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Abstract. Let m, n ≥ 1. Define the multiple Littlewood–Paley operator GΨ by

GΨ(f)(x, y) :=

(∫ ∞
0

∫ ∞
0

|Ψt,s ∗ f(x, y)|2 dtds
ts

)1/2

,

where Ψ(x, y) ∈ L1(Rm×Rn) and Ψt,s(x, y) = t−ms−nΨ(t−1x, s−1y). In this paper, we

present several characterizations of the L2-boundedness for Littlewood–Paley functions

on product domains.

1. Introduction

Let ψ ∈ L1(Rn) with
∫
Rn ψ(x)dx = 0. Let Sn−1 be the unit sphere in Rn, and

dσn denote the induced Lebesgue measure on Sn−1. The classical Littlewood–

Paley g-function is defined by

gψ(f)(x) =

(∫ ∞
0

|ψt ∗ f(x)|2 dt
t

)1/2

,
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where ψt(x) = t−nψ(t−1x). It was well known that, under the assumption∫∫
Rn×Rn

∣∣ψ(u)ψ(v) log |ξ · (u− v)|
∣∣dudv <∞ for a.e. ξ ∈ Sn−1,

gψ is bounded on L2(Rn) if and only if

sup
ξ∈Sn−1

∣∣∣ ∫∫
Rn×Rn

ψ(u)ψ(v) log |ξ · (u− v)|dudv
∣∣∣ <∞.

Indeed, this characterization can be shown by using the Plancherel theorem and

the ideas in [St, pp. 40–41]). Recently, efforts have been made to look for more

separate type conditions assumed on ψ, which can be presented in the form of

ξ · u and ξ · v. An important result was given by K. Yabuta in 2013, when he

proved the following:

Theorem A ([Ya]). Let ψ ∈ L1(Rn) with
∫
Rn ψ(x)dx = 0. Assume that

there exist two positive constants γ1, γ2 such that∫
Sn−1

(∫ 1

0

|ψ(rx′)|2r2n−1−γ1dr

)1/2

dσn(x′) <∞,∫
Sn−1

(∫ ∞
1

|ψ(rx′)|2r2n−1+γ2dr

)1/2

dσn(x′) <∞.

Then gψ is bounded on L2(Rn) if and only if

sup
ξ∈Sn−1

∣∣∣ ∫∫
Rn×Rn

ψ(u)ψ(v) log
2√

(ξ · u′)2 + (ξ · v′)2
dudv

∣∣∣ <∞,
where u′ = u/|u| and v′ = v/|v|.

Attention should also be paid to the form of a special case of the Littlewood–

Paley operator appearing in Theorem A, by the reason that it has its deep roots

in the following celebrated works of T. Walsh.

Theorem B ([Wa]). Suppose that ϕ ∈ L1(0,∞) and satisfies the following

conditions:∫ ∞
0

ϕ(t)dt 6= 0,

∫ ∞
0

|ϕ(t)|dt <∞,
∫ ∞

1

(∫ ∞
t

|ϕ(s)|ds
)2

dt

t
<∞, (1.1)

∫ 1

0

(∫ ∞
0

|ϕ(s+ t)− ϕ(t)|ds
)2

dt

t
<∞. (1.2)
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Let Ω ∈ L1(Sn−1) with
∫
Sn−1 Ω(x′)dσn(x′) = 0 and ψ(x) = Ω(x′)|x|−n+1ϕ(|x|).

Then gψ is bounded on L2(Rn) if and only if

sup
ξ∈Sn−1

(∫ 1

0

∣∣∣ ∫
{|ξ·u′|≤t}

Ω(u′)dσn(u′)
∣∣∣2 dt
t

)1/2

<∞.

It should be pointed out that Theorem A implies the following conclusion.

Theorem C. Let ϕ be a compactly supported function satisfying that ϕ ∈
L1(0,∞),

∫∞
0
ϕ(t)dt 6= 0 and∫ ∞

0

|ϕ(t)|2t1−γdt <∞ for some γ > 0. (1.3)

Let Ω ∈ L1(Sn−1) with
∫
Sn−1 Ω(x′)dσn(x′) = 0 and ψ(x) = Ω(x′)|x|−n+1ϕ(|x|).

