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Approximate identities of £'-Munn algebras
and applications to semigroup algebras

By MAEDEH SOROUSHMEHR (Tehran)

Abstract. In this paper, we study the existence of left and right approximate iden-
tities of #'-Munn algebras. We introduce a concept of virtual invertibility as a general-
ization of invertibility for a matrix. Then we show that having left and right approximate
identities of a Munn algebra implies that the related sandwich matrix is virtually invert-
ible. As an application, we investigate approximate amenability over Munn algebras. We
present some necessary conditions for the approximate amenability of Munn algebras
in a general case. Finally, we apply the results to study the approximate amenability
of Rees matrix semigroup algebras.

1. Introduction

The notion of approximate amenability over Banach algebras was introduced
and studied by F. GHAHRAMANI and R. J. Loy in [GhL], and further developed
in [CG], [CGZ], [DLZ], [GhLZh], [GhaZh]. A Banach algebra A is approximately
amenable if every continuous derivation from A into a related dual Banach bi-
module is approximately inner. In this paper, we would like to investigate this
notion on a class of Banach algebras, the so-called ¢'-Munn algebras. Various
notions of amenability such as contractibility, amenability, character amenability
and ultra-amenability have been studied over these algebras so far, see [DLS], [E],
[EE], [KLP], [Sol], [So3], [So4], for example. Also, these algebras have proven to
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be a useful tool in the understanding of homological properties of semigroup al-
gebras since 1955, see [M], [E]. For a different aspect of ¢!-algebras of matrices,
see [T].

Our main concern in this paper is the existence of approximate identities over
¢'-Munn algebras. We introduce a concept of virtual invertibility for a square
matrix, and we show that an ¢!-Munn algebra has left and right approximate
identities if the related sandwich matrix is virtually invertible. Further, we keep
on investigating the approximate amenability of these algebras, which is partially
investigated in [DL], [S]. We present some necessary conditions for the approx-
imate amenability of Munn algebras in a general case. Further, we show that
under some conditions on the related sandwich matrices, approximate amenabil-
ity and amenability over Munn algebras are equivalent. Finally, we apply the
results to semigroup algebras. In the case that G is a locally compact group,
F. GHAHRAMANI and R. J. Loy showed that the amenability and approximate
amenability of the group algebra L!(G) are equivalent [GhL], but in the case of
semigroup algebras, the results are given with more difficulty. For a semigroup S
with finitely many idempotents, it is proved by H. G. DALEsS, A. T.-M. LAU and
D. StrAuss ([DLS, Proposition 4.3]) that £(S) has left and right approximate
identities if and only if it has an identity. Further, amenability and approxi-
mate amenability over these semigroup algebras are equivalent. In [DLZ], the
approximate amenability of ¢P for 1 < p < oo is characterized by H. G. DALES,
R.J. Loy and Y. ZHANG. In [GheZh], F. GHEORGHE and Y. ZHANG investigate
approximate amenability over bicyclic semigroup algebras. A. POURABBAS and
M. MAYSAMI prove that a Brandt semigroup algebra is approximately amenable
if and only if it is amenable [PM], see also [CG]. In this paper, we study ap-
proximate amenability over algebras of Rees semigroups, which as a large class
of semigroups have been investigated extensively from various points of view, see
[GPWL], [GGW1], [GGW2], [L], [So2], for example. We show that for a Rees
matrix semigroup S, if £1(S) is approximately amenable, then the only non-zero
character on £1(S) is the augmentation character. Further, we show that for cer-
tain sandwich matrices P, the approximate amenability and amenability of £1(S)
are equivalent.

2. Main results

Let A be a Banach algebra, let I and J be two index sets, let P = (Pj;);; be
a (J x I)-matrix with entries in A and with || P|lec = sup{||Pjil| :i € I,j € J} <1,
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and consider the set 2 = M, ;(A) of all (I x J)-matrices with entries in A such
that [[(aij)ijll = Xser jer laill < oo ((ai)i; € A). (We write M;(A) in the
case |I| = |J|, and My, xn(A) in the case |I| = m and |J| = n, everywhere it is
required.) Then 2 with the ¢*-norm and the multiplication

aob=aPb (a,be)

