Publ. Math. Debrecen
92/3-4 (2018), 331-355
DOI: 10.5486/PMD.2018.7873

Augmented ternary maps, their applications to set-graded
arbitrary triple systems, and more applications

By ANTONIO J. CALDERON MARTIN (Puerto Real)
and FRANCISCO J. NAVARRO IZQUIERDO (Puerto Real)

Abstract. Let 2 be a non-empty set. An augmented ternary map over 2 is any
map
FAXAXA— AU {e}

with € ¢ 2. We show that any augmented ternary map f over 2l induces a decomposition
on 2 as the orthogonal disjoint union of well-described ideals. If (2, f) is furthermore
a division f-triple, it is shown that the above decomposition is through the family of
its simple ideals. We apply these results to different ternary structures with gradings,
getting structural theorems analogous to the second Wedderburn classical theorem.

1. Introduction and preliminary definitions

We are motivated by the observation that when we have a ternary struc-
ture with some type of grading (decomposition compatible with the product),
a complete knowledge of the grading set will imply some structural theorems of
the graded ternary structure. Following this idea, we consider an arbitrary non-
empty set, which will play later the role of a grading set, and endow it with a new
structure called f-triple. Then we study this new structure so as to obtain several
decomposition results.
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Later, when we consider some ternary structure with a grading, we will treat
the grading set as an adequate f-triple. All of the information previously ob-
tained for f-triples will be translated into structural theorems of the initial graded
ternary structure. These theorems follow the spirit of the the second Wedderburn
theorem for associative algebras (which asserts that any finite-dimensional asso-
ciative semisimple algebra, over a base field F, is isomorphic to a direct sum

k
@ Mni, (Di)7
=1

where n; are natural numbers, D; are finite dimensional division algebras over FF,
and M, (D;) is the associative algebra of m; x n; matrices over D;, see, for
instance, [11, pp. 137-139]).

The paper is organized as follows. In Section 2, we develop techniques of
connections among the elements of an f-triple 2, so as to show that 2 is the
orthogonal (disjoint) union of a family of ideals {J; : ¢ € I'}. That is,

A=
in such a way that

f(ﬁi,Ql,Ql) @] f(QLj“Q[) U f(Ql,Ql,Jz) cJ; U {6}

and
f(A,3:,3;) = f(3:,24,73;) = f(3:,73;,2) = {e},

when i # j fori,5 € I. In Section 3, it is shown that if, furthermore, 2 is a division
f-triple, then the above decomposition is through the family of its simple ideals.

Sections 4, 5 and 6 are devoted to apply the results obtained in Sections 2
and 3 to the structure theory of graded triple systems, of supertriple systems ad-
mitting a multiplicative basis and of graded algebraic pairs, respectively. We have
to note that these algebraic objects are considered in their widest sense. That is,
there is not any restriction on their dimensions, on the base field, on the identities
satisfied by their triple products, or on the grading sets.

In Section 4, it is proved that any set-graded triple system 7 can be expressed

7=,
J

where any J; is a well-described homogeneous-ideal of 7. If, furthermore, the

as the orthogonal direct sum

grading is a weak-division grading, a characterization of the homogeneous-
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simplicity of T is given, and it is shown that T is the orthogonal direct sum
of the family of its minimal homogeneous-ideals, each one being a homogeneous-
simple triple system. From here, these results extend and provide a common
framework to the ones obtained for Lie triple systems, twisted inner derivation
triple systems, 3-Lie algebras and Leibniz triple systems given in [3], [6]-[7] and
[9]-[10].

In Sections 5 and 6, structure theorems similar to the above ones are given
for graded triple systems, and as consequence of the results on augmented ternary
maps obtained in Sections 2 and 3, also for the classes of arbitrary supertriple
systems admitting a multiplicative basis, and of set-graded arbitrary algebraic
pairs, respectively.

Finally, we note that the present paper is also an extension of the techniques
and results obtained for extended magmas in [4] to a ternary setup.

Definition 1.1. Let 2 be a non-empty set, and € ¢ 2 an external element
to 2. Any map
FiAXAXA— AU {e}

is called an augmented ternary map on 2A. We will also say that 2 is an f-triple.

Definition 1.2. Let 2 be an f-triple. A subset S of 2 is called a subtriple
of A if for any z,y, z € S, we have that f(z,y,2) € SU{e}. A subtriple J of 2 is
called an ideal if f(T,2,2) U f(A,7,20) U f(A,2,T) C TU{e}.

Definition 1.3. Let A be an f-triple. We say that 2 is simple if its only ideals
are () and 2A.

Definition 1.4. Let f: A Xx A x A — AU {e} be an augmented ternary map,
and {B; : i € I} a family of pairwise disjoint subsets of 2 such that

2= B
el

Then we say that 2 is the orthogonal union of the {B; : i € I} if for any i,j € I,
with ¢ # j, we have f(Ql, Bi,Bj) = f(BZ,Q[, B]) = f(BZ,BJ,Ql) = {6}

2. Connections in A techniques

From now on and throughout the paper, 2 will denote an f-triple. We will
also denote by P(2) the power set of 2, and by Ss the group of all permutations
of three elements.
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For each x € 2, a new variable T ¢ 2 is introduced, and we denote by

A:={z:2cA}

the set consisting of all these new symbols. We will also write (Z) := z € 2.
Given any o € S3, we define

Uyt AXAx A= P(A) and v, : A x A x A = P(A)

as
Q, .f g ) g ) g = )
Uo (21, T2, T3) = { 1 F(@o(1), To(2), To(3)) = €
{f(@o), To2) Toi)) s I f(@01), Tora), Tos)) € A,
and
Vo (2,72, Ys) = {y1 € A 2 € ug(y1,y2,y3)}-
Now we consider the following operation:
prAx (AUA) x (AUA) — P(),
given by
o u(z,y,z) = U U (x,y, 2), for any z,y,z € 2A;

o€S3

o u(x,y,z) := U vy (2,7,%), for any € A and any 7,7 € ;
oc€S3

o u(z,2,2) = p(x, A, A) = 0.