Then gψ is bounded on L2(Rn) if and only if

sup
ξ∈Sn−1

∣∣∣ ∫∫
Sn−1×Sn−1

Ω(u′)Ω(v′) log
2√

(ξ · u′)2 + (ξ · v′)2
dσn(u′)dσn(v′)

∣∣∣ <∞.
Remark 1.1. Note that there is no one-sided inclusion relationship between

condition (1.2) in Theorem B and condition (1.3) in Theorem C. It is easy to

see that, if we take ψ(x) = Ω(x′)|x|ρ−nχ{|x|≤1} with ρ ∈ C and Reρ > 0, then

gψ coincides with µρΩ, where µρΩ(f)(x) =
(∫∞

0
| 1
tρ

∫
|y|≤t

Ω(y′)
|y|n−ρ f(x− y)dy|2 dtt

)1/2

,

which was first defined and studied by L. Hörmander in [Ho]. Furthermore,

Theorems B and C may also lead to the characterizations of the L2 bounds of

µρΩ. More related works of µρΩ can be found in [Al], [DXY], [Sa].

From now on, let Ψ ∈ L1(Rm × Rn) and Ψt,s(x, y) = t−ms−nΨ(t−1x, s−1y).

In this paper, our object of investigation is the multiple Littlewood–Paley operator

GΨ defined by

GΨ(f)(x, y) :=

(∫ ∞
0

∫ ∞
0

|Ψt,s ∗ f(x, y)|2 dtds
ts

)1/2

for (x, y) ∈ Rm × Rn.

In particular, if we take Ψ(x, y) = Ω(x, y)|x|−m+1|y|−n+1|x|ρ1−m|y|ρ2−n ×
χ{|x|≤1}χ{|y|≤1} with ρi ∈ C and Reρi > 0 for i = 1, 2, then the operator GΨ

reduces to the classical multiple parametric Marcinkiewicz integral Mρ1,ρ2
Ω de-

fined by
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Mρ1,ρ2
Ω (f)(x, y)

:=

(∫ ∞
0

∫ ∞
0

∣∣∣ 1

tρ1sρ2

∫∫
{|u|≤t,|v|≤s}

Ω(u, v)

|u|m−ρ1 |v|n−ρ2
f(x−u, y−v)dudv

∣∣∣2 dtds
ts

)1/2

.

It is obvious that the operatorM1,1
Ω is just the well-known classical Marcinkiewicz

integralMΩ defined on product domains. The L2 boundedness ofMΩ has already

been studied by many authors. In 1998, Y. Ding [Di] proved thatMΩ is bounded

on L2(Rm ×Rn) if Ω ∈ L(log+ L)2(Sm−1 ×Sn−1). Subsequently, Y. Choi [Cho]

(also see [CFY]) improved the result of [Di] to the case Ω ∈ L log+ L(Sm−1 ×
Sn−1). In 2005, the above results were extended by H. Al-Qassem et al. [AACP]

to any p with 1 < p <∞. Later on, the result in [Cho] was further improved first

by H. Wu [Wu], and then by F. Liu and H. Wu [LW]. In order to state the

results in [Wu] and [LW], we need to introduce two function classes.

Definition 1.1 (Function Classes Fβ(Sm−1×Sn−1) andN1/2(Sm−1×Sn−1)).

Let Ω ∈ L1(Sm−1 × Sn−1) and G(ξ, η;u′, v′) = log 1
|ξ·u′| + log 1

|η·v′| + log 1
|ξ·u′| ·

log 1
|η·v′| . Ω is said to be in Fβ(Sm−1 × Sn−1) if

sup
(ξ,η)∈Sm−1×Sn−1

∫∫
Sm−1×Sn−1

|Ω(u′, v′)|G(ξ, η;u′, v′)βdσm(u′)dσn(v′) <∞

for β > 0. (1.4)

Ω is said to be in N1/2(Sm−1 × Sn−1) if Ω satisfies

sup
ξ∈Sm−1

∫
Sn−1

(∫ 1

0

∣∣∣ ∫
{|ξ·u′|≤t}

Ω(u′, η)dσm(u′)
∣∣∣2 dt
t

)1/2

dσn(η) <∞, (1.5)

sup
η∈Sn−1

∫
Sm−1

(∫ 1

0

∣∣∣ ∫
{|η·v′|≤s}

Ω(ξ, v′)dσn(v′)
∣∣∣2 ds
s

)1/2

dσm(ξ) <∞, (1.6)

sup
(ξ,η)∈Sm−1×Sn−1

(∫ 1

0

∫ 1

0

∣∣∣∫∫
{|ξ·u′|≤t,|η·v′|≤s}

Ω(u′, v′)dσm(u′)dσn(v′)
∣∣∣2dtds
ts

)1/2

<∞.