is a Banach algebra, which is called £!-Munn algebra over A with sandwich ma-
trix P, and it is denoted by M(A, P, 1,J). We write M(A, P,I) in the case
|I| = |J|, and M(A, P,m,n) in the special case where |I| = m and |[J| = n.
Throughout, in the case that A is unital, we denote by e the identity of A, and
we denote by Inv(A) the set of all invertible elements of A. Further, we may iden-
tify M, (A) with M, (C)®A, so that in the case that A is unital, we can identify
I, ® e with the identity of M,,(A), where I, is the identity of M, (C). We also
follow the notations of [So4], and by &;; we denote the element of 2 with e in the
(2,7)-th place and 0 elsewhere, so that ||&;;]] = |le|| = 1, and for convenience, we
may write a&;; instead of a;; if it is required, where ¢ € I, j € J and a = (ai;)q;
is an (I x J)-matrix over A. We recall that P is regular if P does not contain any
zero row and zero column. In the sequel, we are interested to obtain a relation
between the existence of approximate identities of 2 and regularity of P.

Lemma 2.1. Let A be a unital Banach algebra, let I, J be two index sets,
and let A = M(A, P,1,J) be the f*-Munn algebra over A with sandwich matrix P.
If A has left and right approximate identities, then P is regular.

PROOF. The similar argument of ([So4, Lemma 3.1]) gets the result. We
briefly mention the argument. Suppose that P is not regular. Then P contains at
least one zero row or column. Suppose that there exists ¢y € I such that p;;, =0
for each 7 € J. Choose a non-zero element ag € A, and for an arbitrary but fix
Jo € J, define a = (a;;);; € A with a;,j, = ap and a;; = 0 elsewhere. Suppose
that (eq)q 1s a left approximate identity for 2. Then we have

laoll = lla€iqjoll = lim[|(ea © a)Einjo || = 1im Y [|(€a)iorPrigao| = 0,
keJ

a contradiction. In the case that P has a zero row, one may use a right approxi-
mate identity of 2 to get the result. (Il

Now, we would like to investigate the existence of a left approximate identity
and a right approximate identity for a Munn algebra. First, we need the following
Lemma.
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Lemma 2.2. Let A be a Banach algebra with a character, let I, J be two in-
dex sets, and let A = M(A, P,1,J) be the {*-Munn algebra over A with sandwich
matrix P. Then there exists Q € Mj.;(C), and an ¢*-Munn algebra over C with
sandwich matrix (Q which is the image of 2l under a continuous homomorphism.

PROOF. Suppose that ¢ is a character for A. For each i € [ and j € J,
we define Q = (Qji)j: € Mx1(C) with Qj; = ¢(Pj;). Then the map

®:A— M(C,Q,1,J)

with ®(a) = (¢(ai;))i; (@ = (aij)ij € A) is clearly a continuous epimorphism,
which completes the proof. (I

Remark 2.1. With the notation of Lemma 2.2, if 2 has a left or right ap-
proximate identity, so does M(C,Q, I, J).

Theorem 2.1. Let A be a unital Banach algebra with a character, let
m,n € N, and let 2 = M(A, P,m,n) be the {*-Munn algebra over A with sand-
wich matrix P. If 2 has a (not necessary bounded) right (resp. left) approximate
identity, then 2 has an identity and 20 ~ M, (A) for some n € N.

PROOF. Assume that m # n, and without loss of generality, suppose that
m < n. For given a € A, we write a = (aj az), where a; € M,,(A) and

as € Mpyxn—m(A). Also, we write P = (2), where P, € M,,(A) and P, €

My —mxm(A). Suppose that (eq)a = (e} ei)a is a right approximate identity

for . So, lim, a o e, = a, and we obtain
P,
(a1 az) = lim(a; az) <P1> (el e2) =lim ((a1 Py + aaPy)el, (a1 Py + aaPy)e?) .
« 2 «

Hence, we obtain

ayp = lim(alPl + (ZQPQ)GCIX, (1)
and

as = lim(ay Py + ag Py)e?. (2)
In particular, for a; = I, ® e and as = 0, by (1) we have

lim Pie} = lim(I,, ® ) o eq = I, @ e.

Therefore, using the notation of Lemma 2.2, lim, ®(P;)¢(el) = I,,,. Hence there
exists ap such that for each a > ag, ¢(P;)®(el) is an invertible matrix. In partic-
ular, ®(P;) has a right inverse, and so it is invertible in M,,(C). On the other hand,

by applying (2) for a; = I, ®e and az = 0, we obtain lim, ®(P;)®(e2) = 0, which
implies that lim, ®(e2) = 0, and this contradicts (2). So, m = n, as required. [



Approximate identities of £'-Munn algebras and applications 361

Remark 2.2. In Theorem 2.1, if A does not have a character, the result may
not hold. Indeed, one can have m # n, and M(A, P, m,n) may have an identity,
see ([DLS, P.20]) for an example.

