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On multiplicative functions
which are additive on almost primes

By POO-SUNG PARK (Changwon)

Abstract. In 1992, C. Spiro showed that if a multiplicative function f satisfies
flp+¢q) = f(p) + f(q) for all primes p and ¢, and f(po) does not vanish at some prime
po, then f is the identity function. In this article, we extend Spiro’s result to products
of exactly k prime factors with multiplicity, which are called k-almost primes. That is,
if a multiplicative function f satisfies f(P + Q) = f(P) + f(Q) for all k-almost primes
P and @, and f(no) does not vanish at some k-almost prime ng, then f is the identity
function.

1. Introduction

In 1992, CLAUDIA SPIRO [7] showed that if a multiplicative function f: N —
C satisfies

flp+q) = f(p)+ f(g) for all primes p, q,

then f(n) =n for all n, provided f(pg) does not vanish for some prime py.

A large number of mathematicians have generalized her result and conceived
various problems. For example, CHUNG and PHONG [1] showed that if a multi-
plicative function f satisfies f(a +b) = f(a) + f(b) for all a,b € {n(n +1)/2 :
n=12,...}orforall a,b e {nn+1)(n+2)/6:n=1,2,...}, then f(n) =n
for all n. DUBICKAS and SARKA [2] showed that if a multiplicative function f
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satisfies f(p1 +p2+ -+ +pk) = f(p1) + f(p2) + -+ + f(px), for all primes p; with
f(po) # 0 for some prime pg, then f(n) =n for all n.

In this article, we generalize Spiro’s theorem on primes to one on k-almost
primes. A natural number is called k-almost prime if it is the product of k£ primes.
For example, 4 =2-2,6=2-3,9=3-3,10=2-5,15=3-5, ... are 2-almost
primes, and they are also called semiprimes.

We show that the term “prime” in Spiro’s theorem can be replaced with
“k-almost prime.” We can write the main result as follows:

Theorem 1.1. Let k > 1, and let f be a multiplicative function such that
there exists a k-almost prime at which f does not vanish. If

f(P+Q)=f(P)+ f(Q)

for all k-almost primes P and Q, then f(n) = n for all n.

Since 1-almost primes are the same as primes, the main result of the present
article contains Spiro’s theorem.

2. Proof of the main theorem

In this section, assume that f is a multiplicative function, which satisfies
the condition in Theorem 1.1. We follow the proof of SPIRO [7]. First, we will
calculate some values of f(n).

Lemma 2.1. f(2")=2", for 1 <r <k+1.

Proor. We will show that f(ng) # 0 for some odd k-almost prime ng.
Suppose that f vanishes at all odd positive integers. Then we can find an even
integer ng = 2"p1pa - - - px—r at which f does not vanish with the smallest r > 1
and p; primes. Consider n; = 2" !3p;ps - - - px_,. By the minimality of r, we have
that f(n1) = 0. Then, ng +ny = 2" '5p1ps- - pr—p and f(ng +n1) = f(no) +
f(n1) # 0, which contradicts the minimality of . So f does not vanish at some
odd k-almost prime ng.

Let ng = pi'py? ---p,* with distinct odd primes p;, r; > 1, and > r; = k.
Then f(p;') # 0, from the mutiplicativity of f. Note that

FFIpl 4 o) = f (2” ’ ZO> Fw}) = £25) 1)) + F(no),
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for 1 <j <r; —1, and thus f(p’) # 0. Then, since

F@%opips? - pyt 4 2%0p T pst - pyt) = F(250) f(pTs? - ppt)
=2f(2%) f(p'p5* - - - p)"),

with 0 < s; < 7r; for 1 <i </, and Zf:o s; = k, we obtain a recurrence relation
f(251) = 2f(2°) with 0 < s < k. Thus,

f@) =2, f@2)=22 ..., f(@2") =28 [k =21 O

Lemma 2.2. f(n)=n, for 1 <n <17.