(1.7)

We summarized the results in [Wu] and [LW] as follows:
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Theorem D ([Wu]). Let Ω ∈ F1/2(Sm−1 × Sn−1). Then MΩ is bounded

on L2(Rm × Rn) provided that Ω satisfies the following conditions:

Ω(tu, sv) = Ω(u, v) for any t, s > 0 and (u, v) ∈ Rm × Rn, (1.8)∫
Sm−1

Ω(u′, ·)dσm(u′) =

∫
Sn−1

Ω(·, v′)dσn(v′) = 0. (1.9)

Theorem E ([LW]). Let ρi ∈ C with Reρi > 0 for i = 1, 2. Suppose that

Ω ∈ N1/2(Sm−1 × Sn−1) and satisfies (1.8)–(1.9). Then Mρ1,ρ2
Ω is bounded on

L2(Rm × Rn).

Remark 1.2. Note that if Ω ∈ Fβ(Sm−1 × Sn−1) for β > 1/2, then MΩ

is bounded on Lp(Rm × Rn) for 1 + 1/(2β) < p < 2β + 1 (see [HLY], [Wu]).

The following relationships are always true and they may help to understand the

function classes involved in this paper (see [LW], [Wu]):

Fβ1(Sm−1 × Sn−1) ( Fβ2(Sm−1 × Sn−1) ∀β1 > β2 > 0;

L(log+ L)2(Sm−1 × Sn−1) ( L log+ L(Sm−1 × Sn−1) ⊂ F1/2(Sm−1 × Sn−1)

( N1/2(Sm−1 × Sn−1). (1.10)

As a matter of fact, the following result obtained in [LW] is more general than

that in Theorem E, by the reason that two radial functions were first added in the

kernel part. Furthermore, it can be regarded as a multiple case of Theorem B.

Theorem F ([LW]). Let Ψ(x, y) = Ω(x, y)|x|−m+1|y|−n+1ϕ1(|x|)ϕ2(|y|),
where ϕi (i = 1, 2) satisfy conditions (1.1)–(1.2). Suppose that Ω satisfies

(1.5)–(1.6) and (1.8)–(1.9). Then GΨ is bounded on L2(Rm × Rn) if and only

if (1.7) holds.

Based on the above results and analysis, an interesting question arises nat-

urally: Does Theorem C hold in the multiple setting? This question will be

addressed by our next theorem.

Theorem 1.1. Suppose that Ω satisfies (1.8)–(1.9) and the following condi-

tions:

B1 := sup
ξ∈Sm−1

∫∫
(Sm−1×Sn−1)2

|Ω(u′1, v
′
1)Ω(u′2, v

′
2)|

× log
2√

(ξ · u′1)2 + (ξ · u′2)2
dσm(u′1)dσn(v′1)dσm(u′2)dσn(v′2) <∞; (1.11)
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B2 := sup
η∈Sn−1

∫∫
(Sm−1×Sn−1)2

|Ω(u′1, v
′
1)Ω(u′2, v

′
2)|

× log
2√

(η · v′1)2 + (η · v′2)2
dσm(u′1)dσn(v′1)dσm(u′2)dσn(v′2) <∞. (1.12)

Let Φ be a function defined on [0,∞)×[0,∞) such that 0 < |
∫∞

0

∫∞
0

Φ(s, t)dsdt| <
∞ and there exists a function F (θ, w) ∈ Lδ([0, π2 ] × [0, π2 ]) for some δ ∈ (1,∞),

such that, for any (θ, w) ∈ [0, π2 ]× [0, π2 ], it holds that∫ ∞
0

∫ ∞
0

|Φ(r1 cos θ, r2 cosw)Φ(r1 sin θ, r2 sinw)|r1r2dr1dr2 ≤ CF (θ, w), (1.13)

where C is a positive constant independent of θ and w. Now let Ψ(x, y)

= Ω(x, y)|x|−m+1|y|−n+1Φ(|x|, |y|). Then GΨ is bounded on L2(Rm × Rn) if and

only if

B3 : = sup
(ξ,η)∈Sm−1×Sn−1

∣∣∣∫∫
(Sm−1×Sn−1)2

Ω(u′1, v
′
1)Ω(u′2, v

′
2) log

2√
(ξ · u′1)2+(ξ · u′2)2

× log
2√

(η · v′1)2 + (η · v′2)2
dσm(u′1)dσn(v′1)dσm(u′2)dσn(v′2)

∣∣∣<∞. (1.14)

In the special case Φ(|x|, |y|) = ϕ1(|x|)ϕ2(|y|), Theorem 1.1 implies the fol-

lowing conclusion.