Now, we also consider the mapping
¢:PR) x (RAUA) x (AUA) — P(A) (1)

defined as
$(U.y,2) == |J wle,y,2).
zeU
Remark 2.1. Let us observe that pu(x1, 22, 23) = p(Zs(1), To(2), To(3)) for any
o € S3 and any x1,x9,x3 € 2A. We also have that u(x,7y,%z) = u(x,z,7) for any
z,y,z € A.
From here, we can assert that

(1) For any y,z € AU A and U € P(),

o(U,y,2) = (U, 2,y).
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(2) For any z1, 22,23 € 2 and 0,0 € Ss,

d{Zo1)} To(2); To3)) = O({Ts1) 1> T5(2)> T5(3))-

Lemma 2.1. Let a,b € . For any x,y € AU A, we have that a € u(b, z,y)
if and only if b € p(a, T, 7).

PROOF. Suppose a € p(b, z,y), and let us distinguish two cases.

First, if 2,y € 2, then there exists o € S3 such that a € uy (b, z,y), and so
b€ vy(a,T,7) C u(a,,7). Second, if 2,y € A, then there exists o € S3 such that
a € vy (b,x,y), and so b € u,(a,Z,y) C p(a,z, 7).

Finally, note that the converse can be proved similarly. O

Lemma 2.2. Leta €2, z,y € AU A and U € P(A). Then a € ¢(U,x,y) if
and only if p({a},z,y) NU # 0.

PROOF. Let us suppose a € ¢(U, z,y). Then, there exists b € U such that a €
wu(b,z,y). By Lemma2.1,b € u(a,Z,y) C ¢({a},Z,7). Sob € ¢({a},z,5)NU # 0.
The converse can be proved in a similar way. ([
Definition 2.1. For any x,y € 2, we say that x is connected to y if
e either z =y or
o there exists a subset {a1, as,...,a2,} C AU A, n > 1, such that the following
conditions hold:

(1) ¢({z},a1,a2) # 0.
d(d({x}, a1,a2),a3,a4) # 0.

;/5(¢(- . o({z},a1,a2) . ..),an—3, a2n—2) # 0.
(2) y € d(P(...0({x},a1,a2)...),a2n—1,a2,).

In this case, the subset {a1,...,a2,} is called a connection from z to y.
Lemma 2.3. Let {ay,...,aa,} be a connection from x to y, for some x,y € A
with «© # y. Then the set {asy,...,a1} Is a connection from y to x.

PRrROOF. Let us prove it by induction on n.

For n = 1 we have that y € ¢({z},a1,a2). It means (see equation (1))
that y € p(x,a1,a2), so, by Lemma 2.1, x € u(y,a1,a2) C ¢({y}, a2, a;). Hence
{@2,a;} is a connection from y to x.
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Suppose now that the assertion holds for any connection with 2n elements,
and let us show that this assertion also holds for any connection

{al, A2,y ...,02n,A2n+1, aQn+2}

with 2n + 2 elements.
Let us write U := ¢(¢(... p({x},a1,a2)...),a2n_1, a2,). Taking into account
Definition 2.1, we have that y € ¢(U, agn+1, dont2). Then, by Lemma 2.2, we get

d({y}, Gont1, Gans2) NU # 0,

and so we can take z € U such that

z € ¢({y}, G2nt1,A2n12). (2)
From the fact z € U, we also have that {a1, as,...,a2,-1,a2,} is a connection
from x to z. Hence
{@2n,G2n—1,...,G2,01}

connects z with z. From here and equation (2), we conclude that

z € P(&(... 0(0({y}, Gont2, A2nt1)s Gon, G2n—1) - . . ), A2, a1).

We have shown that {@s(,41), @G2(n+1)—1,---, 02,81} is a connection from y
to x, which completes the proof. (Il

Proposition 2.1. The relation ~ in 2, defined by x ~ y if and only if z is
connected to y, is an equivalence relation.

PROOF. The reflexive and symmetric character of ~ are given by Defini-
tion 2.1, and Lemma 2.3, respectively.

Hence, let us verify the transitivity of ~. Consider x,y, z € 2 such that z ~ y
and y ~ z. If either x = y or y = z, it is clear that = ~ z. So, let us suppose = # y
and y # z. Then we can find connections {a1,...,a2,} and {by,...,ba,} from
z to y and from y to z, respectively, being clear that {ai,...,aom,b1,...,ban}
is a connection from x to z. So ~ is transitive and consequently an equivalence
relation. O

Notation 2.2. By the above Proposition, we can introduce the quotient set
A/ ~:={[a] : a € A},

where [a] denotes the set of elements in 2 which are connected to a.
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Proposition 2.2. For any a € 2, [a] is an ideal of 2.

PROOF. We need to check that f([a],2(,20) U f(2,[a],20) U f(,2,[a]) C
[a] U {e}.

Let x € [a] and y,z € A:
o If f(x,y,2) # ¢, then f(z,y,2) = w; € 2A. That is, wy € ¢({z},y, 2).
o If f(y,z,2) # ¢, then f(y,z,2) = wy € A. That is, we € ¢({y},z, 2).
o If f(y,z,x) # ¢, then f(y, z,2) = ws € 2A. That is, ws € ¢({y}, 2, x).

Taking into account that ¢({z},y,2) = 6({y},x,2) = ¢({y}, z,z) (see Re-
mark 2.1-(2)) we have that, in any case, the set {y,z} is a connection from x
to w; with ¢ € {1,2,3}. By transitivity, [wi] = [we] = [w3] = [a], and then
f(zyy,2), f(y, 2, 2), f(y, z,x) € [a], as we wanted to prove. O

Theorem 2.1. Let 2 be an f-triple. Then

a= U

[a]e2t/~

is the orthogonal (disjoint) union of the family of the ideals {[a] : [a] € 2/ ~}.

PRrOOF. By Propositions 2.1 and 2.2, we have just to show the orthogonality
of the union.
Let us suppose that there exist [a], [b] € A/ ~ with [a] # [b] such that

f@[a], [p) U f([a], 2, [0]) U f([al, [b],24) # {e}-
That is, there exist some « € 2, o’ € [a] and V' € [b] such that
f(z,a b))y eAor fla',z,b)eWAor f(a',V,z) €.

