—1,1) — (1,-1,1,-1). O

Corollary 15. If n,m € N, then
(X2 +nX +n)(X2+mX +m) ¢ C.

PRrOOF. If n + m < nm, we are done by Lemma 14. Otherwise, we have
either
nm=n+m-—1 or nm=n+m.

In the first case, we have n = 1 or m = 1, hence one of the factors is a cyclotomic
polynomial and the product cannot be a CNS polynomial. In the second case, we
have n = m = 2, and we check

(X2 42X +2)2 = X" +4X3 +8X? 48X +4 ¢ C. 0

Now, we convince ourselves that all polynomials in H4 which admit exactly
one linear factor are in fact CNS polynomials.
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Lemma 16. We have R4, C C.

Proor. Let p € R4,1. If 3, < —p, then we are done by Theorem 4. There-
fore, we assume §, > —p, and write

p=(X+0)-f=X"+p3X° +p2X* + p1 X + po,

where
f=X3+aX?>+bX +¢

is one of the polynomials in Table 2, and

max{l,t —4 -4} <v<t+4—p, (c=1),
or

max{l,t —4—-G,} <v<t+4+a, (o0 =-1);
here we use Lemma 9 and denote by g the polynomial in [34] which is equivalent
to f. We verify

po=cv, pi=bv+ec, pr=av+0b, p3=v+a.

Here we only give the proof for the first polynomial (no. 3a in [34]) in some detail;
the remaining polynomials are treated analogously.

Case 1. B, = —v.
Then, we have
v <min{5,t — B4},
which implies
Bg+2<t<a,+9 (c=1),
or
By +2<t<—By+9 (0=-1).

Case 1.1. Polynomial 3a with o = 1.

Then we have 4 <t < 7. For t = 4, we have v = 2, and we check algorith-
mically that X* 4+ 13X3 + 60X?2 + 121X + 90 is a CNS polynomial. For ¢ = 5,
we have v = 3, and an application of the Kovdcs—Pethd theorem (see the proof

of Lemma 13 above) yields our claim. Analogously, we treat the remaining two
cases.

Case 1.2. Polynomial 3a with o = —1.

Again, we have 4 < ¢t < 7. For t = 4, we have v = 2, and we check
algorithmically that X* + 15X3 +80X?2 + 177X + 138 is a CNS polynomial, and
for t = 5,6, 7, the Kovdcs—Pethd theorem confirms our claim.
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Case 2. B, # —v.
Using Bf > —v and 8y > —p, we deduce
t<p+pBy, max{l,t—fgt—4—at<v<t+4-—p, (c=1),
or
t<p—a, max{l,t+a4t—4-0F}<v<t+4+a, (o0 =-1).
Case 2.1. Polynomial 3a with o = 1.

Then we have 3 <t < 7. For t = 3, we have 2 < v < 5, pg = 16v, p; =
190+ 16, po = 8v+19, p3 = v+ 38, and we prove p € C algorithmically. Similarly,
we treat the remaining cases.

Case 2.2. Polynomial 3a with o = —1.

Then we have 3 < t < 6. For t = 3, we have 2 < v < 5, and we check
algorithmically that the polynomials with the coefficients

po=29, p1=31v+29, p=10v+31, p3=v+10

belong to C. Then we apply Lemma 12 in the remaining cases t = 4,5, 6. O

Now, we aim at describing the CNS property of a product of a reducible and
an irreducible quadratic polynomial in Hy.

Lemma 17. Let ¢ = X2+ 4X + ¢ and r € Z[X] such that qr € H,.
(i) ¢ = (X +2).
(ii) If r is irreducible, then we have

qr€C <= r# X*+5X +5, X*>+6X +6.

PROOF. (i) Clear by Lemmas 8 and 10.
(ii) From Corollary 15, we infer that the conditions on r are necessary. To prove
the converse, we write r = X2 +mX + n, and observe

1
-2+ i(m + Vdiscr(r)) = By — ar < 4,

hence
6 <m < 12 — /discr(r); (3.7)

here we exploit the inequality m > 5, which is clear by Table 1 and our prerequi-
sites.