Corollary 1.1. Let Ψ(x, y) = Ω(x, y)|x|−m+1|y|−n+1ϕ1(|x|)ϕ2(|y|), where

ϕi (i = 1, 2) enjoy the properties that ϕi ∈ L1(0,∞),
∫∞

0
ϕi(t)dt 6= 0, and∫ ∞

0

|ϕi(t)|2t1−γdt <∞ and

∫ ∞
0

|ϕi(t)|2t1+γdt <∞, (1.15)

for some γ > 0. Suppose that Ω satisfies (1.8)–(1.9) and (1.11)–(1.12). Then GΨ

is bounded on L2(Rm × Rn) if and only if (1.14) holds.

Remark 1.3. Note that there is no one-sided inclusion relationship between

condition (1.2) in Theorem B and condition (1.15) in Corollary 1.1. Thus, Corol-

lary 1.1 is distinct from Theorem F. On the other hand, for any (ξ, η) ∈ Sm−1 ×
Sn−1, note that the following equation always holds:∫ 1

0

∫ 1

0

∣∣∣ ∫∫
{|ξ·u′|≤t,|η·v′|≤s}

Ω(u′, v′)dσm(u′)dσn(v′)
∣∣∣2 dtds

ts

=

∫∫
(Sm−1×Sn−1)2

Ω(u′1, v
′
1)Ω(u′2, v

′
2) log

1

max{|ξ · u′1|, |ξ · u′2|}

× log
1

max{|η · v′1|, |η · v′2|}
dσm(u′1)dσn(v′1)dσm(u′2)dσn(v′2).
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Using the above equation and the estimate
√

a2+b2

2 ≤ max{|a|, |b|} ≤
√
a2 + b2

(a, b ∈ R), it is easy to see that condition (1.7) is equivalent to condition (1.14).

Moreover, Corollary 1.1 implies that the following conclusion is true.

Corollary 1.2. Let ρi ∈ C with Reρi > 0 for i = 1, 2. Suppose that Ω

satisfies (1.8)–(1.9) and (1.11)–(1.12). Then Mρ1,ρ2
Ω is bounded on L2(Rm ×Rn)

if and only if (1.14) holds.

Furthermore, if we denote I1/2(Sm−1 × Sn−1) := {Ω ∈ L1(Sm−1 × Sn−1) :

Ω satisfies (1.11)–(1.12) and (1.14)}.
Then the relationship between F1/2(Sm−1 × Sn−1) and I1/2(Sm−1 × Sn−1)

can be stated as follows:

Proposition 1.1. F1/2(Sm−1 × Sn−1) ( I1/2(Sm−1 × Sn−1).

For the more general function class I1/2(Sm−1 × Sn−1), we have

Corollary 1.3. Let ρi ∈ C with Reρi > 0 for i = 1, 2. Suppose that

Ω ∈ I1/2(Sm−1 × Sn−1) and satisfies (1.8)–(1.9). Then Mρ1,ρ2
Ω is bounded on

L2(Rm × Rn).

Remark 1.4. Proposition 1.1 shows that Corollary 1.3 is an improvement of

Theorem D.

The following result provides a foundation for our analysis in the proof of

Theorem 1.1, which also has some independent interest.

Theorem 1.2. LetΨ∈L1(Rm×Rn),
∫
RmΨ(x, y)dx=0 and

∫
Rn Ψ(x, y)dy=0.

Then GΨ is bounded on L2(Rm × Rn) if and only if Ψ satisfies the following

conditions:

sup
(ξ,η)∈Sm−1×Sn−1

∣∣∣ ∫∫
(Rm×Rn)2

Ψ(u1, v1)Ψ(u2, v2) log |ξ · (u1 − u2)|

× log |η · (v1 − v2)|du1dv1du2dv2

∣∣∣ <∞;

sup
(ξ,η)∈Sm−1×Sn−1

∣∣∣ ∫∫
(Rm×Rn)2

Ψ(u1, v1)Ψ(u2, v2) log |ξ · (u1 − u2)|

× sign(η · (v1 − v2))du1dv1du2dv2

∣∣∣ <∞;

sup
(ξ,η)∈Sm−1×Sn−1

∣∣∣ ∫∫
(Rm×Rn)2

Ψ(u1, v1)Ψ(u2, v2) log |η · (v1 − v2)|

× sign(ξ · (u1 − u2))du1dv1du2dv2

∣∣∣ <∞.
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This paper will be organized as follows. Section 2 will be devoted to proving

Theorems 1.1 and 1.2. Corollaries 1.1–1.2 and Proposition 1.1 will be demon-

strated in Section 3.