Let A be a Banach algebra, I,J be two index sets, P € M;«;(A), and
let us form the Munn algebra 2 = M(A, P,1,J). By [E], if 2 has a bounded
approximate identity, then || = |J| < co and P is invertible in M;(A). In [ERP],
the authors present the special Munn algebra M(A), which has an unbounded
approximate identity, where I is infinite. Now, we would like to know for which
sandwich matrix P, 2 has unbounded left and right approximate identities. To get
our goal, we need to introduce a new notion.

Throughout, for a Banach algebra A, a non-empty index set I, a subset F’

of I and an (I x I)-matrix M, we denote by Mp the (F x F')-submatrix of M such
that we may write M = Mp MQ), where My € Mpyp\r(A), M3 € Mp pyr(A)

and M4 S MI\FXI\F(A)'

Ms My

Definition 2.1. Let A be a Banach algebra, and let I be an index set. We say
that an (I x I)-matrix P is right (resp. left) completely virtually invertible if for
a countable subset Iy of I, there exists a finite subset Fy of Iy such that we are
able to find a submatrix Pr, € Mg, (A) of Pr,, where for each finite subset F of I
with Fy C F, the submatrix Pr € Mp(A) of Py, is right (resp. left) invertible in

Mp(A), and we may write Pp = <£F0 i”). Further, we note that Iy and Fjy
F3 Fa
. _ (P, P _ [ Pry  Pryy
are chosen such that we may write P = Py Py and Pj, = Proy Pro. )

We call P completely virtually invertible if it is both left and right completely
virtually invertible.
For an infinite set I, we say that P is right (resp. left) virtually invertible

Pr Py
Py Py

a (I\F x I\F)-submatrix Py of P is completely right (resp. left) virtually in-
vertible. We note that F' can be even an empty set. In this case, the concept

if there exists a finite subset F' of I so that we may write P = , then

of right (resp. left) completely virtual invertibility and right (resp. left) virtual
invertibility are equivalent. If I is finite, we say that P is right (resp. left) virtu-
ally invertible if P is right (resp. left) completely virtually invertible. We call P
virtually invertible if it is both left and right virtually invertible.

We note that in Definition 2.1, P is not necessary in the Banach algebra
M;(A). In the case I is finite, it is easily seen that the concepts of invertibility
and virtual invertibility of a matrix are equivalent. As an example of a virtually
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invertible matrix, suppose that A is a Banach algebra, I is an infinite index
set, and consider the (I x I)-matrix M, which has e in the (7,7)-th place and 0
elsewhere. Then M is clearly virtually invertible.

Now, we are ready to present a relation between virtual invertibility of a sand-
wich matrix P and having unbounded left and right approximate identities of the
related Munn algebra.

Theorem 2.2. Let A be a unital Banach algebra with a character, let I be
an index set, and let %A = M(A, P,I) be the {*-Munn algebra over A with sand-
wich matrix P. Then the following statements hold:

(i) If 2 has a right (resp. left) approximate identity, then P is right (resp. left)
virtually invertible.

(if) If A has right and left approximate identities, then P is virtually invertible.

PrOOF. It suffices to show that the ‘right’ version of (i) holds. The ‘left’
part holds analogously, and (ii) holds by definition.

If I is finite, the result follows from Theorem 2.1. So, we may suppose that
I is infinite and (eq)q is a right approximate identity of A. We choose an infinite
countable subset Iy of I so that |Iy| = Np, and consider an isomorphism v from
Iy to N, where by Xy we denote the cardinality of N. Choose an arbitrary finite
subset § of I such that |§| > 2, and fix it. We may consider I as a well-ordered
set by the following order:

i<j ifandonlyif ¥(i) <u(j). (i.j € Io).