In any case, there exists y € 2 such that y € ¢({a'},b',2) = ¢({b'},d’, x).
Then the set {b',z,T,a’} is a connection from a’ to b’'. Consequently, [a] = [b],
a contradiction. g

Corollary 2.1. If 2 is simple, then any couple of elements in | are con-
nected.

PrOOF. The simplicity of 2 applies to get that [a] = 2 for some [a] € A/ ~,
and so any couple of elements in 2 are connected. O
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3. Division f-triples

In this section, we show that if an f-triple 2l is furthermore a division f-triple,
then we can characterize the simplicity of 2 in terms of a connectivity property,
and that the decomposition of 2 given in Theorem 2.1 is actually through the
family of its simple ideals, stating so a second Wedderburn-type theorem for this
class of f-triples.

Definition 3.1. We say that an f-triple 2 is a diwision f-triple if for any
a,z,y,z € A such that f(x,y,2) = a, it holds that = € f(a,2,2), y € f(A,a,2A)
and z € f(A, 2, a).

Definition 3.2. The center of an f-triple 2 is the set
ZR) ={x e A: fx, 0,200 U fLz,A)U f(A, A, z) = {e}}.

Proposition 3.1. Let 2 be a division f-triple. Then [x] = {x}, for any
x € Z).

PROOF. Let us fix some z € Z(2), and suppose there exists some y € [z]
with o # y. Then we could find a connection {ay,as,...,az2,} C A U A from z
to y satisfying, in particular, that ¢({z},a1,as) # 0. So let us distinguish the two
possible situations. In the first one, ai,as € 2, and so u, (z,a1,as) # () for some
o € S3, but u,(z,a1,az) = 0 for any o € Ss, as a consequence of z € Z(2), a con-
tradiction. In the second possibility, ai,as € 2, then we would have that there
exists some o € S3 such that v,(x,a1,a2) = {z € A : uy(2,a1,az) = {z}} # 0.
Suppose o = 1, then there exists z € 2 satisfying f(z,a7,az) = . However, since
A is a division f-triple, z € f(x, A, 2A) = {€}, a contradiction. The same argument
holds for any o € S5 and so we have shown that [z] = {z}. O

Theorem 3.1. Let 2 be a division f-triple. Then 2l is simple if and only if
2 has all of its elements connected.

PRrROOF. The first implication is Corollary 2.1. To prove the converse, con-
sider a (nonempty) ideal J of 2, and fix some z € J.

Let us show that if {a1,...,as,} is any connection from xy to some y € 2,
then for any

2 € ¢(o(--- d({zo},a1,0a2) . ..),a20—1, a2p),

we have that z € 7.
In the case n = 1, we get z € ¢({xo},a1,a2), and so z € pu(xg,ar,as).
If a1,a2 € A, then z € {f(zo,a:,a;), f(ai, xo,a;5), fla;,aj,x0) : @ # 5 € {1,2}}.
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Otherwise, if a1,a0 € ﬁ, then xy € {f(z,ai,aj),f(ai,z76j),f(6i,aj7z) D0 F#
j € {1,2}} and, by the division property of 2, we have that z € f(xg,2,2) U
Fzo, ) U f(RAA ). So, taking into account zog € T, we get z € T as
wished. That is, ¢({zo}, a1,a2) C J. Now, by induction on n, it is clear that
P(B(--- o({wo}, a1,a2) ... ), azn—1,a2n) C J.

Given any y € 2, we know that zy is connected to y, and so there exists
a connection {ay, ..., a2, } from xy to y. The above observation shows y € J, and
soJ =12 (]

The below example illustrates that the division condition is necessary in
Theorem 3.1.

Ezample 3.1. Consider the f-triple 2 := C®C\{(0,0)}, where f : AxAxA —
AU{e}, for e = (0,0), is defined as f((x1,x2), (y1,Y2), (21,22)) = (T1Y121, T2Y222)-

We have that 20 has all of its element connected. This is the consequence of
the fact that for any 0 # 2 € C and y € C, the element (z,y) is connected to (1, 0)
through the connection {(z~1,0),(1,0)}, and to (0,1) through the connection
{(z,y),(1,1),(0,1),(0,1)} (in particular (1,0) ~ (0,1)), and the fact that (y,z)
is connected to (0, 1) through the connection {(0,z71),(0,1)}.

However, 2 is not a simple f-triple, since, for instance, J:= (C\ {0}) @ {0}

is an ideal of .
This is possible because 2 is not a division f-triple, as we can verify by taking

any x1,%2,Y1,¥2,21 # 0 and observing f((z1,x2), (y1,¥2),(21,0)) = (219121,0)
but

(‘rlﬂ IQ) ¢ f((zlylzla 0)5 2[7 Q’[)
Theorem 3.2 (Second Wedderburn Theorem). Let 2 be a division f-triple.

Then )
2=
is the orthogonal (disjoint) union of the family {J;};cr of all its nonempty simple
ideals.
Proor. By Theorem 2.1 we have that
A= U [a]
la]eRA/~

is the orthogonal (disjoint) union of the family of the ideals [a] € 2/ ~. From
here, we can consider the map

flia) + la] x [a] x [a] — [a] U {e}.
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We have that [a] is a division f|(,-triple. Indeed, given z,y,2,b € [a] in such
a way that f|jq(7,y,2) = b, there exist t,u € 2 satisfying x = f(b,t,u). Since
the sets {b,u} and {b,} give us, respectively, that = ~ t and = ~ u, we get
[t] = [u] = [z] = [a]. That is, x € f|[4)(b,[a],[a]). In a similar way, we can show
y € flia(lal,b, [a]) and z € fliq([a], [a],b) to conclude that [a] is a division f]i,-
triple. Observe also that, by taking into account Remark 2.1-(2) and Lemma 2.2,
it is easy to get that [a] has all of its elements connected through elements in
[a)U[a]. Hence, we can apply Theorem 3.1 to conclude that any [a] is simple.
From here, the above decomposition satisfies the assertions of the theorem.
Finally, consider any nonempty simple ideal J of 2. Then we can fix some
xz € J,and so x € N [z]. Since O # TN [z] is an ideal of J, and also an ideal
of [z], we get TN [z] =T = [z], and so any nonempty simple ideal J of 2 appears
in the decomposition given in Theorem 2.1. |

4. Set-graded arbitrary triple systems

In this section, we will apply the results given in Sections 2 and 3 to the
study of the structure theory of set-graded triple systems. We note that our triple
systems T will be considered in their widest sense. That is, there is not any
restriction on their dimensions, on the base field, on the identities satisfied by
their triple products, or on the grading sets.