2. Proofs of Theorems 1.1–1.2

Let us begin with the proof of Theorem 1.2.

Proof of Theorem 1.2. Motivated by the idea in [St], we shall prove

Theorem 1.2. By Plancherel’s theorem, the operator GΨ is of type (2, 2) if and

only if

sup
(ξ,η)∈Sm−1×Sn−1

(∫ ∞
0

∫ ∞
0

|Ψ̂(tξ, sη)|2 dtds
ts

)1/2

< +∞. (2.1)

Now, for a fixed (ξ, η) ∈ Sm−1 × Sn−1, by the cancellation condition of Ψ,∫ ∞
0

∫ ∞
0

|Ψ̂(tξ, sη)|2 dtds
ts

=

∫ ∞
0

∫ ∞
0

∫∫
(Rm×Rn)2

Ψ(u1, v1)Ψ(u2, v2)e−2πitξ·(u1−u2)

× e−2πisη·(v1−v2)du1dv1du2dv2
dtds

ts

=

∫∫
(Rm×Rn)2

Ψ(u1, v1)Ψ(u2, v2)

∫ ∞
0

(e−2πitξ·(u1−u2) − cos 2πt)
dt

t

×
∫ ∞

0

(e−2πisη·(v1−v2) − cos 2πs)
ds

s
du1dv1du2dv2. (2.2)

From [Ap, exercise 10.17], we see that∫ ∞
0

(e−2πitξ·(u1−u2)−cos 2πt)
dt

t
=log

1

|ξ · (u1−u2)|
−iπ

2
sign(ξ · (u1−u2)), (2.3)∫ ∞

0

(e−2πisη·(v1−v2)−cos 2πs)
ds

s
=log

1

|η · (v1−v2)|
−iπ

2
sign(η · (v1−v2)). (2.4)

It follows from (2.2)–(2.4) that∫ ∞
0

∫ ∞
0

|Ψ̂(tξ, sη)|2 dtds
ts

=

∫∫
(Rm×Rn)2

Ψ(u1, v1)Ψ(u2, v2)

(
log

1

|ξ · (u1 − u2)|
− iπ

2
sign(ξ · (u1 − u2))

)
×
(

log
1

|η · (v1 − v2)|
− iπ

2
sign(η · (v1 − v2))

)
du1dv1du2dv2
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=

∫∫
(Rm×Rn)2

Ψ(u1, v1)Ψ(u2, v2) log |ξ · (u1 − u2)|

× log |η · (v1 − v2)|du1dv1du2dv2

+
πi

2

∫∫
(Rm×Rn)2

Ψ(u1, v1)Ψ(u2, v2) log |ξ · (u1 − u2)|

× sign(η · (v1 − v2))du1dv1du2dv2

+
πi

2

∫∫
(Rm×Rn)2

Ψ(u1, v1)Ψ(u2, v2) log |η · (v1 − v2)|

× sign(ξ · (u1 − u2))du1dv1du2dv2

− π2

4

∫∫
(Rm×Rn)2

Ψ(u1, v1)Ψ(u2, v2)

× sign(ξ · (u1 − u2)) sign(η · (v1 − v2))du1dv1du2dv2. (2.5)

Clearly, it holds easily that

∣∣∣ ∫∫
(Rm×Rn)2

Ψ(u1, v1)Ψ(u2, v2) sign(ξ ·(u1−u2)) sign(η·(v1−v2))du1dv1du2dv2

∣∣∣
≤ ‖Ψ‖2L1(Rm×Rn).

Then (2.5), (2.1) and the conditions in Theorem 1.2 yield the desired result. �

Proof of Theorem 1.1. Fix (ξ, η) ∈ Sm−1 × Sn−1. The proof of Theo-

rem 1.1 will be finished by the proceeding two steps.