Then we may consider a partition B = {F,, : n € N} of Iy such that for each
n €N, |F,| =[§ and ¥(F,) ={(n—1)F|+7:j €N, 1<j<|F|}. Now, we
define b = (le)lJ € A with

) {1/2w(i>+3eA, if i € Iy, i = ],
ij =

0, otherwise.

br,
0o 0)’

we may write by, = (bp,,F,)F,, F.e®, where for each F,,,F, € B, bg, r, is an
(F x §)-submatrix of b, and by, has br, . in the ("1 (m)y~1(n))-th position,
and we may note that for m # n, bg

m

So, we may write b = where by, is an (I x Ip)-submatrix of b. Further,

r, = 0. Further, for each n € N, we have

n|3|

1
||bFn><Fn|| = Z 2l+37

I=(n—-1)[3[+1
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and therefore, we obtain ||bg, x ,
in Mz«5(A). Now, for e =
we have

< |Ibgxz|l- Also, we note that bz is invertible

bzl 7", there exist ag such that for each a > a,

lboes — bl <e¢/8.
Since b,en, € A, there exists a finite subset Gy of I such that for each fi-
nite subset F* of I with Go C F, we have } 0r or jery [l(€ao)ijl| < €/8 and
> tigr or jery 1(0)ij]l < €/8. Without loss of generality, we may also suppose
that -S - GQ.
Suppose that n € N is the smallest positive integer such that for m € N, with
m > n, we have Gy N F,,, = (). So, we see that

05, xF,, — bF, xF, Pr,xF, (€ag) P x B,

<boea—bll+ D> lbis— D biiPik(ea);ll

i,jEFy kel\F,

<e/8+ > 1> buPuleag)iill+ D> b — Y biiPik(eay)nil
1,J€F, i#] keI\F, 1€EF, kEI\F,

<e/8+ > Mball D Meagdisll + D il + Y D ll(eao kil
i€F, kEI\Fy jEF, i€F,, i€Fy kEINF,

<e/8+ (€/8)* +¢/8+¢/8 <,

where we note that ||b;;|,||Pikl] < 1 and F,, N Gy = 0. On the other hand,
€= ||b§ig||_l < ||b;ijn||_1. So, we obtain

IF, xF, — Pr,xF, (€ap)F, xF, |

< o5t 5 1bF, x5,y — Br, x5, Pryxcr, (o) P, || < 1 (3)

Now, by ([DAELW, Theorem 1.4.2(ii)]), Pr,xr,(€ay)F,xF, is invertible in
MFp, «r,(A). This shows that Pr, xr, has a right inverse. Now, we set F =

Pr Py
P3Py

completely virtually invertible. Indeed, equality (3) obviously holds for each finite
subset G of Ip\F with F,, C G, and we note that by the choice of n, GN Gy = 0.
This shows that P is right virtually invertible, which completes the proof. O

U?z_llFi, and we may write P = . Then it is easily seen that Py is right

Now, the question is if the converse of Theorem 2.2 is true.

Question. Let A be a unital Banach algebra with a character, let I be an in-
dex set, and let 2l = M(A, P,I) be the /!-Munn algebra over A with sandwich
matrix P. Does right (resp. left) virtual invertibility of P imply that A has right
(resp. left) approximate identity?



364 Maedeh Soroushmehr

Now, we are interested to investigate the approximate amenability of ¢'-
Munn algebras. To proceed further, we need the following Lemma.

Lemma 2.3. Let A be a unital Banach algebra with a character, let I,J be
two index sets, and let 2 = M(A, P,1,J) be the {*-Munn algebra over A with
sandwich matrix P. Suppose that 2 has a left approximate identity and a right
approximate identity. If one of I or J is finite, then there exists some n € N such
that |I| = |J| = n and P is invertible in M, (A).

PRrROOF. If I and J are both finite, the result follows from Theorem 2.1. So,
without loss of generality, we may suppose that |I| = n for some n € N, and that
J is infinite. Then for a € 2, we may write a = (ay as), where a1 € M, (A) and

as € Myxj(A). Further, for the sandwich matrix P, we may write P = (P1>.

Py
Suppose that (e, )q is a right approximate identity for 2, where for each «, we
write e, = (ea ei). Now, one may follow the argument of Theorem 2.1 to get the
result. 0

Now, we are ready to investigate the approximate amenability of ¢£!-Munn
algebras.

Lemma 2.4. Let A be a unital Banach algebra with a character, let I, J be
two index sets, and let 2 = M(A, P,1,J) be the {*-Munn algebra over A with
sandwich matrix P. If P is not virtually invertible, then 2l is not approximately
amenable.

