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Augmented ternary maps, their applications to set-graded
arbitrary triple systems, and more applications
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Abstract. Let A be a non-empty set. An augmented ternary map over A is any

map

f : A× A× A→ A ∪ {ε}

with ε /∈ A. We show that any augmented ternary map f over A induces a decomposition

on A as the orthogonal disjoint union of well-described ideals. If (A, f) is furthermore

a division f -triple, it is shown that the above decomposition is through the family of

its simple ideals. We apply these results to different ternary structures with gradings,

getting structural theorems analogous to the second Wedderburn classical theorem.

1. Introduction and preliminary definitions

We are motivated by the observation that when we have a ternary struc-

ture with some type of grading (decomposition compatible with the product),

a complete knowledge of the grading set will imply some structural theorems of

the graded ternary structure. Following this idea, we consider an arbitrary non-

empty set, which will play later the role of a grading set, and endow it with a new

structure called f -triple. Then we study this new structure so as to obtain several

decomposition results.
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Later, when we consider some ternary structure with a grading, we will treat

the grading set as an adequate f -triple. All of the information previously ob-

tained for f -triples will be translated into structural theorems of the initial graded

ternary structure. These theorems follow the spirit of the the second Wedderburn

theorem for associative algebras (which asserts that any finite-dimensional asso-

ciative semisimple algebra, over a base field F, is isomorphic to a direct sum

k⊕
i=1

Mni(Di),

where ni are natural numbers, Di are finite dimensional division algebras over F,

and Mni(Di) is the associative algebra of ni × ni matrices over Di, see, for

instance, [11, pp. 137–139]).

The paper is organized as follows. In Section 2, we develop techniques of

connections among the elements of an f -triple A, so as to show that A is the

orthogonal (disjoint) union of a family of ideals {Ii : i ∈ I}. That is,

A =
⋃̇
i∈I

Ii

in such a way that

f(Ii,A,A) ∪ f(A, Ii,A) ∪ f(A,A, Ii) ⊂ Ii ∪ {ε}

and

f(A, Ii, Ij) = f(Ii,A, Ij) = f(Ii, Ij ,A) = {ε},

when i 6= j for i, j ∈ I. In Section 3, it is shown that if, furthermore, A is a division

f -triple, then the above decomposition is through the family of its simple ideals.

Sections 4, 5 and 6 are devoted to apply the results obtained in Sections 2

and 3 to the structure theory of graded triple systems, of supertriple systems ad-

mitting a multiplicative basis and of graded algebraic pairs, respectively. We have

to note that these algebraic objects are considered in their widest sense. That is,

there is not any restriction on their dimensions, on the base field, on the identities

satisfied by their triple products, or on the grading sets.

In Section 4, it is proved that any set-graded triple system T can be expressed

as the orthogonal direct sum

T =
⊕
j

Ij ,

where any Ij is a well-described homogeneous-ideal of T . If, furthermore, the

grading is a weak-division grading, a characterization of the homogeneous-
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simplicity of T is given, and it is shown that T is the orthogonal direct sum

of the family of its minimal homogeneous-ideals, each one being a homogeneous-

simple triple system. From here, these results extend and provide a common

framework to the ones obtained for Lie triple systems, twisted inner derivation

triple systems, 3-Lie algebras and Leibniz triple systems given in [3], [6]–[7] and

[9]–[10].

In Sections 5 and 6, structure theorems similar to the above ones are given

for graded triple systems, and as consequence of the results on augmented ternary

maps obtained in Sections 2 and 3, also for the classes of arbitrary supertriple

systems admitting a multiplicative basis, and of set-graded arbitrary algebraic

pairs, respectively.

Finally, we note that the present paper is also an extension of the techniques

and results obtained for extended magmas in [4] to a ternary setup.

Definition 1.1. Let A be a non-empty set, and ε /∈ A an external element

to A. Any map

f : A× A× A→ A ∪ {ε}

is called an augmented ternary map on A. We will also say that A is an f -triple.

Definition 1.2. Let A be an f -triple. A subset S of A is called a subtriple

of A if for any x, y, z ∈ S, we have that f(x, y, z) ∈ S ∪ {ε}. A subtriple I of A is

called an ideal if f(I,A,A) ∪ f(A, I,A) ∪ f(A,A, I) ⊂ I ∪ {ε}.

Definition 1.3. Let A be an f -triple. We say that A is simple if its only ideals

are ∅ and A.

Definition 1.4. Let f : A×A×A→ A ∪ {ε} be an augmented ternary map,

and {Bi : i ∈ I} a family of pairwise disjoint subsets of A such that

A =
⋃̇
i∈I
Bi.

Then we say that A is the orthogonal union of the {Bi : i ∈ I} if for any i, j ∈ I,

with i 6= j, we have f(A, Bi, Bj) = f(Bi,A, Bj) = f(Bi, Bj ,A) = {ε}.

2. Connections in A techniques

From now on and throughout the paper, A will denote an f -triple. We will

also denote by P(A) the power set of A, and by S3 the group of all permutations

of three elements.
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For each x ∈ A, a new variable x /∈ A is introduced, and we denote by

A := {x : x ∈ A}

the set consisting of all these new symbols. We will also write (x) := x ∈ A.

Given any σ ∈ S3, we define

uσ : A× A× A→ P(A) and vσ : A× A× A→ P(A)

as

uσ(x1, x2, x3) =

{
∅, if f(xσ(1), xσ(2), xσ(3)) = ε,

{f(xσ(1), xσ(2), xσ(3))}, if f(xσ(1), xσ(2), xσ(3)) ∈ A,

and

vσ(x, y2, y3) = {y1 ∈ A : x ∈ uσ(y1, y2, y3)}.

Now we consider the following operation:

µ : A× (A ∪̇ A)× (A ∪̇ A)→ P(A),

given by

• µ(x, y, z) :=
⋃
σ∈S3

uσ(x, y, z), for any x, y, z ∈ A;

• µ(x, y, z) :=
⋃
σ∈S3

vσ(x, y, z), for any x ∈ A and any y, z ∈ A;

• µ(x,A,A) = µ(x,A,A) = ∅.
Now, we also consider the mapping

φ : P(A)× (A ∪̇ A)× (A ∪̇ A)→ P(A) (1)

defined as

φ(U, y, z) :=
⋃
x∈U

µ(x, y, z).

Remark 2.1. Let us observe that µ(x1, x2, x3) = µ(xσ(1), xσ(2), xσ(3)) for any

σ ∈ S3 and any x1, x2, x3 ∈ A. We also have that µ(x, y, z) = µ(x, z, y) for any

x, y, z ∈ A.

From here, we can assert that

(1) For any y, z ∈ A ∪̇ A and U ∈ P(A),

φ(U, y, z) = φ(U, z, y).
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(2) For any x1, x2, x3 ∈ A and σ, δ ∈ S3,

φ({xσ(1)}, xσ(2), xσ(3)) = φ({xδ(1)}, xδ(2), xδ(3)).

Lemma 2.1. Let a, b ∈ A. For any x, y ∈ A ∪̇ A, we have that a ∈ µ(b, x, y)

if and only if b ∈ µ(a, x, y).

Proof. Suppose a ∈ µ(b, x, y), and let us distinguish two cases.