So, let us denote by 7 an arbitrary triple system in the sense that there
are not restrictions on the dimension of the triple system or on the base field F,
and that any identity on the triple product (associative, alternative, Lie, Leibniz,
Jordan, etc.) is not supposed. That is, T is just a linear space over F endowed
with a trilinear map

() TXTXT — T
(z,y,2) = (z,9,2)

called the triple product of T.

In the literature, we can find many references on different classes of triple
systems, like the ones of associative triple systems, Lie triple systems, Leibniz
triple systems, alternative triple systems or Jordan triple systems. These classes
are defined in function of the identities satisfied by their triple products. For
instance, a Lie triple system is a triple system (T, (-, -, -)) satisfying

° <‘Ta €z, y> =0,
* (z,y,2) + (y,2,2) + (z,7,9) =0,
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¢ (z,9,{a,b,c)) = (a,b, (z,y,0)) = ({x,y,0a),b,¢) + (a, (z,y,b), ),
for any z,y,2,a,b,c € T.

Since we do not impose any condition to the triple products of the triple
systems considered in this section, our results extend and provide a common
development framework to the ones for Lie triple systems, twisted inner derivation
triple systems, 3-Lie algebras and Leibniz triple systems given in [3], [6]-[7] and
[9]-[10].

Definition 4.1. Let (T,(-,-,-)) be a triple system, and I a (non-empty) set.
It is said that T is graded by I, if

T == @ 7;7
iel
where any 7; is a linear subspace of T satisfying that, for any ¢, 5,k € I, either
(T:, 75, Te) = {0} or {0} # (T, T;, Te) C T, for some (unique) r € I.
We call the support of the grading to the set X :={i €T :7T; # {0}}.

We also recall that the study of group-graded Lie algebras began in 1933 with
JORDAN’s seminal work [13], with the purpose of formalizing Quantum Mechanics.
Since then, many papers describing different physical models through graded Lie
type structures have appeared, proving a remarkable interest on these objects
in the last years, see, for instance, [1]-[2] and [12]. In a natural way, group-graded
Lie triple systems have been introduced and studied in several recent references,
([5], [7]). These studies have been extended to group-graded Leibniz algebras
in [9]-[10]. However, there is not any work concerning Lie or Leibniz triple systems
graded by a non-group set, and also, there is not any paper concerning arbitrary
graded triple systems. In this section, we will consider arbitrary graded triple
systems graded by sets that are not necessarily groups.

Definition 4.2. A homogeneous-ideal of T = €D T; is a linear subspace J of
the form J = € 7; with J C I, and satisfying !

JjeJ

<j7 T7 T> + <T7 ja T> + <T7 T) j> C /J

For instance (see [6]-[7], [9]-[10]), any graded ideal of a graded triple system
of maximal length is homogeneous. A graded triple system 7 is called homo-
geneous-simple if its only homogeneous-ideals are {0} and T.

Let us fix a triple system (T, (-,+,-)) graded by a nonempty set I,

T=PT.

iel
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Consider the support 3 of the grading, some € ¢ ¥, and introduce the aug-
mented ternary map f: X x ¥ x ¥ — X U {¢} defined by

e, it (7,75, Te) = {0},

J:3. )= { i£ {0} £ (T T3, ) C T

By Theorem 2.1, we can write S = |J [i] in such a way that
lilen/~
f(], 2, 5) U F(E ], 5) U F(3, 5, [i]) € [i] U {e}, 3)
and
f([ZL []]7 ¥) = f([l], 2, [JD = f(Z, [Z]7 []]) = {6}7 (4)
when [i] # [j]. If for any [i] € ¥/ ~ we introduce the linear subspace of T given

by
T = P T (5)
keli]

equation (3) gives us that 7}; is a homogeneous-ideal of 7, while equation (4)
gives us

when [i] # [j]. Since
T=PT=DT= D T
i€l (S [i]ex/~
we can assert:

Theorem 4.1. Let T be a triple system graded by a set I. Then there is
a decomposition of T as the direct sum

T= @D o
li]es/~
where any T; is a nonzero homogeneous-ideal of T .

We can introduce the concept of division grading (resp. weak-division grad-
ing) for triple systems in a similar way to the concept of division basis (resp.
weak-division basis) for certain classes of algebras (see [8]).
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Definition 4.3. A grading T = € 7; on a triple system T is called a division
icl

grading if for any 4,7,k € I such that {0} # (7;,7;,Tx) C Ty, we have that
T AT, T,T), T (T, 7, T) and To, (T, T, Ty).

A weaker concept can be defined as follows:

Definition 4.4. The grading T = €D 7; is called a weak-division grading if for

il

any 4, j, k € I such that {0} # (7;,7;, Tk) C Ty, there exist s; € £, 1 <4 < 6, such
that {0} # (T, Ts,, Tsy) C T {0} # (Tay, Try Tou) € T5 and {0} # (T, Tag Tr) € T

Proposition 4.1. The following assertions hold:

(1) Let T be a triple system with a division grading. Then this grading is a weak-
division grading.

(2) Let T be a triple system with a weak-division grading. Then the f-triple ¥
is a division f-triple.

PROOF. (1) Let us take i, j, k € I such that {0} # (7;,7;, Tr) C T, for some
r € Y. Since we have a division grading, we get

0} £ T < (T T.T) = (T, P To. D T).

sEX tex

and so (by the grading)

{0} #T: C > (T, To, To).

{s,t€S(T, T3, ) CTi }

From here, there exist some s1,s2 € ¥ such that {0} # (7,7, 7s,) C Ti.
In a similar way, we can find s; € 3, for 3<j <6, satisfying {0} # (T, Tr, Ts,) CT;
and {0} # (Tsy, Tss, Tr) C Tk to conclude that the grading of 7T is a weak-division
grading.

