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Wigner’s theorem in atomic Ly-spaces (p > 0)

By XUJIAN HUANG (Tianjin) and DONGNI TAN (Tianjin)

Abstract. We characterize mappings between real atomic Ly-spaces (p > 0) satis-
fying a certain pair of functional equations. An analogue of the real version of Wigner’s
theorem in real atomic L,-spaces (p > 0) is presented.

1. Introduction

Wigner’s theorem (sometimes called unitary-antiunitary theorem) plays
a fundamental role in quantum mechanics and in representation theory in physics.
There are several equivalent formulations of Wigner’s theorem on symmetry trans-
formations of quantum mechanics. In fact, Wigner himself did not give a rigor-
ous mathematical proof. The first such proofs were given by BARGMAN [2] and
LEMONT and MENDELSON [6] in the 1960’s. In 1990, SHARMA and ALMEIDA [13]
gave the formulation of Wigner’s theorem by characterizing the bijections on
a Hilbert space preserving the absolute value of the inner product of any pair of
vectors. Recently, two elementary and short proofs for the non-bijective version
of Wigner’s theorem were given in [5] and [16]. Several other proofs were given
for the bijective and non-bijective versions, see [4], [9], [10], [11] and [14], to list
just some of them.

Let X and Y be normed spaces. A mapping f : X — Y is called an isometry
if f satisfies

1f(@) = fWll =llz -yl (z,y€X).
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The classical MAZUR—ULAM theorem [8] states that every surjective isometry
between two real normed spaces is affine. Also, BAKER [1] proved that every
isometry of a real normed space into a strictly convex real normed space is affine
without the onto assumption. Let us say that a mapping f : X — Y is phase
equivalent to a linear isometry if there exists a function € : X — {—1, 1} such that
ef is a linear isometry. The famous Wigner’s theorem characterizes the mappings
that are phase equivalent to linear isometries on Hilbert spaces. That is, when X
and Y are real Hilbert spaces, the phase isometries f : X — Y are precisely the
solutions of the functional equation

| <f@) fy) > |=|<zy>| (z,yeX). (1)

We can easily see that, when X and Y are normed spaces, all mappings f : X — Y
that are phase equivalent to real linear isometries are also solutions of the func-
tional equation

{1 @)+ F@IL @) = FOIY =z + ol lz =y} (@yeX). (2)

Thanks to Wigner’s theorem, the converse also holds, provided that X, Y are real
inner product spaces. Recently, G. MAKSA and Zs. PALESs [7] gave a real version
of Wigner’s theorem by using the functional equation (2). At the end of their
paper, Maksa and Pales posed the following question: What are the solutions
f:X =Y of (2) when X and Y are normed but not necessarily inner product
spaces? Under what conditions does it remain valid that, for the solutions of (2),
ef is real linear for some function ¢ : X — {-1,1}7

In this paper, we show that the solutions of equation (2) are phase equivalent
to real linear isometries, provided that X and Y are atomic L,-spaces (p > 0).
As a consequence, we partially answer the question raised by G. Maksa and
Zs. Péles. It can be considered as a generalization of the famous Wigner theorem
for atomic Ly-spaces (p > 0).

2. Results

Throughout this section, we consider the spaces all over the real field and
denote by R the set of of reals. This paper mainly discusses the atomic L,-spaces
on R with p > 0, p # 2. The spaces X and Y are used to denote such spaces
unless otherwise stated. We use Sx and Sy to denote the unit spheres of X
and Y, respectively. Moreover, f denotes a mapping from X to Y. An atomic
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L,-space (p > 0) is linearly isometric to [,(I"), where I is a nonempty index set.
The atomic L,-space is

LI)=qz= ngye'y ezl = (Z |§'y|p> <00, & eR, velp,
v gl

where e, : I' — R is the function for which e, (v) =1, e5(7/) =0,Vy € T, v # ~.
For every x = Z'yel‘ &yey € X, we denote the support of z by I'y, i.e.,

Iy ={yel:§ #0}

Then « can be rewritten in the form x = Z«/erm &ey € X. For all z,y € 1,(T),

if 'y NT'y = 0, then we say that x is orthogonal to y and write z_Ly. It should be

noted that {,(T") for 0 < p < 1 is a quasi-normed space but not a normed space.
We now recall a well-known result from [12].

Lemma 2.1. For any two real numbers & and 7,

IE+nP +[§—nP =2(§ + ") & &-n=0, p>0, p#2.

By this lemma, one can conclude the following result, the proof of which is
obvious, and thus omitted.