Step 1. This step will be devoted to showing that the following inequality

holds.∣∣∣ ∫∫
(Rm×Rn)2

Ψ(u1, v1)Ψ(u2, v2) log |ξ · (u1 − u2)| log |η · (v1 − v2)|du1dv1du2dv2

∣∣∣
≤ C

∣∣∣ ∫∫
(Sm−1×Sn−1)2

Ω(u′1, v
′
1)Ω(u′2, v

′
2) log

2√
(ξ · u′1)2 + (ξ · u′2)2

× log
2√

(η · v′1)2 + (η · v′2)2
dσm(u′1)dσn(v′1)dσm(u′2)dσn(v′2) +G(ξ, η)

∣∣∣, (2.6)

where G(ξ, η) ∈ L∞(Sm−1 × Sn−1), and C is a positive constant independent of

ξ and η.

To show inequality (2.6), setting u1 = s1u
′
1, u2 = s2u

′
2, v1 = t1v

′
1, v2 = t2v

′
2,

and then s1 = r1 cos θ, s2 = r1 sin θ, t1 = r2 cosw and t2 = r2 sinw, we have
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∫∫
(Rm×Rn)2

Ψ(u1, v1)Ψ(u2, v2) log |ξ · (u1 − u2)| log |η · (v1 − v2)|du1dv1du2dv2

=

∫∫
(Sm−1×Sn−1)2

Ω(u′1, v
′
1)Ω(u′2, v

′
2)

×
∫ ∞

0

∫ ∞
0

∫ ∞
0

∫ ∞
0

Φ(s1, t1)Φ(s2, t2) log |ξ · (s1u
′
1 − s2u

′
2)|

× log |η · (t1v′1 − t2v′2)|ds1dt1ds2dt2dσm(u′1)dσn(v′1)dσm(u′2)dσn(v′2)

=

∫∫
(Sm−1×Sn−1)2

Ω(u′1, v
′
1)Ω(u′2, v

′
2)

× Φ(u′1, v
′
1, u
′
2, v
′
2)dσm(u′1)dσn(v′1)dσm(u′2)dσn(v′2), (2.7)

where

Φ(u′1, v
′
1, u
′
2, v
′
2) :=

∫ ∞
0

∫ ∞
0

∫ π
2

0

∫ π
2

0

Φ(r1 cos θ, r2 cosw)Φ(r1 sin θ, r2 sinw)

× log |r1(ξ · u′1 cos θ − ξ · u′2 sin θ)|
× log |r2(η · v′1 cosw − η · v′2 sinw)|dθdwr1r2dr1dr2. (2.8)

By the trigonometric identity A cos θ − B sin θ =
√
A2 +B2 cos(A + tan−1 B

A ),

we see that

ξ · u′1 cos θ − ξ · u′2 sin θ =
√

(ξ · u′1)2 + (ξ · u′2)2 cos

(
θ + tan−1 ξ · u′2

ξ · u′1

)
, (2.9)

η · v′1 cosw − η · v′2 sinw =
√

(η · v′1)2 + (η · v′2)2 cos

(
w + tan−1 η · v′2

η · v′1

)
. (2.10)

Let σ(ξ, u′1, u
′
2) = arctan

ξ·u′2
ξ·u′1

and σ(η, v′1, v
′
2) = arctan

η·v′2
η·v′1

. Then (2.9) and (2.10)

yield

log |r1(ξ · u′1 cos θ − ξ · u′2 sin θ)| = log r1 + log
√

(ξ · u′1)2 + (ξ · u′2)2

+ log | cos(θ + σ(ξ, u′1, u
′
2))|, (2.11)

log |r2(η · v′1 cosw − η · v′2 sinw)| = log r2 + log
√

(η · v′1)2 + (η · v′2)2

+ log | cos(w + σ(η, v′1, v
′
2))|. (2.12)

For convenience, we set ϕ(θ, w, r1, r2)=Φ(r1 cos θ, r2 cosw)Φ(r1 sin θ, r2 sinw)r1r2.
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We use the following notations:

T1 = log r1 log r2,

T2 = log r1 log
√

(η · v′1)2 + (η · v′2)2, T3 = log r2 log
√

(ξ · u′1)2 + (ξ · u′2)2,

T4 = log r1 log | cos(w + σ(η, v′1, v
′
2))|, T5 = log r2 log | cos(θ + σ(ξ, u′1, u

′
2))|,

T6 = log
√

(ξ · u′1)2 + (ξ · u′2)2 log | cos(w + σ(η, v′1, v
′
2))|,

T7 = log
√

(η · v′1)2 + (η · v′2)2 log | cos(θ + σ(ξ, u′1, u
′
2))|,

T8 = log | cos(θ + σ(ξ, u′1, u
′
2))| log | cos(w + σ(η, v′1, v

′
2))|,

T9 = log
√

(ξ · u′1)2 + (ξ · u′2)2 log
√

(η · v′1)2 + (η · v′2)2.