PROOF. Since f is multiplicative, we may consider only the case when n is
a prime power. Note that

FERETL12) = FRFTY F3) = f(28TB) + F(2F ).

Since 5 =2+ 3 and 7 = 2 + 5, we obtain f(28*1) f(3) = 3f(2%) + 2f(2"1) £(3).
By Lemma 2.1, f(3) = 3. Also, f(5) =5 and f(7) = 7 follow immediately.
Next, from

FEF42517) = £25) £(9) = F28) + £FN) £(7),

we find that f(9) = 9. But, note that 11 is neither a sum of two primes nor a sum
of two semiprimes. Indeed, there are several numbers which are not sums of two
semiprimes: 1,2, 3, 4,5, 6,7,9, 11, 17, 22, 33 (see [5]). It is conjectured that all
integers greater than 33 are expressible as sums of two semiprimes. We calculate
f(11) and f(17) by using f(15) and f(20).

First, f(15) = f(3) f(5) = 15. Then, f(2*~1.15) = f(2
f(13) = 13. Also, f(11) = 11 follows from f(2F=!.13) =
Similarly, f(17)=17 easily follows from f(2**!.5)= f(2*~!

f(2F71.13) yields

")+
F@F) + f281 1)
3+ f(2F1.17). O

Lemma 2.3. f(3") =3" and f(5") =5", for 1 <r < k.
ProoOF. Note that
F(35920718) = F(38I) f(2742) = f(3F9)2i+?
= FEIPE) 4 FE ) = fEI2T 4 f(3 2,
for 1 < j < k — 1 by the previous lemmas. Thus, f(3*771) = 3f(3%¥77), and we

can conclude that f(3") =3" for 1 <r < k.
We can obtain f(5") = 5" from the similar equality for f(5*727718). O
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Now, we show that f(n) = n for all n < N, under the condition that every
even number less than 2V can be expressed as a sum of two primes. The condition
is the numerical verification of the Goldbach Conjecture, and the current record
is 2N = 4-10'8 [4].

Lemma 2.4. If 2n can be expressed as the sum of two primes for all 4 <
2n < 2N, then f(n) =n for alln < N.

PROOF. Assume that f(n) =n for alln < M < N. If M + 1 is factored
into two relatively prime divisors, then, trivially, f(M +1) =M + 1. If M 4+ 1 is
prime, then choose a prime g € {3,5} satisfying M + 1+ ¢ =2 (mod 4). Then

M+1 M+1
PO 4 1)+ 24h) = pay f(FET) <o M
=N M)+ M) fla)

=2k 1 f(M 4+ 1) + 2 1¢,
and thus f(M +1) = M + 1.

It remains to consider the case when M +1 is a power of some prime. If M +1
is odd, then there exist primes p and ¢ such that 2(M + 1) = p + ¢ with p <
M +1 < gq. Then

FEL2M 4 1) =R F(M+1) =28 f(M +1)

F o+ 9) = F2¥p+ 25 g)
=)+ F@M D f(@) =2 p 25 (g).

We need to show that f(¢) = ¢. If we choose a prime r € {3,5,7,17} such that
g+7r=4 (mod 8), then f(q) = g follows from

g+ 2 ) = f(2‘”1)f(T> — 21 T gl gty

= F"N) fl@) + fRFY) fr) =2 flg) + 28y
and thus f(M +1) =M + 1.

If M +1 is a power of 2, then we can find two primes p and ¢ such that
M+4+1=p+qwithp<qg< M. If p+#3, then f(M +1) =M + 1, from
FBEH M +1) = fFEH (M +1) = F3"p+ 3" g)

=f@E" N f) + fB fla) =3 p+ 3 g =3 (M + 1),
since M + 1 is not divisible by 3. If p = 3, then, by using 5, f(5~1(M + 1))

yields f(M +1) = M + 1.
From the above results, we can conclude that f(n) =n for every n < N. O
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The main theorem follows from the Goldbach Conjecture, but it is still un-
solved. So we need to detour the infamous conjecture. Spiro devised a clever
method. Here, the set H in the following lemma plays a crucial role.