Now, we let r run through the polynomials in Table 1 which satisfy (3.7),
and check algorithmically that the resulting product polynomials are in fact CNS
polynomials. The details are left to the reader. O
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Lemma 18. Let i > k > 2 and g = (X +i)(X + k). Further, let r € Z[X]
be irreducible such that qr € Hy. Then qr € C if and only if either i > 2 or i = 2
andr # X2 +5X +5, X2 +6X +6.

PRrROOF. If ¢ = 2, our claim is clear by Lemma 17. Therefore, we let ¢ > 2,

write
r=X’4+mX+n, ¢=X>+bX+c
with
b:=2k+¢>5, c:=k(k+1) (¢ eH{0,...,3}),
and set p := ¢qr. Now, we show p € C, and analogously as in the proof of

Lemma 13, we assume 3, > —p and conditions (3.5) and (3.6).

First, consider 8, = 4, hence k < p. For £ = 2,...,5 we let r run through
the polynomials in Table 1, and we check our assertion algorithmically.

Second, let 8, > 3,4, hence 3, > —p, and therefore

m — +/discr(r) < 2p.

Further, we have

4> By —ag = = (—m+ /diser(r)) — (—(k + 0)),

N =

which implies
2(k+£) <8+ m — +/discr(r) < 2p+38,

and then
E<k+/¢<09.

Analogously as before, the proof can now be completed by letting r run through
the polynomials listed in Lemma 11. |

Finally, we inspect the set 44, i.e., the subset of products of four monic
linear factors in H4. The characterization of CNS polynomials of this type is an
easy consequence of a general result by PETHO [31] on CNS polynomials with
only integer roots.

Lemma 19. Let r,s,t,u € N such that 2 <r < s <t <u<r+3. Then we
have

(X+r)(X+s)(X+6)(X+u) eC < u>3.
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PROOF. Assume that our polynomial belongs to C and u = 2. Then r = s =
t =2, but (X +2)* ¢ C by Corollary 15, a contradiction.
Conversely, let u > 3. If

11 1 1
e e e B
r s t u
then our assertion follows from [31, Theorem 4]. Therefore, we suppose

1 1 1 1
-+ -+-4+->1, (3.8)
r S t U

hence r < 3. We distinguish two cases and several subcases.
Case 1. r = 2.

We consider the polynomial

XA (st +u+2) X2+ (tud-(542) (t4u) +28) X2+ ((s+2)tu+25) (t+u)) X +2stu.
Case 1.1. s = 2.
Thus we have to check the polynomial

X4+ (t+u+4)X3 + (tu+ 4t +u) +4)X? + 4(tu + t + u) X + 4tu.

Case 1.1.1. t=2.
For u = 3,4, 5, we algorithmically check that the polynomials

X4+ X3 +30X2+44X +24, X*4+10X34+36X2 456X + 32,
X4 411X3 4+ 42X2 4+ 68X + 40

are in fact CNS polynomials.

U pP—Xx*

3| 9X°% +30X2 444X +24
4| 10X3 4+ 36X2% + 56X + 32
5| 11X° 4+ 42X2 + 68X + 40

u P Xx* number of witnesses
3| 9X3+30X2+44X +24 469
4110X3 +36X2% 456X + 32 405
5 11X3 4+ 42X? + 68X + 40 385
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Case 1.1.2. t=3.
Similarly as above, we convince ourselves that the polynomials
X4 4+10X3 4+37X2 460X +36, X*+11X°+44X? + 76X + 48,
X*4+12X% +51X% + 92X + 60
are in fact CNS polynomials.
Case 1.1.3. t =4.

Analogously, we see that the polynomials
X4 4+12X3 4+ 52X2 + 96X + 64, X* +13X3 +60X2 + 116X + 80
are CNS polynomials.
Case 1.1.4. t=05.
Finally, the polynomial

X4 +14X3 4+ 69X2 + 140X + 100

is a CNS polynomial.
Case 1.2. s =3.