First, if x, y ∈ A, then there exists σ ∈ S3 such that a ∈ uσ(b, x, y), and so

b ∈ vσ(a, x, y) ⊂ µ(a, x, y). Second, if x, y ∈ A, then there exists σ ∈ S3 such that

a ∈ vσ(b, x, y), and so b ∈ uσ(a, x, y) ⊂ µ(a, x, y).

Finally, note that the converse can be proved similarly. �

Lemma 2.2. Let a ∈ A, x, y ∈ A ∪̇ A and U ∈ P(A). Then a ∈ φ(U, x, y) if

and only if φ({a}, x, y) ∩ U 6= ∅.

Proof. Let us suppose a ∈ φ(U, x, y). Then, there exists b ∈ U such that a ∈
µ(b, x, y). By Lemma 2.1, b ∈ µ(a, x, y) ⊂ φ({a}, x, y). So b ∈ φ({a}, x, y)∩U 6= ∅.

The converse can be proved in a similar way. �

Definition 2.1. For any x, y ∈ A, we say that x is connected to y if

• either x = y or

• there exists a subset {a1, a2, . . . , a2n} ⊂ A ∪̇ A, n ≥ 1, such that the following

conditions hold:

(1) φ({x}, a1, a2) 6= ∅.
φ(φ({x}, a1, a2), a3, a4) 6= ∅.
...

φ(φ(. . . φ({x}, a1, a2) . . . ), a2n−3, a2n−2) 6= ∅.
(2) y ∈ φ(φ(. . . φ({x}, a1, a2) . . . ), a2n−1, a2n).

In this case, the subset {a1, . . . , a2n} is called a connection from x to y.

Lemma 2.3. Let {a1, . . . , a2n} be a connection from x to y, for some x, y ∈ A

with x 6= y. Then the set {a2n, . . . , a1} is a connection from y to x.

Proof. Let us prove it by induction on n.

For n = 1 we have that y ∈ φ({x}, a1, a2). It means (see equation (1))

that y ∈ µ(x, a1, a2), so, by Lemma 2.1, x ∈ µ(y, a1, a2) ⊂ φ({y}, a2, a1). Hence

{a2, a1} is a connection from y to x.
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Suppose now that the assertion holds for any connection with 2n elements,

and let us show that this assertion also holds for any connection

{a1, a2, . . . , a2n, a2n+1, a2n+2}

with 2n+ 2 elements.

Let us write U := φ(φ(. . . φ({x}, a1, a2) . . . ), a2n−1, a2n). Taking into account

Definition 2.1, we have that y ∈ φ(U, a2n+1, a2n+2). Then, by Lemma 2.2, we get

φ({y}, a2n+1, a2n+2) ∩ U 6= ∅,

and so we can take z ∈ U such that

z ∈ φ({y}, a2n+1, a2n+2). (2)

From the fact z ∈ U , we also have that {a1, a2, . . . , a2n−1, a2n} is a connection

from x to z. Hence

{a2n, a2n−1, . . . , a2, a1}

connects z with x. From here and equation (2), we conclude that

x ∈ φ(φ(. . . φ(φ({y}, a2n+2, a2n+1), a2n, a2n−1) . . . ), a2, a1).

We have shown that {a2(n+1), a2(n+1)−1, . . . , a2, a1} is a connection from y

to x, which completes the proof. �

Proposition 2.1. The relation ∼ in A, defined by x ∼ y if and only if x is

connected to y, is an equivalence relation.

Proof. The reflexive and symmetric character of ∼ are given by Defini-

tion 2.1, and Lemma 2.3, respectively.

Hence, let us verify the transitivity of ∼. Consider x, y, z ∈ A such that x ∼ y
and y ∼ z. If either x = y or y = z, it is clear that x ∼ z. So, let us suppose x 6= y

and y 6= z. Then we can find connections {a1, . . . , a2m} and {b1, . . . , b2n} from

x to y and from y to z, respectively, being clear that {a1, . . . , a2m, b1, . . . , b2n}
is a connection from x to z. So ∼ is transitive and consequently an equivalence

relation. �

Notation 2.2. By the above Proposition, we can introduce the quotient set

A/ ∼:= {[a] : a ∈ A},

where [a] denotes the set of elements in A which are connected to a.
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Proposition 2.2. For any a ∈ A, [a] is an ideal of A.

Proof. We need to check that f([a],A,A) ∪ f(A, [a],A) ∪ f(A,A, [a]) ⊂
[a] ∪ {ε}.

Let x ∈ [a] and y, z ∈ A:

• If f(x, y, z) 6= ε, then f(x, y, z) = w1 ∈ A. That is, w1 ∈ φ({x}, y, z).
• If f(y, x, z) 6= ε, then f(y, x, z) = w2 ∈ A. That is, w2 ∈ φ({y}, x, z).
• If f(y, z, x) 6= ε, then f(y, z, x) = w3 ∈ A. That is, w3 ∈ φ({y}, z, x).

Taking into account that φ({x}, y, z) = φ({y}, x, z) = φ({y}, z, x) (see Re-

mark 2.1-(2)) we have that, in any case, the set {y, z} is a connection from x

to wi with i ∈ {1, 2, 3}. By transitivity, [w1] = [w2] = [w3] = [a], and then

f(x, y, z), f(y, x, z), f(y, z, x) ∈ [a], as we wanted to prove. �

Theorem 2.1. Let A be an f -triple. Then

A =
⋃̇

[a]∈A/∼

[a]

is the orthogonal (disjoint) union of the family of the ideals {[a] : [a] ∈ A/ ∼}.

Proof. By Propositions 2.1 and 2.2, we have just to show the orthogonality

of the union.

Let us suppose that there exist [a], [b] ∈ A/ ∼ with [a] 6= [b] such that

f(A, [a], [b]) ∪ f([a],A, [b]) ∪ f([a], [b],A) 6= {ε}.

That is, there exist some x ∈ A, a′ ∈ [a] and b′ ∈ [b] such that

f(x, a′, b′) ∈ A or f(a′, x, b′) ∈ A or f(a′, b′, x) ∈ A.

In any case, there exists y ∈ A such that y ∈ φ({a′}, b′, x) = φ({b′}, a′, x).

Then the set {b′, x, x, a′} is a connection from a′ to b′. Consequently, [a] = [b],

a contradiction. �

Corollary 2.1. If A is simple, then any couple of elements in A are con-

nected.

Proof. The simplicity of A applies to get that [a] = A for some [a] ∈ A/ ∼,

and so any couple of elements in A are connected. �
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3. Division f-triples

In this section, we show that if an f -triple A is furthermore a division f -triple,

then we can characterize the simplicity of A in terms of a connectivity property,

and that the decomposition of A given in Theorem 2.1 is actually through the

family of its simple ideals, stating so a second Wedderburn-type theorem for this

class of f -triples.

Definition 3.1. We say that an f -triple A is a division f -triple if for any

a, x, y, z ∈ A such that f(x, y, z) = a, it holds that x ∈ f(a,A,A), y ∈ f(A, a,A)

and z ∈ f(A,A, a).

Definition 3.2. The center of an f -triple A is the set

Z(A) = {x ∈ A : f(x,A,A) ∪ f(A, x,A) ∪ f(A,A, x) = {ε}}.

Proposition 3.1. Let A be a division f -triple. Then [x] = {x}, for any

x ∈ Z(A).