(2) Let us take ¢, j, k,r € X such that f(i, 7, k)=r, then {0} #(T;, 7}, Te) C Tr.
Taking now into account that we have a weak-division grading, we can assert
that there exist s; € ¥, 1 <14 < 6, such that {0} # (7,,7s,,Ts,) C Ti, {0} #
(Tos, Trs Tsu) C T; and {0} # (Tsy, Ts, Tr) C Tr. From here, i € f(r,%,%),
je f(E,rX)and k € f(3,%,r). We have shown that X is a division f-triple. O

We observe that there are triple systems with weak-division gradings which
are not division gradings. For instance, the grading given in Example 4.1 is a weak-
division grading but not a division grading.
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Proposition 4.2. An ideal [i] C ¥ of the f-triple ¥ is simple if and only if
Ti) is a homogeneous-simple graded triple system.

PROOF. Let us suppose that the ideal [i{] C ¥ is simple in the f-triples sense.
If we consider any nonzero homogeneous-ideal 3 = € 7; of Tj;), where ) # .J C [i],
then we have for any j € J and k,h € [i] that Z%],ﬂ,ﬁ> C J, and so either
f, k,h) =€ (if (T}, Ti, Tn) = {0}) or f(j, k,h) € J (if (T}, T, Tn) # {0}). From
here, f(J,[i],[i]) C JU{e}. In a similar way, we get f([i], ], [?]) U f([¢], [i], ]) C
J U {e}, and so J is a nonempty ideal of [i]. Consequently, J = [i], and then
1= 7T, =T

JjeJ

Conversely, if 7[; is homogeneous-simple and we take some nonempty ideal J
of [i], then we get as above that J := € 7; is a nonzero homogeneous-ideal of 7,

jeJ

and so J = Tp;. Hence J = [i] and [i] is a simple ideal of X. O

Remark 4.1. We note, due to Proposition 4.2, that we actually can state a
bijective correspondence from the ideals of [i] to the homogeneous-ideals of 7.
That is, if T = € 7T; is a set-graded triple system and we consider some [i] € X/ ~,

icl

then denoting by F the family of all of the ideals of [i], and by G the family of all
of the homogeneous-ideals of 7[;, we can define the map Y : 7 — G as

() =T
jedJ

for any nonempty ideal .J of [z], and T (@) := {0}. Observe that the fact f(J, 3, X)U
fE 28U f(35,%,J) C JU{e} ensures T(J) € G for any J € F. We also have
that T is bijective as consequence of [i] C X.

Theorem 4.2 (a Second Wedderburn-type theorem). Let T be a triple sys-
tem with a weak-division grading. Then

T=PT.
acf

is the direct sum of the family {74 }acq of all its nonzero homogeneous-simple
homogeneous-ideals.

Proor. By Theorem 4.1, we can write

T= &P Ty (6)
[

|€X/~
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where any 7 (see equation (5)) is a nonzero homogeneous-ideal of 7. By Propo-
sition 4.1-(2), the f-triple ¥ is a division f-triple. Hence, Theorem 3.1 gives us
that any [i] € X/ ~ is a simple ideal of the f-triple ¥. From here, we get by
Proposition 4.2 that the homogeneous-ideal 7T};; is homogeneous-simple.
Furthermore, if we take some nonzero homogeneous-simple homogeneous-

T, =T
jeJ
for ) # J C X. Then we can fix some j € J, such that 7; C 7. Since j € [j], we
have {0} # T; C T; N T};. Taking now into account that 7; N 7 is a nonzero
homogeneous-ideal of T, we get by homogeneous-simplicity that 7; N Tj; = T;

ideal T of T, we can write

and that 7; N T;) = 7). From here, T; = 7T};}, and so any nonzero homogeneous-
simple ideal T appears in the decomposition given by equation (6). O

Ezample 4.1. Consider the linear space 7 = F° in which we define the triple

product
<(171, 132,13,504@5)7 (yla yQ,yg,y4,y5), (2’17 22,23, %4, Z5)>

= (T5Y525, T5Ys525, T3Y323 + T3Y32a + TaYazs + Tayaza,
T3Y323 + T3Y324 + Tayazz + TaYaza, T1Y121)-
Then 7 becomes a triple system with a weak-division grading
T=T.®T®T,
where 7, = {(z,y,0,0,0) : z,y € F}, T, = {(0,0,2,y,0} : =,y € F}} and
7. ={(0,0,0,0,2) : x € F}.

In order to verify this is a weak-division grading, observe that the only
nonzero products among the homogeneous components are {0} # (T, Ta, Ta) C T,
{0} #(To, To, To) C T and {0} # (T¢, Te, Te) C To. From here, it is clear that we
have a weak-division grading.

It is straightforward to verify that [a] = {a, c} and [b] = {b}, and so, by The-
orem 4.2, T is the direct sum of its family of homogeneous-simple homogeneous-
ideals

T = Tia) ® T}
with Tpg = {(2,%,0,0,2) : z,y,z € F} and T = {(0,0,2,%,0) : 2,y € F}.

We finally note that, although we have a weak-division grading, this grading

on 7T is not a division grading. Indeed,

{0} # (Ta, Tay Ta) € T,
but 7, € (7., T, T) (consider, for instance, (—1,1,0,0,0) € T,).
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5. Arbitrary supertriple systems with a multiplicative basis

In this section, we will apply the results achieved in Sections 2 and 3 to the
study of the structure of arbitrary supertriple systems with a multiplicative basis.

We will denote by & = Sy & S an arbitrary supertriple system in its widest
sense. That is, there are not restrictions on the dimension of the supertriple
system or on the base field F, and any superidentity on the triple product (su-
perassociative, superalternative, superLie, superJordan, superLeibniz, etc.) is not
supposed.

That is, S is just a linear space over F, which can be written as the direct
sum of two linear subspaces

S=8® S,

and it is endowed with a trilinear map

(h): SxSxS — S
(z,y,2) = (2,9,2)

called the triple product of S, such that (S;,S;,Sk) C Siyj+k, for any i, j, k € Zs.

Let us recall that a supersubtriple J of a supertriple system S is the direct
sum of two linear subspaces J = Jg ® J; with Jg C Sp and J; C S; that becomes
a supertriple system with the triple product of S restricted to J. We also say that
a supersubtriple J is a superideal of S if (3,S,8) + (S,7,8) + (S5, S,7) C 7.