The following table gives a survey on the polynomials
p=X"+(t+u+5)X>+ (fu+5(t+u) +6)X? + (5tu + 6(t + u)) X + 6tu,
which are algorithmically checked to be CNS polynomials.
t ‘ u ‘ p—X*
33| 11X34+45X2 +81X + 54
12X3 +53X2 + 102X + 72

4
5| 13X3 +61X2 4+ 123X + 90
44| 13X34+62X2 +128X + 96
5
5

14X3 4+ 71X2 + 154X + 120
15X3 4+ 81X2 4 185X + 150

Case 1.3. s =4.
Case 1.8.1. t = 4.
For uw = 4,5, the polynomials

X* 4 (u+10)X> 4+ 2(5u + 16) X2 + 32(u + 1) X + 32u
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are checked as above.

P x*
14X3 4+ 72X2 + 160X + 128
15X3 4+ 82X2 + 192X + 160

(SN~

Case 1.3.2. t =5.
Then we have u = 5, and Lemma 12 yields our assertion.
Case 1.4. s =5.

We have t = v =5, and X% + 17X3 4+ 195X2 4 275X + 250 is checked to be
a CNS polynomial.

Case 2. r = 3.

Then we have 3 < u < 6, (3.8) yields ¢ < 5, and we inspect the polynomials
X4 (s+t+u+3) X3+ (tu+ (s+3) (t+u) +35) X2+ ((s+3)tu+3s(t+u)) X +3stu.
Case 2.1. s =3.

The following table gives a survey on the polynomials
p=X"+(t+u+6)X>+ (tu+6(t+u) +9)X? + (6tu+ 9(t + u)) X + 9tu,

which are algorithmically checked to be CNS polynomials.

p—X*
12X3 4+ 54X2 + 108X + 81
13X3 +63X2 + 135X + 108
14X3 +72X2% + 162X + 135
15X3 + 81X2 + 189X + 162
14X3 +73X2 + 158X + 144
15X3 + 83X2 + 191X + 180
16X3 +93X2 + 224X + 216
16X3 4+ 94X2 + 240X + 225
17X3 +105X2 4+ 279X + 270

~+

W~
DD U TR O W

Case 2.2. s > 4.

Now, (3.8) yields s < 5, thus s = 4, and then t = 4 and u < 5, and the
polynomials

X4+ 15X3 4+ 84X2% + 208X + 192, X* + 16X> + 95X 2 + 248X + 240
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are checked as above.
u P—-Xx*
4| 15X3 4 84X2% 4 208X + 192
5| 16X3 +95X2 + 248X + 240

The proof is now completed. ([

Remark 20. Our present tools are not sufficient to prove Lemma 14 without
the restriction on the span. Indeed, for r = s = ¢ = 2 and u > 3, inequality (3.8)
is satisfied but Lemma 12 (iv) is not. Further, note that in [20, Section 5],
an example of a non-CNS polynomial is given, which is the product of nine linear
pairwise different CNS polynomials.

PROOF OF THEOREM 1 AND COROLLARY 2. (i) In view of the well-known
characterization of CNS polynomials of degree < 2 cited in the beginning of
Section 2, Table 1 above, and

Rogo = {X2+(T+S)X+T‘S s €N, 2§r§3§r+3},
we have
H{UHs CC.

Inspecting the polynomials in Table 2, we see

IscC
by using either the Kovdcs—Pethé theorem or [9, Theorem 5.1], depending on the
size of the linear coefficient. From [9, Corollary 5.2] we infer

R371 U R3,3 cC.
Therefore, we see
Hs =13 U R371 U Rg,g cC.

(ii) Similarly as above, we find

I, CC (3.9)

by an application of the Kovacs—Peth6 theorem, Lemma 12 or algorithmically.
Clearly, we have
Hy =24 UR4 o URs 1 URs2URY 4,

and our assertion drops out from (3.9) and Lemmas 13, 16, 18 and 19. The proof
of the theorem is completed and Corollary 2 is then clear by Lemma 8. (]
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