Proof. Let us fix some x ∈ Z(A), and suppose there exists some y ∈ [x]

with x 6= y. Then we could find a connection {a1, a2, ..., a2n} ⊂ A ∪̇ A from x

to y satisfying, in particular, that φ({x}, a1, a2) 6= ∅. So let us distinguish the two

possible situations. In the first one, a1, a2 ∈ A, and so uσ(x, a1, a2) 6= ∅ for some

σ ∈ S3, but uσ(x, a1, a2) = ∅ for any σ ∈ S3, as a consequence of x ∈ Z(A), a con-

tradiction. In the second possibility, a1, a2 ∈ A, then we would have that there

exists some σ ∈ S3 such that vσ(x, a1, a2) = {z ∈ A : uσ(z, a1, a2) = {x}} 6= ∅.
Suppose σ = 1, then there exists z ∈ A satisfying f(z, a1, a2) = x. However, since

A is a division f -triple, z ∈ f(x,A,A) = {ε}, a contradiction. The same argument

holds for any σ ∈ S3 and so we have shown that [x] = {x}. �

Theorem 3.1. Let A be a division f -triple. Then A is simple if and only if

A has all of its elements connected.

Proof. The first implication is Corollary 2.1. To prove the converse, con-

sider a (nonempty) ideal I of A, and fix some x0 ∈ I.

Let us show that if {a1, . . . , a2n} is any connection from x0 to some y ∈ A,

then for any

z ∈ φ(φ(· · ·φ({x0}, a1, a2) . . . ), a2n−1, a2n),

we have that z ∈ I.

In the case n = 1, we get z ∈ φ({x0}, a1, a2), and so z ∈ µ(x0, a1, a2).

If a1, a2 ∈ A, then z ∈ {f(x0, ai, aj), f(ai, x0, aj), f(ai, aj , x0) : i 6= j ∈ {1, 2}}.
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Otherwise, if a1, a2 ∈ A, then x0 ∈ {f(z, ai, aj), f(ai, z, aj), f(ai, aj , z) : i 6=
j ∈ {1, 2}} and, by the division property of A, we have that z ∈ f(x0,A,A) ∪
f(A, x0,A) ∪ f(A,A, x0). So, taking into account x0 ∈ I, we get z ∈ I as

wished. That is, φ({x0}, a1, a2) ⊂ I. Now, by induction on n, it is clear that

φ(φ(· · ·φ({x0}, a1, a2) . . . ), a2n−1, a2n) ⊂ I.

Given any y ∈ A, we know that x0 is connected to y, and so there exists

a connection {a1, . . . , a2n} from x0 to y. The above observation shows y ∈ I, and

so I = A. �

The below example illustrates that the division condition is necessary in

Theorem 3.1.

Example 3.1. Consider the f -triple A := C⊕C\{(0, 0)}, where f : A×A×A→
A∪{ε}, for ε = (0, 0), is defined as f((x1, x2), (y1, y2), (z1, z2)) = (x1y1z1, x2y2z2).

We have that A has all of its element connected. This is the consequence of

the fact that for any 0 6= x ∈ C and y ∈ C, the element (x, y) is connected to (1, 0)

through the connection {(x−1, 0), (1, 0)}, and to (0, 1) through the connection

{(x, y), (1, 1), (0, 1), (0, 1)} (in particular (1, 0) ∼ (0, 1)), and the fact that (y, x)

is connected to (0, 1) through the connection {(0, x−1), (0, 1)}.
However, A is not a simple f -triple, since, for instance, I := (C \ {0})⊕ {0}

is an ideal of A.

This is possible because A is not a division f -triple, as we can verify by taking

any x1, x2, y1, y2, z1 6= 0 and observing f((x1, x2), (y1, y2), (z1, 0)) = (x1y1z1, 0)

but

(x1, x2) /∈ f((x1y1z1, 0),A,A).

Theorem 3.2 (Second Wedderburn Theorem). Let A be a division f -triple.

Then

A =
⋃̇
i∈I

Ii

is the orthogonal (disjoint) union of the family {Ii}i∈I of all its nonempty simple

ideals.

Proof. By Theorem 2.1 we have that

A =
⋃̇

[a]∈A/∼

[a]

is the orthogonal (disjoint) union of the family of the ideals [a] ∈ A/ ∼. From

here, we can consider the map

f |[a] : [a]× [a]× [a]→ [a] ∪ {ε}.
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We have that [a] is a division f |[a]-triple. Indeed, given x, y, z, b ∈ [a] in such

a way that f |[a](x, y, z) = b, there exist t, u ∈ A satisfying x = f(b, t, u). Since

the sets {b, u} and {b, t} give us, respectively, that x ∼ t and x ∼ u, we get

[t] = [u] = [x] = [a]. That is, x ∈ f |[a](b, [a], [a]). In a similar way, we can show

y ∈ f |[a]([a], b, [a]) and z ∈ f |[a]([a], [a], b) to conclude that [a] is a division f |[a]-

triple. Observe also that, by taking into account Remark 2.1-(2) and Lemma 2.2,

it is easy to get that [a] has all of its elements connected through elements in

[a]∪̇[a]. Hence, we can apply Theorem 3.1 to conclude that any [a] is simple.

From here, the above decomposition satisfies the assertions of the theorem.

Finally, consider any nonempty simple ideal I of A. Then we can fix some

x ∈ I, and so x ∈ I ∩ [x]. Since ∅ 6= I ∩ [x] is an ideal of I, and also an ideal

of [x], we get I∩ [x] = I = [x], and so any nonempty simple ideal I of A appears

in the decomposition given in Theorem 2.1. �

4. Set-graded arbitrary triple systems

In this section, we will apply the results given in Sections 2 and 3 to the

study of the structure theory of set-graded triple systems. We note that our triple

systems T will be considered in their widest sense. That is, there is not any

restriction on their dimensions, on the base field, on the identities satisfied by

their triple products, or on the grading sets.

So, let us denote by T an arbitrary triple system in the sense that there

are not restrictions on the dimension of the triple system or on the base field F,

and that any identity on the triple product (associative, alternative, Lie, Leibniz,

Jordan, etc.) is not supposed. That is, T is just a linear space over F endowed

with a trilinear map

〈·, ·, ·〉 : T × T × T → T
(x, y, z) 7→ 〈x, y, z〉

called the triple product of T .

In the literature, we can find many references on different classes of triple

systems, like the ones of associative triple systems, Lie triple systems, Leibniz

triple systems, alternative triple systems or Jordan triple systems. These classes

are defined in function of the identities satisfied by their triple products. For

instance, a Lie triple system is a triple system (T , 〈·, ·, ·〉) satisfying

• 〈x, x, y〉 = 0,

• 〈x, y, z〉+ 〈y, z, x〉+ 〈z, x, y〉 = 0,
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• 〈x, y, 〈a, b, c〉〉 − 〈a, b, 〈x, y, c〉〉 = 〈〈x, y, a〉, b, c〉+ 〈a, 〈x, y, b〉, c〉,
for any x, y, z, a, b, c ∈ T .

Since we do not impose any condition to the triple products of the triple

systems considered in this section, our results extend and provide a common

development framework to the ones for Lie triple systems, twisted inner derivation

triple systems, 3-Lie algebras and Leibniz triple systems given in [3], [6]–[7] and

[9]–[10].

Definition 4.1. Let (T , 〈·, ·, ·〉) be a triple system, and I a (non-empty) set.