ProOOF. If P is not virtually invertible, then by Theorem 2.2, 2 has no left
and right approximate identities. The result follows from [GhL, Lemma 2.2]. O

We recall that if = M(A, P,I,J) is amenable, then 2 has no characters,
see [So3]. Now, we are interested to investigate the approximate version of this
result.

Theorem 2.3. Let A be a unital Banach algebra with a character, let I,.J
be two index sets, and let A = M(A, P,1,J) be the {*-Munn algebra over A with
sandwich matrix P. Suppose that {P;; : i € I,j € J} NInv(A) # 0. If A is
approximately amenable, then 2l does not have any non-zero characters.

PROOF. Suppose that 2 has a non-zero character. Then, by [So3, Corol-
lary 2.2], there exists a non-zero character ¢ on A such that

¢(P]1)¢(Bk) = (b(ljlz)(b(P] ) (j7l €Jike I) (4)
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Without loss of generality, suppose that |I| < |J|, and ¥ : I — J is an injective
map. For each arbitrary finite subset F' of I with |F|>2, we consider a (¥ (F)xF')-
submatrix of (¢(P};));,;. Then the following cases may happen.

Case 1. Suppose that the submatrix has a zero column or a zero row, then
it cannot be invertible in My (C).

Case 2. Suppose that the submatrix does not contain any zero row or column,
but we may find a zero component in some rows or columns. So, each row has
at least one non-zero entry. Then, for arbitrary j,I € U(F), there exists i,k € F
such that ¢(Pj;) # 0 and ¢(Py,) # 0. Now, if there exists a zero component in
the k-th column, say ¢(Pj,x) = 0 for some jo € U(F'), then by (4), it is easily
seen that the jo-th row is zero. Indeed, for each t € F', we have

0 = ¢(Pjor)d(Put) = ¢(Pi)d(Piyi).

As ¢(Pir) # 0, we see that ¢(Pj¢) = 0. Since t € F is arbitrary, we obtain
that the jo-th row is zero. Thus, the submatrix is not invertible. In the case
there exists a zero component in some row, the similar argument shows that the
submatrix is not invertible too.

Case 3. Suppose that the submatrix does not have any zero components.
Then by (4), we obtain

o(Pji) _ o(Pu) . .
¢(P] )_¢(Bk) (],ZE\I/(F)’ JCEF).

This shows that each two arbitrary rows [ and j are linearly dependent. So, the

submatrix is not invertible.

As F is chosen arbitrary, there is no invertible (¥(F') x F')-matrix in P.
Hence, P is not virtually invertible. Now, the result follows from Lemma 2.4. [J

We end this section by investigating the approximate amenability of certain
Munn algebras.

Proposition 2.1. Let A be a unital Banach algebra with a character, let
I,J be two index sets, and let 24 = M(A, P,I,J) be the {*-Munn algebra over A
with sandwich matrix P. Suppose that there exists a character ¢ on A such that
foralli € I and j € J, ¢(Pj;) =1 or ¢(Pj;) =0, and the set {¢(P};) 11 € 1,j €
J,¢(Pj;) = 0} is finite. Then the following statements are equivalent:

(i) 2 is approximately amenable;

(ii) 2 has an identity and A is approximately amenable.
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PROOF. First, we suppose that I and J are both infinite. By [GhL, Propo-
sition 2.2], we see that 2 has a right and a left approximate identity. So, using
notation of Lemma 2.2 and by Remark 2.1, 2 = M(C,Q,I,J) has a right and
a left approximate identity. Now, two cases may happen.

Case 1. Suppose that |I| = |J|. Then by Theorem 2.1, Q is virtually in-
vertible. On the other hand, each component of @ is 1 or 0, and the number of
zero components of @ is finite. This shows that () cannot be virtual invertible,
a contradiction.

Case 2. Suppose that |I| # |J|, and without loss of generality, we may
suppose that |I| < |J|. Suppose that ¥ : I — J is an injective map. So, we may

Q1
Q2

a € A, we may write a = (a1 ay), where a; € Miyw () (C) and az € My p\w(r)(C).

write Q = < , where Q1 € My (ryx; and Q2 € M\ w(r)xs- Further, for each

Now, if (€a)a = (€} ei)a is a right approximate identity for 2(, then (eé)a is
a right identity for M(C, @1, I). So, by Theorem 2.1, @1 has to be right virtually
invertible. Now, one can use the similar argument in Case 1 to get a contradiction.