Observe that by fixing bases {e,, } pex, and {eq }qex, of Sp and S respectively,
and by renaming if necessary, we have that {e,}pes, U {€q}qex, is a basis of S
with ¥gNYX; = 0. From here, we will also suppose that oNX; = (). Also, we will
write 3 := Yo N X, for a more comfortable notation.

Definition 5.1. Let (S, {(-,+,-)), with § = Sy ® S1, be a supertriple system.

A basis
B ={ep}pex (7)
of S, where any e, € So U S, is said to be multiplicative if for any u,v,w € 3,

we have either (e,, €,,€,) = 0 or 0 # (e, €y, €) € Fe,, for some (unique) = € 3.

To construct examples of supertriple systems admitting multiplicative bases
we just have to fix two disjoint arbitrary sets of indices ¥¢ and X, eight arbitrary
mappings

Q; gk Y X Ej X X — Ei+j+k, 1,7,k € Zo,

and eight arbitrary functionals

Bijk X XX xS = F, i,j. k€ Zs.



Augmented ternary maps and their applications 347
Then the F-linear space S with basis

{ertres, Udeptpes,

and a trilinear product among the elements of the basis given by

<eu7 €v, ew> = /Bi,j,k(ua v, w)eai’j,k(u,v,w)v

for u € ¥;, v € ¥; and w € X, becomes a supertriple system admitting B as
a multiplicative basis.

Let us fix (S, (")), with § = Sy ® &1, a supertriple system admitting
a multiplicative basis B = {e,}pex (see equation (7)). By taking some € ¢ X,
we can define on ¥ the augmented ternary map

[ ExExE—>XU{e}

as
€, if (ey, €y, ew) =0,
flu,v,w) := < )
T, if 0 # (ey, €y, €y) € Fe,.
By Theorem 2.1, we can write, as in Section 4,
s= U [

[ulex/~

in such a way that
f([u], 2, 2) U f(5, [u], £) U (5,5, [u]) C [u] U{e}. 9)

If for any [u] € 3/ ~ we introduce the linear supersubspace of S given by

Spu) ::( [6]9 F6p>®( @ ]Feq), (10)

pEu]NZo g€lulnX,
equation (9) gives us that S, is a superideal of S. We will also denote (S},))i :=
(S[u]) NS; for i € Zs.

Taking now into account S = ( &b IFep) P ( &b ]Feq>, we can assert, as
PEXo geS,
a consequence of Theorem 4.1, that:

Theorem 5.1. Let (S,(-,-,-)), with § = Sy & &1, be a supertriple system
admitting a multiplicative basis B = {e,}pes;. Then S decomposes as the direct

S= P Su

[ulex/~

sum
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where any Sp,) := (S[u))o®(Spu)1 is a superideal of S which admits a multiplicative
basis contained in B.

Definition 5.2. Given a supertriple system (S, (-,-,-)), where S = Sy ® Sy,
endowed with a fixed multiplicative basis B, we call a B-superideal of S any
superideal of & which admits a basis B’ € B. A supertriple system S is called
B-simple if its only B-superideals are {0} and S.

Ezxample 5.1. Consider the Zs-graded F-linear space S with

So = @ Sap, and §; = @ S2n+la

neN neN

and, where each S,, is an n-dimensional linear space, with a fixed basis

Bn = {en,h €n,2,€n,3, -+ en,n}-

We define the triple products among the elements of the basis

B= B,

neN

of § as the trilinear map given by
(Ensis €m,is €p,i) = Entmp,i for n,m,p,i € Nand i <n,m,p,

where the remaining products are zero.

Then we get that S becomes a supertriple system admitting B as a multi-
plicative basis. We can verify that for any (n,i) with n,i € N, i < n, we have
that

[(n,i)]={m e N:m >i} x {i},

and so Theorem 5.1 allows us to assert that S is the direct sum of the family of
the B-superideals
S= P (Sinin)o ® (Siminh),
[(n,9)]
where (S[(n,i)])o = @ Fegkvi and (S[(n,i)])l = @ F62k_1,i.
{keN:2k>4} {keN:2k—1>4}

As in the case of set-graded triple systems (see Section 4), we can introduce
the concepts of division grading and, the weaker one, of weak-division grading in
the framework of supertriple systems admitting a multiplicative basis as follows:
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Definition 5.3. A multiplicative basis B = {e,}pex of S is called a multi-
plicative division basis if for any u, v, w,z € ¥ such that 0 # (e, €y, €y) € Fey,
we have e, € (e;,S,S5), ey, € (S,e,,S) and ey, € (S, S, e).

Definition 5.4. A multiplicative basis B = {e,}pex of S is called a multiplica-
tive weak-division basis if for any w,v,w,x € ¥ such that 0 # (ey, €y, €) € Fey,
there exist s; €%, 1<i<6, such that 0#£ (e, €s,, €s,) EFey, 0# (€5, €2, €5,) EFe,
and 0 # (e, €54, €2) € Fey,.

Theorem 5.2 (a Second Wedderburn-type theorem). Let & = Sy @ S1 be
a supertriple system admitting a multiplicative weak-division basis B = {ep}pes.
Then
§ = (80 ® (Sa))
€l
is the direct sum of the family {(Sa)o ® (Sa)1}acq of all its nonzero B-simple
B-superideals.

PRrROOF. If we consider the decomposition of § given by Theorem 5.1, we have
to show that any superideal Sy, (see equation (10)) is B-simple. But observe that
S is a supertriple system admitting a multiplicative weak-division basis which
gives us that the f-triple X is a division f-triple. Indeed, if we take 7,5, k,r € &
such that f(i,j, k) = r, then 0 # (e;, e, e) € Fe, (see equation (8)). From here,
0 # ¢ € (e,S,S), and so there exist s,t € ¥ such that 0 #£ e; € F(e,,eq,e4)
(because the basis is multiplicative), which implies f(r,s,t) = ¢. That is, i €
f(r,X,%). In a similar way, we get j € f(X,r, %) and k € f(X,%,r). Hence &
is a division f-triple. From here, Theorem 3.2 gives us that any [u] € (X)/ ~ is
a simple ideal of the f-triple X.