It is said that T is graded by I, if

T =
⊕
i∈I
Ti,

where any Ti is a linear subspace of T satisfying that, for any i, j, k ∈ I, either

〈Ti, Tj , Tk〉 = {0} or {0} 6= 〈Ti, Tj , Tk〉 ⊂ Tr for some (unique) r ∈ I.

We call the support of the grading to the set Σ := {i ∈ I : Ti 6= {0}}.

We also recall that the study of group-graded Lie algebras began in 1933 with

Jordan’s seminal work [13], with the purpose of formalizing Quantum Mechanics.

Since then, many papers describing different physical models through graded Lie

type structures have appeared, proving a remarkable interest on these objects

in the last years, see, for instance, [1]–[2] and [12]. In a natural way, group-graded

Lie triple systems have been introduced and studied in several recent references,

([5], [7]). These studies have been extended to group-graded Leibniz algebras

in [9]–[10]. However, there is not any work concerning Lie or Leibniz triple systems

graded by a non-group set, and also, there is not any paper concerning arbitrary

graded triple systems. In this section, we will consider arbitrary graded triple

systems graded by sets that are not necessarily groups.

Definition 4.2. A homogeneous-ideal of T =
⊕
i∈I
Ti is a linear subspace I of

the form I =
⊕
j∈J
Tj with J ⊂ I, and satisfying

〈I, T , T 〉+ 〈T , I, T 〉+ 〈T , T , I〉 ⊂ I.

For instance (see [6]–[7], [9]–[10]), any graded ideal of a graded triple system

of maximal length is homogeneous. A graded triple system T is called homo-

geneous-simple if its only homogeneous-ideals are {0} and T .

Let us fix a triple system (T , 〈·, ·, ·〉) graded by a nonempty set I,

T =
⊕
i∈I
Ti.
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Consider the support Σ of the grading, some ε /∈ Σ, and introduce the aug-

mented ternary map f : Σ× Σ× Σ→ Σ ∪ {ε} defined by

f(i, j, k) :=

{
ε, if 〈Ti, Tj , Tk〉 = {0},
r, if {0} 6= 〈Ti, Tj , Tk〉 ⊂ Tr.

By Theorem 2.1, we can write Σ =
⋃̇

[i]∈Σ/∼
[i] in such a way that

f([i],Σ,Σ) ∪ f(Σ, [i],Σ) ∪ f(Σ,Σ, [i]) ⊂ [i] ∪ {ε}, (3)

and

f([i], [j],Σ) = f([i],Σ, [j]) = f(Σ, [i], [j]) = {ε}, (4)

when [i] 6= [j]. If for any [i] ∈ Σ/ ∼ we introduce the linear subspace of T given

by

T[i] :=
⊕
k∈[i]

Tk, (5)

equation (3) gives us that T[i] is a homogeneous-ideal of T , while equation (4)

gives us

〈T[i], T[j], T 〉 = 〈T[i], T , T[j]〉 = 〈T , T[i], T[j]〉 = {0},

when [i] 6= [j]. Since

T =
⊕
i∈I
Ti =

⊕
i∈Σ

Ti =
⊕

[i]∈Σ/∼

T[i],

we can assert:

Theorem 4.1. Let T be a triple system graded by a set I. Then there is

a decomposition of T as the direct sum

T =
⊕

[i]∈Σ/∼

T[i],

where any T[i] is a nonzero homogeneous-ideal of T .

We can introduce the concept of division grading (resp. weak-division grad-

ing) for triple systems in a similar way to the concept of division basis (resp.

weak-division basis) for certain classes of algebras (see [8]).
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Definition 4.3. A grading T =
⊕
i∈I
Ti on a triple system T is called a division

grading if for any i, j, k ∈ I such that {0} 6= 〈Ti, Tj , Tk〉 ⊂ Tr, we have that

Ti ⊂ 〈Tr, T , T 〉, Tj ⊂ 〈T , Tr, T 〉 and Tk ⊂ 〈T , T , Tr〉.

A weaker concept can be defined as follows:

Definition 4.4. The grading T =
⊕
i∈I
Ti is called a weak-division grading if for

any i, j, k ∈ I such that {0} 6= 〈Ti, Tj , Tk〉 ⊂ Tr, there exist si ∈ Σ, 1 ≤ i ≤ 6, such

that {0} 6=〈Tr, Ts1 , Ts2〉⊂Ti, {0} 6=〈Ts3 , Tr, Ts4〉⊂Tj and {0} 6=〈Ts5 , Ts6 , Tr〉⊂Tk.

Proposition 4.1. The following assertions hold:

(1) Let T be a triple system with a division grading. Then this grading is a weak-

division grading.

(2) Let T be a triple system with a weak-division grading. Then the f -triple Σ

is a division f -triple.

Proof. (1) Let us take i, j, k ∈ I such that {0} 6= 〈Ti, Tj , Tk〉 ⊂ Tr for some

r ∈ Σ. Since we have a division grading, we get

{0} 6= Ti ⊂ 〈Tr, T , T 〉 =
〈
Tr,
⊕
s∈Σ

Ts,
⊕
t∈Σ

Tt
〉
,

and so (by the grading)

{0} 6= Ti ⊂
∑

{s,t∈Σ:〈Tr,Ts,Tt〉⊂Ti}

〈Tr, Ts, Tt〉.

From here, there exist some s1, s2 ∈ Σ such that {0} 6= 〈Tr, Ts1 , Ts2〉 ⊂ Ti.
In a similar way, we can find sj ∈ Σ, for 3≤j≤6, satisfying {0} 6=〈Ts3 , Tr, Ts4〉⊂Tj
and {0} 6= 〈Ts5 , Ts6 , Tr〉 ⊂ Tk to conclude that the grading of T is a weak-division

grading.

(2) Let us take i, j, k, r ∈ Σ such that f(i, j, k)=r, then {0} 6=〈Ti, Tj , Tk〉⊂Tr.
Taking now into account that we have a weak-division grading, we can assert

that there exist si ∈ Σ, 1 ≤ i ≤ 6, such that {0} 6= 〈Tr, Ts1 , Ts2〉 ⊂ Ti, {0} 6=
〈Ts3 , Tr, Ts4〉 ⊂ Tj and {0} 6= 〈Ts5 , Ts6 , Tr〉 ⊂ Tk. From here, i ∈ f(r,Σ,Σ),

j ∈ f(Σ, r,Σ) and k ∈ f(Σ,Σ, r). We have shown that Σ is a division f -triple. �

We observe that there are triple systems with weak-division gradings which

are not division gradings. For instance, the grading given in Example 4.1 is a weak-

division grading but not a division grading.
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Proposition 4.2. An ideal [i] ⊂ Σ of the f -triple Σ is simple if and only if

T[i] is a homogeneous-simple graded triple system.

Proof. Let us suppose that the ideal [i] ⊂ Σ is simple in the f -triples sense.

If we consider any nonzero homogeneous-ideal I =
⊕
j∈J
Tj of T[i], where ∅ 6= J ⊂ [i],

then we have for any j ∈ J and k, h ∈ [i] that 〈Tj , Tk, Th〉 ⊂ I, and so either

f(j, k, h) = ε (if 〈Tj , Tk, Th〉 = {0}) or f(j, k, h) ∈ J (if 〈Tj , Tk, Th〉 6= {0}). From

here, f(J, [i], [i]) ⊂ J ∪ {ε}. In a similar way, we get f([i], J, [i]) ∪ f([i], [i], J) ⊂
J ∪ {ε}, and so J is a nonempty ideal of [i]. Consequently, J = [i], and then

I =
⊕
j∈J
Tj = T[i].