So, one of I or J is finite. The result now follows from Lemma 2.3. 0

We recall that a block diagonal matrix (or a diagonal block matrix) is a square
diagonal matrix in which the diagonal elements are square matrices of any finite
size (possibly even 1 x 1), and the off-diagonal elements are 0. Indeed, a block
diagonal matrix is a block matrix in which the blocks off the diagonal are the zero
matrices, and the diagonal matrices are square.

Now, we are interested to investigate the approximate amenability of Munn
algebras whose sandwich matrices are block diagonal matrices.

Proposition 2.2. Let A be a unital Banach algebra with a character, let
I,J be two index sets, and let 2l = M(A, P,I,J) be the {*-Munn algebra over A
with sandwich matrix P. If the largest square submatrix of P is a block diagonal
matrix, then the following statements are equivalent:

(i) A is approximately amenable;

(ii) 2 has an identity and A is approximately amenable.

PROOF. (i)=-(ii). We suppose that I and J are both infinite. Then 2 cases
may happen.

Case 1. Suppose that |I| = |J|, which implies that P is a block diagonal
matrix. Up to the isomorphism and for convenience, we may suppose that I = J.
Now, suppose that Ij is a countable subset of I. As P is block diagonal, we may
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P, 0
0 Py
Suppose that L is an index set, and

write P = , and we may note that Py, is a block diagonal matrix.

Y={FCly:leL}

is a family of finite subsets of I such that for each F' € X, there exists an (F x F')-
submatrix in the main diagonal of Pj,. Further, UjcrF; = Iy. Indeed, we may
write P = (Prg)r.ges, where for F,G € ¥ with F' # G, Ppg is an (F x G)-zero
matrix. By Lemma 2.4, P, and therefore Py, is virtually invertible. Clearly, we
can suppose that L is a countable set, which also can be regarded as a well-ordered
set by Zermelo’s Well-Ordering Theorem. Suppose that

Yo = {F, € ¥ : Pg, is not invertible},

and
Iy = min{l € L : P, is invertible}.

Further, for each n € N, we suppose that
l, =min{l € L\{l;, : 1 <m < n—1}: P is invertible}.

For convenience, we write F,, instead of Fj so that we set Gy = Ujex, F}, and for
each n € N, we set G,, = Ul | F; and G2 = I)\(GoUG,,). So, by our hypothesis,
we may write

P, 0 0 0

Pa, 0 0 g ' Pa 0 0

P,=1 0 Pg, 0 and P = 0 0" Pe 0
Pos n

0 0 a3 0 0 0 P

Now, for each n € N, we define E,, € 2 as follows:

Then it is easily seen that for each n € N, E, o E;,41 = Epy1 0 E, = E,, and
sup,, ||En|| = oo. Furthermore, for each a € 2 and each n € N, we see that
lao E,| < |la|| and ||Ey 0 al| < ||la||. So, 2 is not approximately amenable by
[CG, Lemma 2.4 and Theorem 2.5], a contradiction.
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Case 2. Suppose that |I| # |J|, and without loss of generality, we may
suppose that |I| < |J|. Then there exists an injective map ¥ : I — J so that

2 , where Py is a (U([) x I)-submatrix of P, and Py is

a (J\U(I) x I)-submatrix of P. Further, by our hypothesis, P; as the largest

square submatrix of P is a block diagonal matrix. On the other hand, by [GhL,

Lemma 2.2], 2 has a right approximate identity, say (e )a = (€L, €2)a. So, (el)a

[e2 e

we may write P =

is a right approximate identity for the Munn algebra M(A, Py, I). Now, using the
notation of Lemma 2.2 and by Remark 2.1, we see that M(C, @, I) has a right
approximate identity. So, by Theorem 2.1, @ is right virtual invertible. As the
entries of () are chosen in C, we see that @ is virtual invertible. Now, one may
follow the argument in Case 1 to get a contradiction.

So, one of I or J is finite. Now, the result follows from Lemma 2.3.

(ii)= (i). As A has an identity, by [E], I and J are finite, and by [DAELW,
Proposition 2.6], there exists n € N such that 2 ~ M,,(A4). Now, the approximate
amenability of 2 follows from [DL, Proposition 1.6.7(ii)]. O

In Propositions 2.1 and 2.2, we give some classes of sandwich matrices under
which the approximate amenability of the related ¢!-Munn algebras is exactly
investigated. Now, the question is: “Can we characterize all classes of sandwich
matrices under which the approximate amenability and amenability of the related
¢ -Munn algebras are equivalent?”