Corollary 2.2. Let X =1,(T) and Y = [,(A), p > 0, p # 2. Suppose that
f: X =Y is a mapping satisfying equation (2). Then for any z,y € X, we have

[l +yll” + llz = ylI” = 2([[«]|” + [lyl|") & zLly & f(x)Lf(y)-

We also need the next statement, which follows from an inspection of the
proof of [3, Lemma 5]. We give the details for the convenience of the readers.

Lemma 2.3. Let X = [,(T') and Y = [,(A), p > 0, p # 2. Suppose that
f: X =Y is a surjective mapping satisfying equation (2). Then there is a bijec-
tion o : I' = A such that f(Aey) = £Aey(4), for any A € R.

PROOF. Since f satisfies equation (2), putting y = x implies that f is a norm
preserving map, and putting y = —x, we have f(—x) = & f(x), for all z € X. Let
v € I', and denote by Ay ) the support of f(ey). For any A >0 and 0 € Afeys
we can find z € X such that f(z) = Xes (so ||z|| = A). For any 7' € T’ with
~' # ~, it follows from Corollary 2.2 that

fley)Lf(ey) = flx)Lf(ey) = xley.
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This means z = +e,, and so f(Ae,) = £Xes, for any A > 0. So Ay y is
a singleton. Now we define an injective mapping o : T' — A by o(y) = §. We will
show that o is a surjective mapping. Suppose that, on the contrary, there is
a dp € A such that §y ¢ o(T"). As f is surjective, there exists y € X satisfying
f(y) = es,. Applying Corollary 2.2 again,

f)Lf(ey) = yley, Vyel.
So y = 0, which is a contradiction. ([
We will derive the representation theorem of the surjective mappings sat-

isfying equation (2) between two atomic L,-spaces (p > 0, p # 2) in the real
case.

Lemma 2.4. Let X = [,(I') and Y = [,(A), p > 0, p # 2. Suppose that
f: X =Y is a surjective mapping satisfying equation (2). Let o : T' — A be the
bijection from Lemma 2.3. Then for any element x = Z’yel" &vey € X, we have
f(LL') = nyel‘ No(v)€a(v)» where |§“/| = |77cr('y)|a for any vy € .

PROOF. Note that since f has the norm preserving property, we get f(0) = 0.
Forany 0 # x € X, write v = [|z|| 30, cp, §y€4, where 30 &P = 1and &, # 0,
for all v € T';. We can see from Corollary 2.2 that f(z)Lf(ey ), for any v/ ¢ I'.

Then we can write f(z) = |[2| X2, cr, Mo()€o(r): Where >° cp [P = 1.
For any v € ', we have

1f(2) + fllzlle)II” + 11 (2) = F(llzlley)]P
= [lz + llzlles [” + llz = llzlles |I”
= [[2IP(1 = & [P + 16y + 117) + [P (1 = &7 + & — 1/7)
= [lZ[P(1 + &7 + [1 = & [P = 2[&,]" + 2).
On the other hand, since f(||z|ley) = £|z|es(,) by Lemma 2.3, we have

1f (@) + flllzlle)” + [[f (@) = fllzlles) [
= HI”p(l - |’r]0(’y)‘p + |770('y) + 1|p) + ||l,||p(1 - |770(’y)‘p + |na(v) - 1|p)
= [|z[[P(I1 + 1o [* + 11 = Mo |” = 2ne() 7 + 2).

Combining the two equations, we obtain that

T+ &P+ 1 =& P = 2[&1P = [1+ 05 |” + 1 = 0o " = 200 |7,

for any v € I';. It is well known that for any s, > 0, if 0 < p < 1, then
(s+7r)P < sP+7rP;if p > 1, then (s + r)? > s? + rP. This implies that the
function p(t) = (1+¢)P + (1 —t)P — 2t is strictly decreasing (increasing) on [0, 1]
for 0 <p <2 (p>2). Thus |§,] = [1(y)], for any v € T',. O
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The next result shows that a mapping satisfying the functional equation (2)
has a property close to linearity.

Lemma 2.5. Let X = [,(I') and Y = [,(A), p > 0, p # 2. Suppose that
f: X =Y is a surjective mapping satisfying equation (2). Then
(a) f(Ax) =ENf(x), for every x € X, A € R;
(b) for all nonzero orthogonal vectors x and y in X, there exist two real numbers
« and B with absolute value 1 such that

fx+y) =af(x)+8f(y).