Conversely, if T[i] is homogeneous-simple and we take some nonempty ideal J

of [i], then we get as above that I :=
⊕
j∈J
Tj is a nonzero homogeneous-ideal of T[i],

and so I = T[i]. Hence J = [i] and [i] is a simple ideal of Σ. �

Remark 4.1. We note, due to Proposition 4.2, that we actually can state a

bijective correspondence from the ideals of [i] to the homogeneous-ideals of T[i].

That is, if T =
⊕
i∈I
Ti is a set-graded triple system and we consider some [i] ∈ Σ/ ∼,

then denoting by F the family of all of the ideals of [i], and by G the family of all

of the homogeneous-ideals of T[i], we can define the map Υ : F → G as

Υ(J) :=
⊕
j∈J
Tj ,

for any nonempty ideal J of [i], and Υ(∅) := {0}. Observe that the fact f(J,Σ,Σ)∪
f(Σ, J,Σ) ∪ f(Σ,Σ, J) ⊂ J ∪ {ε} ensures Υ(J) ∈ G for any J ∈ F . We also have

that Υ is bijective as consequence of [i] ⊂ Σ.

Theorem 4.2 (a Second Wedderburn-type theorem). Let T be a triple sys-

tem with a weak-division grading. Then

T =
⊕
α∈Ω

Tα

is the direct sum of the family {Tα}α∈Ω of all its nonzero homogeneous-simple

homogeneous-ideals.

Proof. By Theorem 4.1, we can write

T =
⊕

[i]∈Σ/∼

T[i], (6)
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where any T[i] (see equation (5)) is a nonzero homogeneous-ideal of T . By Propo-

sition 4.1-(2), the f -triple Σ is a division f -triple. Hence, Theorem 3.1 gives us

that any [i] ∈ Σ/ ∼ is a simple ideal of the f -triple Σ. From here, we get by

Proposition 4.2 that the homogeneous-ideal T[i] is homogeneous-simple.

Furthermore, if we take some nonzero homogeneous-simple homogeneous-

ideal TJ of T , we can write

TJ =
⊕
j∈J
Tj

for ∅ 6= J ⊂ Σ. Then we can fix some j ∈ J , such that Tj ⊂ TJ . Since j ∈ [j], we

have {0} 6= Tj ⊂ TJ ∩ T[j]. Taking now into account that TJ ∩ T[j] is a nonzero

homogeneous-ideal of T , we get by homogeneous-simplicity that TJ ∩ T[j] = TJ
and that TJ ∩T[j] = T[j]. From here, TJ = T[j], and so any nonzero homogeneous-

simple ideal TJ appears in the decomposition given by equation (6). �

Example 4.1. Consider the linear space T = F5 in which we define the triple

product
〈(x1, x2, x3, x4, x5), (y1, y2, y3, y4, y5), (z1, z2, z3, z4, z5)〉
= (x5y5z5, x5y5z5, x3y3z3 + x3y3z4 + x4y4z3 + x4y4z4,

x3y3z3 + x3y3z4 + x4y4z3 + x4y4z4, x1y1z1).

Then T becomes a triple system with a weak-division grading

T = Ta ⊕ Tb ⊕ Tc,

where Ta = {(x, y, 0, 0, 0) : x, y ∈ F}, Tb = {(0, 0, x, y, 0} : x, y ∈ F}} and

Tc = {(0, 0, 0, 0, x) : x ∈ F}.
In order to verify this is a weak-division grading, observe that the only

nonzero products among the homogeneous components are {0} 6= 〈Ta, Ta, Ta〉⊂Tc,
{0} 6= 〈Tb, Tb, Tb〉 ⊂ Tb and {0} 6= 〈Tc, Tc, Tc〉 ⊂ Ta. From here, it is clear that we

have a weak-division grading.

It is straightforward to verify that [a] = {a, c} and [b] = {b}, and so, by The-

orem 4.2, T is the direct sum of its family of homogeneous-simple homogeneous-

ideals

T = T[a] ⊕ T[b]

with T[a] = {(x, y, 0, 0, z) : x, y, z ∈ F} and T[b] = {(0, 0, x, y, 0) : x, y ∈ F}.
We finally note that, although we have a weak-division grading, this grading

on T is not a division grading. Indeed,

{0} 6= 〈Ta, Ta, Ta〉 ⊂ Tc,

but Ta * 〈Tc, T , T 〉 (consider, for instance, (−1, 1, 0, 0, 0) ∈ Ta).
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5. Arbitrary supertriple systems with a multiplicative basis

In this section, we will apply the results achieved in Sections 2 and 3 to the

study of the structure of arbitrary supertriple systems with a multiplicative basis.

We will denote by S = S0 ⊕ S1 an arbitrary supertriple system in its widest

sense. That is, there are not restrictions on the dimension of the supertriple

system or on the base field F, and any superidentity on the triple product (su-

perassociative, superalternative, superLie, superJordan, superLeibniz, etc.) is not

supposed.

That is, S is just a linear space over F, which can be written as the direct

sum of two linear subspaces

S = S0 ⊕ S1,

and it is endowed with a trilinear map

〈·, ·, ·〉 : S × S × S → S
(x, y, z) 7→ 〈x, y, z〉

called the triple product of S, such that 〈Si,Sj ,Sk〉 ⊂ Si+j+k, for any i, j, k ∈ Z2.

Let us recall that a supersubtriple I of a supertriple system S is the direct

sum of two linear subspaces I = I0 ⊕ I1 with I0 ⊂ S0 and I1 ⊂ S1 that becomes

a supertriple system with the triple product of S restricted to I. We also say that

a supersubtriple I is a superideal of S if 〈I,S,S〉+ 〈S, I,S〉+ 〈S,S, I〉 ⊂ I.

Observe that by fixing bases {ep}p∈Σ0
and {eq}q∈Σ1

of S0 and S1 respectively,

and by renaming if necessary, we have that {ep}p∈Σ0
∪ {eq}q∈Σ1

is a basis of S

with Σ0∩Σ1 = ∅. From here, we will also suppose that Σ0∩Σ1 = ∅. Also, we will

write Σ := Σ0 ∩ Σ1 for a more comfortable notation.

Definition 5.1. Let (S, 〈·, ·, ·〉), with S = S0 ⊕ S1, be a supertriple system.

A basis

B = {ep}p∈Σ (7)

of S, where any ep ∈ S0 ∪ S1 is said to be multiplicative if for any u, v, w ∈ Σ,

we have either 〈eu, ev, ew〉 = 0 or 0 6= 〈eu, ev, ew〉 ∈ Fex for some (unique) x ∈ Σ.

To construct examples of supertriple systems admitting multiplicative bases

we just have to fix two disjoint arbitrary sets of indices Σ0 and Σ1, eight arbitrary

mappings

αi,j,k : Σi × Σj × Σk → Σi+j+k, i, j, k ∈ Z2,

and eight arbitrary functionals

βi,j,k : Σi × Σj × Σk → F, i, j, k ∈ Z2.
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Then the F-linear space S with basis

{ek}k∈Σ0
∪ {ep}p∈Σ1

and a trilinear product among the elements of the basis given by

〈eu, ev, ew〉 = βi,j,k(u, v, w)eαi,j,k(u,v,w),

for u ∈ Σi, v ∈ Σj and w ∈ Σk, becomes a supertriple system admitting B as

a multiplicative basis.