Question. Let A be a unital Banach algebra with a character, let I, J be two
index sets, and let 2l = M(A, P,1,J) be the /!-Munn algebra over A with sand-
wich matrix P. Under which conditions on P are the approximate amenability
and amenability of 2 are equivalent, if, in particular, the converse of Lemma 2.4
is true?

3. Applications to semigroup algebras

In this section, we apply the results to a class of Rees semigroups.

Let G be a group and adjoin a zero o to G, which is denoted by G°, so that
for each g € G, go = 0og = 0. Let I and J be arbitrary non-empty sets, and let
P = (Pj;);: be a (J xI)-matrix over G°. We consider the set of all (I x J)-matrices
over G° of the form (g);; with g € G,i € I and j € J such that ¢ is in the (7, j)-th
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place and o elsewhere. Then S with a zero matrix o and the multiplication

(gpjrh)i, if p;r # o,

0, lfpjk =0,

(9)ij o (W)w = {
and
(9)ijoo=00(g)i; = o,
for all (¢)ij, (R)r € S, is called a Rees matriz semigroup over G with sandwich
matriz P, and denoted by M°(G, P,1,.J), see [C, § 3.1] and [H, § 3.2] for more

details.
By [E, Proposition 5.6], we see that

(1(S)/Csy = M(LHG), P, 1,J), (5)

where we identify the zero of G° with the zero of the /!-Munn algebra M ({1 (G), P,
I,J), and P is considered as a matrix over ¢!(G). Further, the product in ¢!(S)
also satisfies the following equations:
fxbo=0%f=>_ f(5)0,
seS
and

(f *6ij *g)ila if Djk # o,
Es,teS f(s)g(t)do, if pjr = o,
for all f,g € £1(S), j,l € J and i,k € I, see [E] for more details.

(f)ij * (k= {

Now, we are ready to investigate some necessary conditions for the approxi-
mate amenability of Rees matrix semigroup algebras. We recall that for a semi-
group S, the augmentation character ¢g of £1(S) is the character on £1(S) such

that ¢g(f) =Y ,cq f(s), for all f € £1(S).

Theorem 3.1. Let S = M°(G, P, I, J) be the Rees matrix semigroup over G
with sandwich matrix P. If £*(S) is approximate amenable, then the only non-
zero character on (*(S) is the augmentation character.

PrOOF. This follows from [So3, Theorem 3.1] and Theorem 2.3. We shortly
mention the argument. Suppose that ¢ is a character on £1(S). As for each s € S,
0s % 0o = d,, we see that ¢(d,) = 1 or ¢(d,) = 0. If ¢(d,) = 1, then for each s € S,
¢(0s) = 1, which shows that ¢ is an augmentation character. If ¢(d,) = 0, then
by (5), ¢ can be regarded as a character on M(¢}(G), P, I,J). On the other hand,
by (5) and [GhL, Proposition 2.2], the approximate amenability of ¢!(S) implies
that M(¢1(G), P,1,J) is approximately amenable. Now, Theorem 2.3 shows that
¢ =0on MU*G),P1,J). So, » =0 on ¢1(S), which completes the proof. [
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We end our work by giving some classes of the Rees matrix semigroup S
whose approximate amenability and amenability over £}(S) are equivalent.

Proposition 3.1. Let S = M°(G,P,I,J) be the Rees matrix semigroup
over G, with sandwich matrix P. Suppose that one of the following statements
holds:

(a) the set {Pj;:i€1,j € J Pj; =o} is finite;
(b) the largest square submatrix of P is block diagonal.
Then the following statements are equivalent:
(i) ¢1(9) is approximately amenable;
(ii) ¢1(S) is amenable.

PROOF. It is enough to show that (i) implies (ii).

Suppose that ¢1(S) is approximately amenable. Then by (5) and [GhL,
Proposition 2.2], % = M(¢}(GQ), P,1,.J) is approximately amenable. Now, if (a)
holds, the augmentation character on ¢!(G) satisfies Proposition 2.1, and so 2l is
amenable. If (b) holds, amenability of 2 follows from Proposition 2.2. In each
case, amenability of £1(S) follows from [D, Proposition 2.8.66]. O
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