PROOF. (a) Since f is a norm preserving map and f(—xz) = £f(z) for all
z € X, we can assume that 0 # z € X and A > 0. We write z =3 1 [[2[& e,
where }° p |&[P =1 and & # 0, for all v € I';. Suppose that o : I' = A
is the bijection from Lemma 2.3. By Lemma 2.4 and using the norm preserving
property, we write

F@) =12l > &ompeorm, FOz) =zl Y A" o1 €00
yels vely
where [, )| = |€” ;)| = ||, for any v € ;.. Apply equation (2) to obtain that
{@+ 0P N2lP, 11 = APll]”}
={llf (@) + fA2)|I, [ f(z) = f(Az)[P}
= {[|=||” Z |§/0'('y) + )\f/'o(«,)|pa [l Z |€/0'('y) - Ag”a("/)'p}'
yel'y yel'y

This implies that

{@+NP =2 =D 1 iy A o) P D 1€ oy = A P - (3)

Y€l V€l

Notice that > . [§|7 = 1 and [£'5] = ["6¢)| = [&], for any v € T'.
We deduce from this and equation (3) that &', (,)/§" 5,y = 1, for all v € Ty, or
& o/§" 5(y) = =1, for all v € T';. Thus f(Az) = £\ f(2).

(b) Let z and y be nonzero orthogonal vectors in X such that z = Z'yél"x Evey
and y = Zwery nye~. We write

f(.l?) = Z gla('y)eo('y)a f(y) = Z 77/0(7)60(7)7

~eTl, yely

f((E + y) = Z 51/0(7)60(7) + Z 77”0(7)60('\/)’

yel'y 'YEFy
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where |§/U(’Y)| = |£”O’(’Y)| = |£’Y| and |n/o'('y)| = |77//U('y)| = |77’Y|7 for any 7y € Ly UFZ/'
We infer from equation (2) that

Z |£Ha('y) + 5/0(7)|p + ||y||p7 Z |§HU(A/) - gla(w)‘p + Hy”p

vel, vel,
={llf(@+y)+ F@I, If (@ +y) = F@)]F}
= {2z +yl”, lyll"} = {121 + [lyl”, Iyl }-

It follows that "y + &5y = 0, for all v € I'y, or &y — &5y = 0,
for all v € T';. This implies that > 1 €5, €0(y) = £f(2), and similarly,
Zwery N 2(1)€o(y) = £f(y). The proof is complete. O

Theorem 2.6. Let X =,(I") and Y = [,(A), p>0. Suppose that f : X =Y
is a surjective mapping satisfying equation (2). Then f is phase equivalent to
a linear isometry:.

PROOF. Wigner’s theorem proves the case p = 2. We need only consider the
case p > 0, p # 2. By the axiom of choice, there is a set L. C X such that for any
0 # = € X, there exists exactly one element y € L such that z = Ay for some
A € R. We define fo: X =Y by fo(0) =0 and

fo(x) = fo(Ay) = Mf(y), Vo=yeX.

Now fy is well-defined, homogeneous and phase equivalent to f by Lemma 2.5.
Therefore, we may assume that f is homogeneous. Fix 79 € I', and let Z := {z €
X :xley}. By Lemma 2.5, we can write

fz+ey) =a(2)f(2) + B(2)f(ey0)  (2)] = |B(2)] =1,

for any z € Z. Since f is homogeneous,

f(z+ Xeqy) = Af (; —l—e%) =« (;) f(z)+p (;) Af(eqy)-

Define a mapping g : X — Y as follows:

z z

9(2) = a(2)B()F (), glz+rer) =a (5) B(5) F(2) + Aflesy).

for all z € Z and 0 # XA € R. Then g is phase equivalent to f. Hence g satisfies
the functional equation (2). For any z € Z and 0 # A € R,
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(T AP+ 27, [1 = AP[|z[|7}
= {llg(z + e30) + 9(Az + e50)[I7; [lg(2 + e40) = 9(Az + €50 [P}
= {llg(2) + g(A2)I” + 2%, lg(2) — g(A2)[I"}
= {la(2)B8(2) + Aa(A2)BOA) P2 + 27, |a(2) B(2) — Ada(X2) B(Az)[P[|z[|"}-

It follows that a(z)B(z) = a(Az)B(Az), for all 0 # z € Z and 0 # A € R. This
implies that
9(z + Aeyy) = 9(2) + Af(eq0),

for all z € Z and A € R. Therefore, g is a surjective mapping, since g is homoge-
neous by the above. On the other hand,

{lg(@) +gW)I”s llg(x) — gWIP} = {llz + ylI”s |l — ylI"},

and

{llg(@ +eyy) + gy + exo) I, [lg(@ + eq) — gy + e40) 1P}
= {llg(x) + gW)|I” + 27, lg(x) — gW)IIP} = {ll= + ylI” + 27, |z — y|"},

for all z,y € Z. It follows that ||g(z) — g(y)|| = ||z — yl|, for all z,y € Z, and
so ¢ is an isometry from X onto Y. In the case of p > 1, the Mazur-Ulam
theorem proves that g is a linear isometry. If 0 < p < 1, then by the result of
[15, Corollary 2.6], we obtain that g is a linear isometry. O
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