Let us fix (S, 〈·, ·, ·〉), with S = S0 ⊕ S1, a supertriple system admitting

a multiplicative basis B = {ep}p∈Σ (see equation (7)). By taking some ε /∈ Σ,

we can define on Σ the augmented ternary map

f : Σ× Σ× Σ→ Σ ∪ {ε}
as

f(u, v, w) :=

{
ε, if 〈eu, ev, ew〉 = 0,

x, if 0 6= 〈eu, ev, ew〉 ∈ Fex.
(8)

By Theorem 2.1, we can write, as in Section 4,

Σ =
⋃

[u]∈Σ/∼

[u]

in such a way that

f([u],Σ,Σ) ∪ f(Σ, [u],Σ) ∪ f(Σ,Σ, [u]) ⊂ [u] ∪ {ε}. (9)

If for any [u] ∈ Σ/ ∼ we introduce the linear supersubspace of S given by

S[u] :=
( ⊕
p∈[u]∩Σ0

Fep
)
⊕
( ⊕
q∈[u]∩Σ1

Feq
)
, (10)

equation (9) gives us that S[u] is a superideal of S. We will also denote (S[u])i :=

(S[u]) ∩ Si for i ∈ Z2.

Taking now into account S =
( ⊕
p∈Σ0

Fep
)
⊕
( ⊕
q∈Σ1

Feq
)

, we can assert, as

a consequence of Theorem 4.1, that:

Theorem 5.1. Let (S, 〈·, ·, ·〉), with S = S0 ⊕ S1, be a supertriple system

admitting a multiplicative basis B = {ep}p∈Σ. Then S decomposes as the direct

sum

S =
⊕

[u]∈Σ/∼

S[u],
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where any S[u] := (S[u])0⊕(S[u])1 is a superideal of S which admits a multiplicative

basis contained in B.

Definition 5.2. Given a supertriple system (S, 〈·, ·, ·〉), where S = S0 ⊕ S1,

endowed with a fixed multiplicative basis B, we call a B-superideal of S any

superideal of S which admits a basis B′ ⊂ B. A supertriple system S is called

B-simple if its only B-superideals are {0} and S.

Example 5.1. Consider the Z2-graded F-linear space S with

S0 =
⊕
n∈N
S2n and S1 =

⊕
n∈N
S2n+1,

and, where each Sn is an n-dimensional linear space, with a fixed basis

Bn := {en,1, en,2, en,3, ..., en,n}.

We define the triple products among the elements of the basis

B =
⋃
n∈N
Bn

of S as the trilinear map given by

〈en,i, em,i, ep,i〉 = en+m+p,i for n,m, p, i ∈ N and i ≤ n,m, p,

where the remaining products are zero.

Then we get that S becomes a supertriple system admitting B as a multi-

plicative basis. We can verify that for any (n, i) with n, i ∈ N, i ≤ n, we have

that

[(n, i)] = {m ∈ N : m ≥ i} × {i},

and so Theorem 5.1 allows us to assert that S is the direct sum of the family of

the B-superideals

S =
⊕

[(n,i)]

((S[(n,i)])0 ⊕ (S[(n,i)])1),

where (S[(n,i)])0 =
⊕

{k∈N:2k≥i}
Fe2k,i and (S[(n,i)])1 =

⊕
{k∈N:2k−1≥i}

Fe2k−1,i.

As in the case of set-graded triple systems (see Section 4), we can introduce

the concepts of division grading and, the weaker one, of weak-division grading in

the framework of supertriple systems admitting a multiplicative basis as follows:
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Definition 5.3. A multiplicative basis B = {ep}p∈Σ of S is called a multi-

plicative division basis if for any u, v, w, x ∈ Σ such that 0 6= 〈eu, ev, ew〉 ∈ Fex,

we have eu ∈ 〈ex,S,S〉, ev ∈ 〈S, ex,S〉 and ew ∈ 〈S,S, ex〉.

Definition 5.4. A multiplicative basis B = {ep}p∈Σ of S is called a multiplica-

tive weak-division basis if for any u, v, w, x ∈ Σ such that 0 6= 〈eu, ev, ew〉 ∈ Fex,

there exist si∈Σ, 1≤ i≤6, such that 0 6=〈ex, es1 , es2〉∈Feu, 0 6=〈es3 , ex, es4〉∈Fev
and 0 6= 〈es5 , es6 , ex〉 ∈ Few.

Theorem 5.2 (a Second Wedderburn-type theorem). Let S = S0 ⊕ S1 be

a supertriple system admitting a multiplicative weak-division basis B = {ep}p∈Σ.

Then

S =
⊕
α∈Ω

((Sα)0 ⊕ (Sα)1)

is the direct sum of the family {(Sα)0 ⊕ (Sα)1}α∈Ω of all its nonzero B-simple

B-superideals.

Proof. If we consider the decomposition of S given by Theorem 5.1, we have

to show that any superideal S[u] (see equation (10)) is B-simple. But observe that

S is a supertriple system admitting a multiplicative weak-division basis which

gives us that the f -triple Σ is a division f -triple. Indeed, if we take i, j, k, r ∈ Σ

such that f(i, j, k) = r, then 0 6= 〈ei, ej , ek〉 ∈ Fer (see equation (8)). From here,

0 6= ei ∈ 〈er,S,S〉, and so there exist s, t ∈ Σ such that 0 6= ei ∈ F〈er, es, et〉
(because the basis is multiplicative), which implies f(r, s, t) = i. That is, i ∈
f(r,Σ,Σ). In a similar way, we get j ∈ f(Σ, r,Σ) and k ∈ f(Σ,Σ, r). Hence Σ

is a division f -triple. From here, Theorem 3.2 gives us that any [u] ∈ (Σ)/ ∼ is

a simple ideal of the f -triple Σ.

Now, let us observe that the simplicity of the ideal [u], in the f -triples sense,

implies the B-simplicity of the superideal S[u] of S. Indeed, if we consider any

nonzero B-superideal

I =
⊕
j∈J

Fej

of S[u], where ∅ 6= J ⊂ [u], then we have for any j ∈ J and k, h ∈ [u] that

〈ej , ek, eh〉 ∈ I, and so either f(j, k, h) = ε (when 〈ej , ek, eh〉 = 0) or f(j, k, h) ∈ J
(when 〈ej , ek, eh〉 6= 0). From here, f(J, [u], [u]) ⊂ J ∪ {ε}. In a similar, way we

get f([u], J, [u]) ∪ f([u], [u], J) ⊂ J ∪ {ε}, and so J is a nonempty ideal of [u].

Consequently, J = [u], and then

I =
⊕
j∈J
Sj = S[u].
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We conclude that any of the superideals S[u] of S is B-simple.

Finally, consider any nonzero B-simple B-superideal Sα. Then we can write

Sα =
⊕
j∈J

Fej

for ∅ 6= J ⊂ Σ. Then we can fix some j ∈ J , such that ej ∈ Sα. We also have

that j ∈ [u] for some [u] ∈ Σ/ ∼. Hence 0 6= ej ∈ Sα ∩ S[u], since Sα ∩ S[u] is

a nonzero B-superideal of S, we get by B-simplicity that Sα ∩S[u] = Sα and that

Sα ∩S[u] = S[u]. From here, Sα = S[u], and so any nonzero B-simple B-superideal

Sα appears in the decomposition given in Theorem 5.2. �

6. Arbitrary algebraic pairs with a set grading

In this section, we will apply the results obtained in Sections 2 and 3 to the

study of the structure of arbitrary algebraic pairs graded by a pair of nonempty

arbitrary sets (I+, I−).