Now, let us observe that the simplicity of the ideal [u], in the f-triples sense,
implies the B-simplicity of the superideal Sp,) of S. Indeed, if we consider any

3 =(PFe,

JjeJ

nonzero B-superideal

of S, where () # J C [u], then we have for any j € J and k,h € [u] that
(ej,ex,en) € J, and so either f(j,k, h) = € (when (e;, ex,en) =0) or f(j,k,h) € J
(when (e;, e, ep) # 0). From here, f(J,[u],[u]) C JU{e}. In a similar, way we
get f([u], J, [u]) U f([u],[u],J) C JU{e}, and so J is a nonempty ideal of [u].
Consequently, J = [u], and then

1=PS;=Su-

jeJ
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We conclude that any of the superideals Sy, of S is B-simple.

Finally, consider any nonzero B-simple B-superideal S,. Then we can write

S, = @Fej
jeJ

for ) # J C X. Then we can fix some j € J, such that e; € S,. We also have
that j € [u] for some [u] € ¥/ ~. Hence 0 # e; € S, N Spyy, since S, N Sy is
a nonzero B-superideal of S, we get by B-simplicity that S, N S},) = S, and that
Sa NSy = Spyj- From here, S, = Sp,j, and so any nonzero B-simple B-superideal
S, appears in the decomposition given in Theorem 5.2. ([l

6. Arbitrary algebraic pairs with a set grading

In this section, we will apply the results obtained in Sections 2 and 3 to the
study of the structure of arbitrary algebraic pairs graded by a pair of nonempty
arbitrary sets (I, 17).

As in the previous section, we will denote by (V+, V™) an arbitrary algebraic
pair in its widest sense. That is, there are not restrictions on the dimension of
both linear spaces or on the base field F, and any identity on the triple products
(associative, Jordan, alternative Lie, etc.) is not supposed. That is, (V*,V7) is
just a pair of linear spaces, over the same base field F, endowed with two trilinear
maps (-,-, )T : VT x V™ x VT 5 VT and ()7 : V" x VT x V™ — V™ called
the triple products of (V¥ V7).

Definition 6.1. Let (VT,V7) be an algebraic pair, and I, I~ two (non-
empty) sets. We say that (VT,V7) is graded by the pair of sets (I, 17) if

v-@u. v -@v.
i€l jeI—
where any V;r and V" are linear subspaces of VT and V™, respectively, satisfying
that for any z,y € I7 and j € 77, with o € {£1}, either (V7,V;7,V7)7 = {0}
or {0} # (V7,V;7,Vy7)? C V7 for some (unique) z € I7.

The pair of sets (X7+,X;-), where Xj0 := {i € I? : V7 # {0}}, for 0 € {£1},

is called the support of the graduation.

We recall (see [14]) that an ideal of a graded pair (V*,V7) is a couple of
linear subspaces (UT,U ™), with any U C V7, in such a way that

<UO'7V_U7V(T>U + <VU7U_U’V(T>U + <VO-7V_U,Z/{O'>O' C uU
for any o € {+}.
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Definition 6.2. A homogeneous-ideal of a graded pair (V*,V7), by the pair
of sets (I, I7), is a couple of linear subspaces, (U™,U ™), where any U? is of the
form U7 = @ V7 with J7 C 17, and satisfying

jeJe
<ua" V—07 VU>G' + <]/Ci'7z/[—a‘7 VU>0‘ _|_ <Vo" V_U,Z/{U>a C uo‘
for any o € {£}. A graded pair (V*, V™) will be called homogeneous-simple if its
only homogeneous-ideals are ({0},{0}) and (V*,V7).

Let us fix (VT,V7) an algebraic pair graded by the pair of sets (IT,17). By
renaming the elements of IT and I~ if necessary, we can suppose IT NI~ = (.
Hence, from now on we will always assume that 1™ NI~ = (.

If we denote by X := ¥+ UX;- and fix an element ¢ ¢ 3, then we can define
on ¥ the augmented ternary map

[ E2xExE=>XU{e}

as follows:
* Givenz,y € ¥rs and j € 1o, then f(z,j,y) = 2 if {0} # (V7,V;7,Vy)° C
V7 for some z € X0, 0 € {£1}.
o f(z,4,y) = ¢, otherwise.
Taking now into account Theorem 2.1, we can write
Y= U (%],
klex/~
in such a way that
f(ELE X)) U f(E, [k, D) U f(5, 5, [k]) C [k] U {e}. (11)
If for any [k] € £/ ~ we introduce the subpair of (V*,V7) given by
Vv =( @ v B ).
z€[k]NE, + ye[kINS, -

equation (11) gives us that it is an ideal of (V*, V7).
An algebraic pair (V1,V7) is said to be the orthogonal direct sum of a family

of subpairs {(U}, U ) }aca if V7 = @ UJ and
ac

U, V=2,Ug)” + (V7,U, 7 UG)” + U, Ug 7, V)7 = {0},
when a # 8, 0 € {£}.

Taking now into account (V*,V7) = ( D V', b V;), we can assert:
1€, 4 JEX -
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Theorem 6.1. Let (W1, V™) be an algebraic pair graded by the pair of sets
(I",I7). Then (V*,V™) decomposes as the orthogonal direct sum

vroy)= D VgV

[k]6(21+ UEI* )/N

where any (V[Z],V[;]) is a homogeneous-ideal of (V*, V7).

As in the cases of set-graded triple systems (Section 4) and supertriple sys-
tems with multiplicative bases (Section 5), we can introduce the concept of divi-
sion grading and the weaker concept of weak-division grading, in the framework
of set-graded algebraic pairs, as follows:

Definition 6.3. A grading on (V*,V7) = ( @DV D V;) is called a di-

ielt jeI—
vision grading if for any z, z,t € Xj- and y € X;-- such that

{0} # V7,V 7,V VY,

we have V7 C(V7, V77, V)7, V2 C(V=7, V7, V77)77 and VI C(V7, V77, V)7,
for any o € {£1}.
Definition 6.4. A grading on (V*,V7) = ( @ Vi & VJ_) is said to be
iel+ jeI-
a weak-division grading if for any z, z,t € ;- and y € ¥;-- such that

{0} # (VI V, 7. V) VY,

there exist s1, 53,54, 56 € X7 and s2, 55 € X7 such that {0} # (V7, V7,V )7 C

51 7

Ve, {0} # (Vo7, Ve, Vo)~ C V7 and {0} # (VI V57, V7)7 C V2.