Lemma 2.5 ([7, Lemma 5]). For every prime p > 10'°, there is a prime
q < p such that p+ q € H, where

H = {n|uvy(n) <1if p>1000; vy(n) < [9log,10] — 1 if p < 1000}.

The next step is to show that f(n) = n for all n € H. But, before proceeding,
we need a lemma similar to Bertrand’s postulate.

Lemma 2.6. Let w(x) be the number of primes < x. Then,
(z) — w(g) >1,2,3.4,... forallz>2,11,17,29, ...

PRrROOF. This generalization of Bertrand’s postulate is due to RAMANU-
JAN [6]. O

Lemma 2.7. f(n) =n, for alln € H.

PROOF. If n < 10'°, then f(n) = n by Lemma 2.4. Thus, we may assume
that n > 10%°.

We use induction. Suppose that f(m) = m for all m < n. If n = ab is the
product of two nontrivial relatively prime numbers, then f(n) = f(a) f(b) = n
by the induction hypothesis. If n is a prime power, then n itself is prime by the
definition of H. In this case, there is a prime ¢ < n such that n + g € H by
Lemma 2.5.

Now, let n + g = 2°t, with s > 1 and ¢t odd. It is clear that every divisor of
an element in H is also in H. Since 2 € H, we have 2° < 101 and f(2°) = 2¢
by Lemma 2.4. Also, f(t) =t, since ¢t < n.

If p < n —2is an odd prime, then

FEFPPP 425 p) = F2P) f(p) Flp+2) =28 Pp(p + 2)
=fR" ) O+ FR N flp) =2" 2 f ) + 28 Tp

gives f(p?) = p?. Similarly,

FEETEPP 42872 = F2R ) F(?) Fp +2) =28 PP (p + 2)
= F2"3) F(0%) + F(2F2) F (%) = 28 £ (0) + 2822
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gives f(p®) = p3. Thus, inductively, we can deduce that f(p") = p” for 1 <r < k.
If such p satisfies (p,n 4+ ¢) = (p,n) = (p,q) = 1, then
F @+ a) =0 fntq) = FOP F2°) f() =" (n+ )
=P fn) + FO") fl@) =9 () + 9 e,
and thus f(n) = n.
By Bertrand’s postulate, there exists a prime p such that (n — 2)/2 < p <
n — 2. But, it may happen that p = (n 4 ¢)/2 or p = ¢. Lemma 2.6 guarantees
that there are at least two more primes in the interval when n — 2 > 17. So we

can choose the required prime p.
This completes the proof. (Il

Now, suppose that f(n) # n for some positive integer n. Obviously, n > 1010,
We construct a set H,, for n as follows:

Lemma 2.8 ([7, Lemma 7]). For a positive integer n, let
H,={mn :meH, (mmn)=1} if2|n;
H,={2mn : 2m € H,(m,n) =1} if 2{n.
Then, every element of H,, is even, and the set H, has positive lower density.

If an element, say h, in H,, can be expressed as a sum of two primes ¢; and ¢,
then f(q1) = q1 and f(g2) = ¢2 by Lemma 2.7, since H contains all primes. Thus,

£ = 1 £ (2) s =2 )
=" a0 ) = FOFTY) fla) + F00TY) fla2)
=p" g+ e = p" 0,

where p is a prime chosen to satisfy (p,q1) = (p,q2) = (p,q1 + ¢2) = 1. The
existence of such p is guaranteed by Lemma 2.6. The equality means f(n) = n,
and we should, thus, conclude that no element in H,, can be expressed as a sum
of two primes. But, this result contradicts the following lemma.

Lemma 2.9 ([7, Lemma 6]). Almost every even positive integer is expressible
as the sum of two primes.

PROOF. See [3]. O
From the above results, we can conclude that f is the identity function.
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