As in the previous section, we will denote by (V+,V−) an arbitrary algebraic

pair in its widest sense. That is, there are not restrictions on the dimension of

both linear spaces or on the base field F, and any identity on the triple products

(associative, Jordan, alternative Lie, etc.) is not supposed. That is, (V+,V−) is

just a pair of linear spaces, over the same base field F, endowed with two trilinear

maps 〈·, ·, ·〉+ : V+ × V− × V+ → V+ and 〈·, ·, ·〉− : V− × V+ × V− → V− called

the triple products of (V+,V−).

Definition 6.1. Let (V+,V−) be an algebraic pair, and I+, I− two (non-

empty) sets. We say that (V+,V−) is graded by the pair of sets (I+, I−) if

V+ =
⊕
i∈I+
V+
i , V− =

⊕
j∈I−

V−j ,

where any V+
i and V−j are linear subspaces of V+ and V−, respectively, satisfying

that for any x, y ∈ Iσ and j ∈ I−σ, with σ ∈ {±1}, either 〈Vσx ,V−σj ,Vσy 〉σ = {0}
or {0} 6= 〈Vσx ,V−σj ,Vσy 〉σ ⊂ V σz for some (unique) z ∈ Iσ.

The pair of sets (ΣI+ ,ΣI−), where ΣIσ := {i ∈ Iσ : Vσi 6= {0}}, for σ ∈ {±1},
is called the support of the graduation.

We recall (see [14]) that an ideal of a graded pair (V+,V−) is a couple of

linear subspaces (U+,U−), with any Uσ ⊂ Vσ, in such a way that

〈Uσ,V−σ,Vσ〉σ + 〈Vσ,U−σ,Vσ〉σ + 〈Vσ,V−σ,Uσ〉σ ⊂ Uσ

for any σ ∈ {±}.
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Definition 6.2. A homogeneous-ideal of a graded pair (V+,V−), by the pair

of sets (I+, I−), is a couple of linear subspaces, (U+,U−), where any Uσ is of the

form Uσ =
⊕
j∈Jσ

V σj with Jσ ⊂ Iσ, and satisfying

〈Uσ,V−σ,Vσ〉σ + 〈Vσ,U−σ,Vσ〉σ + 〈Vσ,V−σ,Uσ〉σ ⊂ Uσ

for any σ ∈ {±}. A graded pair (V+,V−) will be called homogeneous-simple if its

only homogeneous-ideals are ({0}, {0}) and (V+,V−).

Let us fix (V+,V−) an algebraic pair graded by the pair of sets (I+, I−). By

renaming the elements of I+ and I− if necessary, we can suppose I+ ∩ I− = ∅.
Hence, from now on we will always assume that I+ ∩ I− = ∅.

If we denote by Σ := ΣI+∪̇ΣI− and fix an element ε /∈ Σ, then we can define

on Σ the augmented ternary map

f : Σ× Σ× Σ→ Σ ∪ {ε}

as follows:

• Given x, y ∈ ΣIσ and j ∈ ΣI−σ , then f(x, j, y) = z if {0} 6= 〈Vσx ,V−σj ,Vσy 〉σ ⊂
Vσz for some z ∈ ΣIσ , σ ∈ {±1}.

• f(x, j, y) = ε, otherwise.

Taking now into account Theorem 2.1, we can write

Σ =
⋃̇

[k]∈Σ/∼

[k],

in such a way that

f([k],Σ,Σ) ∪ f(Σ, [k],Σ) ∪ f(Σ,Σ, [k]) ⊂ [k] ∪ {ε}. (11)

If for any [k] ∈ Σ/ ∼ we introduce the subpair of (V+,V−) given by

(V+
[k],V

−
[k]) :=

( ⊕
x∈[k]∩ΣI+

V+
x ,

⊕
y∈[k]∩ΣI−

V−y
)
,

equation (11) gives us that it is an ideal of (V+,V−).

An algebraic pair (V+,V−) is said to be the orthogonal direct sum of a family

of subpairs {(U+
α ,U−α )}α∈Ω if Vσ =

⊕
α∈Ω

Uσα and

〈Uσα ,V−σ,Uσβ 〉σ + 〈Vσ,U−σα ,Uσβ 〉σ + 〈Uσα ,U−σβ ,Vσ〉σ = {0},

when α 6= β, σ ∈ {±}.
Taking now into account (V+,V−) =

( ⊕
i∈ΣI+

V+
i ,

⊕
j∈ΣI−

V−j
)

, we can assert:
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Theorem 6.1. Let (V+,V−) be an algebraic pair graded by the pair of sets

(I+, I−). Then (V+,V−) decomposes as the orthogonal direct sum

(V+,V−) =
⊕

[k]∈(ΣI+ ∪̇ΣI− )/∼

(V+
[k],V

−
[k]),

where any (V+
[k],V

−
[k]) is a homogeneous-ideal of (V+,V−).

As in the cases of set-graded triple systems (Section 4) and supertriple sys-

tems with multiplicative bases (Section 5), we can introduce the concept of divi-

sion grading and the weaker concept of weak-division grading, in the framework

of set-graded algebraic pairs, as follows:

Definition 6.3. A grading on (V+,V−) =
( ⊕
i∈I+
V+
i ,

⊕
j∈I−

V−j
)

is called a di-

vision grading if for any x, z, t ∈ ΣIσ and y ∈ ΣI−σ such that

{0} 6= 〈Vσx ,V−σy ,Vσz 〉σ ⊂ Vσt ,

we have Vσx ⊂〈Vσt ,V−σ,Vσ〉σ, V−σy ⊂〈V−σ,Vσt ,V−σ〉−σ and Vσz ⊂〈Vσ,V−σ,Vσt 〉σ,

for any σ ∈ {±1}.

Definition 6.4. A grading on (V+,V−) =
( ⊕
i∈I+
V+
i ,

⊕
j∈I−

V−j
)

is said to be

a weak-division grading if for any x, z, t ∈ ΣIσ and y ∈ ΣI−σ such that

{0} 6= 〈Vσx ,V−σy ,Vσz 〉σ ⊂ Vσt ,

there exist s1, s3, s4, s6 ∈ Σ−σ and s2, s5 ∈ Σσ such that {0} 6= 〈Vσt ,V−σs1 ,V
σ
s2〉

σ ⊂
Vσx , {0} 6= 〈V−σs3 ,V

σ
t ,V−σs4 〉

−σ ⊂ V−σy and {0} 6= 〈Vσs5 ,V
−σ
s6 ,V

σ
t 〉σ ⊂ Vσz .

Proposition 6.1. The following assertions hold:

(1) Let (V+,V−) be an algebraic pair with a division grading. Then this grading

is a weak-division grading.

(2) Let (V+,V−) be an algebraic pair with a weak-division grading. Then the

f -triple Σ is a division f -triple.