53 0
Proposition 6.1. The following assertions hold:

(1) Let (V*,V7) be an algebraic pair with a division grading. Then this grading
is a weak-division grading.

(2) Let (V*,V7) be an algebraic pair with a weak-division grading. Then the
f-triple ¥ is a division f-triple.

PROOF. (1) Let us take z,z,t € ¥y- and y € X such that {0} # (V7,V, 7,
VZ)y? C V7. Since we have a division grading, we get V7 C (V7, V™7, V7)7  and
so, because of the grading, there exist s;1 € X;-- and s € 3o such that {0} #
V7, V5.7, V2)7 € V. In a similar way, we get that there exist s3, 54,56 € X7
and s5 € X7 satisfying 0#£ (V.. 7, V7, V;,7) 77 CV, 7 and 0# (VZ, V7, V7)7 C V7.
We have shown that the grading is a weak-division grading.
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(2) Let us take z,y,z € Yo and j € X;-- such that f(z,j,y) = z, then
{0} # (V7,V;7,Vy)? C V7. Taking now into account that we have a weak-
division grading, we can assert that there exist s1, s3, 54, 56 € X7 and sg, s5 € 27
such that {0} # (V7,V 7, V7)) C V7, {0} # (V7. V7, V..7)77 C V; 7 and
{0}y # (VZ,V.,7, V)7 C V7. From here, x € f(2,%,%), j € f(%,2%) and
y € f(%,%,2). Hence X is a division f-triple. O

Theorem 6.2 (a Second Wedderburn-type theorem). Let (V*,V~) be an
algebraic pair with a weak-division grading. Then

Vtv) =i,

acl)

is the orthogonal direct sum of the family {(V}, V7 )} aecq of all its nonzero
homogeneous-simple homogeneous-ideals.

PRrOOF. If we consider the decomposition

vty = D Vv

[k]G(EI+QZI,)/N

given by Theorem 6.1, the fact that the algebraic pair (V*,V~) has a weak-
division grading gives us, by Proposition 6.1-(2), that the f-triple ¥ = ¥+ UX;- is
a division f-triple. From here, Theorem 3.2 allows us to assert that any [k] € £/ ~
is a simple ideal of the f-triple X.

Now, let us observe that the simplicity of the ideal [k], in the f-triples sense,
implies that the homogeneous-ideal (V[J,g], VU:]) of (V*,V7) is homogeneous-simple.
In fact, if we consider any nonzero homogeneous-ideal

wrw)=( v, dv)

jeJt peJ—

of W+, V™), with § # J? C [k] N e for o € {£}, then we have for any r € J7,
s € k]NX;-- and ¢t € [k] N Xso that VI, V77,V 7)7 C W7, and so either
f(rys,t) =€ (if V7, V77, V%) ={0}) or f(r,s,t) € J7 (if V7, V57,V %) #
{0}). From here, f(J°,[k]|NX[-o, [k]NZ1e) C J7 U{e}. In a similar way, we get
FfkINZ =0, J7, [kK]NE[-0) C J7U{e} and f([k]NZ1e, [E]NZ[-0, J7) C J7U{e}.
So J := Jt U J™ is a nonempty ideal of [k]. Consequently, J = [k], and then
J? = [k]NXe for 0 € {£}. Hence (W, W™) = (VE,Z],V[;]). We have proved that
any of the homogeneous-ideals (V[J,g] , V[,:]) in the decomposition of Theorem 6.2 is
homogeneous-simple.
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Finally, consider any nonzero homogeneous-simple homogeneous-ideal

viva) =( PV, @)
jeg+ keJ-
of (WT,V7), where J° C Xjo for 0 € {+}. Then we can fix some j € J° such
that {0} # V7 C V7. Since j € [j] N X1-, we have {0} # V7 C V. From here,
Vi vy)n (V[';.'],V[;]) # ({0},{0}) with (VI,V,) and (V[',E],V[;]) homogeneous-
simple homogeneous-ideals of (V],V.). Hence (VI,V)) = (V[Z],V[;]), and so
any nonzero homogeneous-simple homogeneous ideal of (V}, V. ) appears in the
decomposition given in Theorem 6.2. (]

Ezample 6.1. Consider the 5-dimensional F-linear space V' with basis
{e1,e2,...,e5}, and the 3-dimensional F-linear space ¥V~ with basis {uj, us, us}.
Let us define the triple products (-,-,-) : V7 x V77 x V7 — V7 as the ones
determined by the nonzero products among the elements of the bases:

(e1,ur,e1)t =e1 + ea,

<62,U2,€2>+ = €1, <UI’627U2>, i v,

+ and (ug,es,u1)” = uq,
(e3,us,e4)" = e3 + ey, (us, €3, 1)~ = us
<€5,U1,€5>+ = €5 Y

Then (VT,V7) becomes an algebraic pair with a weak-division grading
VE=VieVieViand Vv =V, oV,

where V| = span{ei, ea}, V7 = span{es, eq}, VI = span{es}, V; = span{uy,us}
and V. = span{us}. In order to verify this is a weak-division grading, observe
that we have {0} # (VF,V;, V)T C VI but also {0} # (V. V5, V)~ C V.
Also observe that {0} (V,7, V., V,1) T CV,F, and also {0} (V. , V7, V)~ C V..
Finally, we have {0} # (VI V;, V)T Cc VI and {0} # (V. VS, V)~ C V.

We easily have that [a] = {a,c,d} and [b] = {b, e}, and so, by Theorem 6.2,
we can assert that (VT,V7) is the orthogonal direct sum of the family of its
homogeneous-simple homogeneous-ideals

(VJravi) = (V[—g]vv[;]) D (Vrl;]av[Z])a
where V[t] = span{ey, ea, €5}, V[;] = span{uy, us}, V[+b] = span{es, es} and V[g] =
span{us}.
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