Proof. (1) Let us take x, z, t ∈ ΣIσ and y ∈ ΣI−σ such that {0} 6= 〈Vσx ,V−σy ,

Vσz 〉σ ⊂ Vσt . Since we have a division grading, we get Vσx ⊂ 〈Vσt ,V−σ,Vσ〉σ, and

so, because of the grading, there exist s1 ∈ ΣI−σ and s2 ∈ ΣIσ such that {0} 6=
〈Vσt ,V−σs1 ,V

σ
s2〉

σ ⊂ Vσx . In a similar way, we get that there exist s3, s4, s6 ∈ Σ−σ

and s5∈Σσ satisfying 0 6= 〈V−σs3 ,V
σ
t ,V−σs4 〉

−σ⊂V−σy and 0 6= 〈Vσs5 ,V
−σ
s6 ,V

σ
t 〉σ⊂Vσz .

We have shown that the grading is a weak-division grading.
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(2) Let us take x, y, z ∈ ΣIσ and j ∈ ΣI−σ such that f(x, j, y) = z, then

{0} 6= 〈Vσx ,V−σj ,Vσy 〉σ ⊂ Vσz . Taking now into account that we have a weak-

division grading, we can assert that there exist s1, s3, s4, s6 ∈ Σ−σ and s2, s5 ∈ Σσ

such that {0} 6= 〈Vσz ,V−σs1 ,V
σ
s2〉

σ ⊂ Vσx , {0} 6= 〈V−σs3 ,V
σ
z ,V−σs4 〉

−σ ⊂ V−σj and

{0} 6= 〈Vσs5 ,V
−σ
s6 ,V

σ
z 〉σ ⊂ Vσy . From here, x ∈ f(z,Σ,Σ), j ∈ f(Σ, z,Σ) and

y ∈ f(Σ,Σ, z). Hence Σ is a division f -triple. �

Theorem 6.2 (a Second Wedderburn-type theorem). Let (V+,V−) be an

algebraic pair with a weak-division grading. Then

(V+,V−) =
⊕
α∈Ω

(V+
α ,V−α )

is the orthogonal direct sum of the family {(V+
α ,V−α )}α∈Ω of all its nonzero

homogeneous-simple homogeneous-ideals.

Proof. If we consider the decomposition

(V+,V−) =
⊕

[k]∈(ΣI+ ∪̇ΣI− )/∼

(V+
[k],V

−
[k])

given by Theorem 6.1, the fact that the algebraic pair (V+,V−) has a weak-

division grading gives us, by Proposition 6.1-(2), that the f -triple Σ = ΣI+∪̇ΣI− is

a division f -triple. From here, Theorem 3.2 allows us to assert that any [k] ∈ Σ/ ∼
is a simple ideal of the f -triple Σ.

Now, let us observe that the simplicity of the ideal [k], in the f -triples sense,

implies that the homogeneous-ideal (V+
[k],V

−
[k]) of (V+,V−) is homogeneous-simple.

In fact, if we consider any nonzero homogeneous-ideal

(W+,W−) =
( ⊕
j∈J+

V+
j ,
⊕
p∈J−

V−p
)

of (V+,V−), with ∅ 6= Jσ ⊂ [k] ∩ ΣIσ for σ ∈ {±}, then we have for any r ∈ Jσ,

s ∈ [k] ∩ ΣI−σ and t ∈ [k] ∩ ΣIσ that 〈Vσr ,V−σs ,V−σt 〉σ ⊂ Wσ, and so either

f(r, s, t) = ε (if 〈Vσr ,V−σs ,V−σt 〉σ = {0}) or f(r, s, t) ∈ Jσ (if 〈Vσr ,V−σs ,V−σt 〉σ 6=
{0}). From here, f(Jσ, [k]∩ΣI−σ , [k]∩ΣIσ ) ⊂ Jσ ∪ {ε}. In a similar way, we get

f([k]∩ΣI−σ , J
σ, [k]∩ΣI−σ ) ⊂ J−σ∪{ε} and f([k]∩ΣIσ , [k]∩ΣI−σ , J

σ) ⊂ Jσ∪{ε}.
So J := J+ ∪ J− is a nonempty ideal of [k]. Consequently, J = [k], and then

Jσ = [k]∩ΣIσ for σ ∈ {±}. Hence (W+,W−) = (V+
[k],V

−
[k]). We have proved that

any of the homogeneous-ideals (V+
[k],V

−
[k]) in the decomposition of Theorem 6.2 is

homogeneous-simple.
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Finally, consider any nonzero homogeneous-simple homogeneous-ideal

(V+
α ,V−α ) =

( ⊕
j∈J+

V+
j ,
⊕
k∈J−

V−k
)

of (V+,V−), where Jσ ⊂ ΣIσ for σ ∈ {±}. Then we can fix some j ∈ Jσ such

that {0} 6= Vσj ⊂ Vσα . Since j ∈ [j] ∩ ΣIσ , we have {0} 6= Vσj ⊂ Vσ[j]. From here,

(V+
α ,V−α ) ∩ (V+

[j],V
−
[j]) 6= ({0}, {0}) with (V+

α ,V−α ) and (V+
[k],V

−
[k]) homogeneous-

simple homogeneous-ideals of (V+
α ,V−α ). Hence (V+

α ,V−α ) = (V+
[k],V

−
[k]), and so

any nonzero homogeneous-simple homogeneous ideal of (V+
α ,V−α ) appears in the

decomposition given in Theorem 6.2. �

Example 6.1. Consider the 5-dimensional F-linear space V+ with basis

{e1, e2, ..., e5}, and the 3-dimensional F-linear space V− with basis {u1, u2, u3}.
Let us define the triple products 〈·, ·, ·〉σ : Vσ × V−σ × Vσ → Vσ as the ones

determined by the nonzero products among the elements of the bases:

〈e1, u1, e1〉+ = e1 + e2,

〈e2, u2, e2〉+ = e1,

〈e3, u3, e4〉+ = e3 + e4,

〈e5, u1, e5〉+ = e5

and

〈u1, e2, u2〉− = u1 + u2,

〈u2, e5, u1〉− = u1,

〈u3, e3, u3〉− = u3.

Then (V+,V−) becomes an algebraic pair with a weak-division grading

V+ = V+
a ⊕ V+

b ⊕ V+
c and V− = V−d ⊕ V−e ,

where V+
a = span{e1, e2}, V+

b = span{e3, e4}, V+
c = span{e5}, V−d = span{u1, u2}

and V−e = span{u3}. In order to verify this is a weak-division grading, observe

that we have {0} 6= 〈V+
a ,V−d ,V+

a 〉+ ⊂ V+
a but also {0} 6= 〈V−d ,V+

a ,V−d 〉− ⊂ V
−
d .

Also observe that {0} 6=〈V+
b ,V−e ,V

+
b 〉+⊂V

+
b , and also {0} 6=〈V−e ,V+

b ,V−e 〉−⊂V−e .

Finally, we have {0} 6= 〈V+
c ,V−d ,V+

c 〉+ ⊂ V+
c and {0} 6= 〈V−d ,V+

c ,V−d 〉− ⊂ V
−
d .

We easily have that [a] = {a, c, d} and [b] = {b, e}, and so, by Theorem 6.2,

we can assert that (V+,V−) is the orthogonal direct sum of the family of its

homogeneous-simple homogeneous-ideals

(V+,V−) = (V+
[a],V

−
[a])⊕ (V+

[b],V
−
[b]),

where V+
[a] = span{e1, e2, e5}, V−[a] = span{u1, u2}, V+

[b] = span{e3, e4} and V−[b] =

span{u3}.
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