By (1.13), we have∫ ∞
0

∫ ∞
0

|ϕ(θ, w, r1, r2)|dr1dr2 ≤ CF (θ, w), (2.13)

where C > 0 is independent of θ, w. Equation (2.8), together with (2.11)–(2.12)

yields that

Φ(u′1, v
′
1, u
′
2, v
′
2) =

∫ π
2

0

∫ π
2

0

∫ ∞
0

∫ ∞
0

ϕ(θ, w, r1, r2)
[ 9∑
i=1

Ti

]
dr1dr2dθdw =:

9∑
i=1

Ai.

By (2.7) and the above equation, one has∫∫
(Rm×Rn)2

Ψ(u1, v1)Ψ(u2, v2) log |ξ · (u1 − u2)| log |η · (v1 − v2)|du1dv1du2dv2

=

9∑
i=1

∫∫
(Sm−1×Sn−1)2

AiΩ(u′1, v
′
1)Ω(u′2, v

′
2)dσm(u′1)dσn(v′1)dσm(u′2)dσn(v′2)

=:

9∑
i=1

Ii. (2.14)

Now we are in the position to estimate each Ii for i = 1, 2, . . . , 9, respectively.

First, by condition (1.9), we have

Ii = 0 for i = 1, . . . , 5. (2.15)
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As for I6, it can be controlled by

|I6| ≤
∫∫

(Sm−1×Sn−1)2
|Ω(u′1, v

′
1)Ω(u′2, v

′
2)| log

2√
(ξ · u′1)2 + (ξ · u′2)2

×
∫ π

2

0

∫ π
2

0

∫ ∞
0

∫ ∞
0

|ϕ(θ, w, r1, r2)|dr1dr2

× log
1

| cos(w + σ(η, v′1, v
′
2))|

dθdwdσm(u′1)dσn(v′1)dσm(u′2)dσn(v′2). (2.16)

By (2.13) and the Hölder inequality,∫ π
2

0

∫ π
2

0

∫ ∞
0

∫ ∞
0

|ϕ(θ, w, r1, r2)|dr1dr2 log
1

| cos(w + σ(η, v′1, v
′
2))|

dθdw

≤ C
∫ π

2

0

∫ π
2

0

F (θ, w) log
1

| cos(w + σ(η, v′1, v
′
2))|

dθdw

≤ C

(∫ π
2

0

∫ π
2

0

|F (θ, w)|δdθdw

)1/δ(∫ π
2

0

∫ π
2

0

logδ
′ 1

| cos(w+σ(η, v′1, v
′
2))|

dθdw

)1/δ′

≤ C

(∫ π
2

0

logδ
′ 1

| cos(w + σ(η, v′1, v
′
2))|

dw

)1/δ′

. (2.17)

One can easily verify that∫ π
2

0

logδ
′ 1

| cos(w + σ(η, v′1, v
′
2))|

dw

=

∫ π
4

0

logδ
′ 1

| cos(w+σ(η, v′1, v
′
2))|

+

∫ π
2

π
4

logδ
′ 1

| cos(w+σ(η, v′1, v
′
2))|

dw. (2.18)

By the change of variables, we obtain∫ π
4

0

logδ
′ 1

| cos(w + σ(η, v′1, v
′
2))|

dw

≤
∫ 3π

4

0

logδ
′ 1

| cos θ|
dθ +

∫ 0

−π2
logδ

′ 1

| cos θ|
dθ

≤ 2

∫ π
2

0

logδ
′ 1

cos θ
dθ +

∫ 3π
4

π
2

logδ
′ 1

− cos θ
dθ ≤ C, (2.19)
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where C > 0 is independent of η, v′1 and v′2. Similarly, we can obtain∫ π
2

π
4

logδ
′ 1

| cos(w + σ(η, v′1, v
′
2))|

dw ≤ C, (2.20)

where C > 0 is independent of η, v′1 and v′2. It follows from (2.18)–(2.20) that∫ π
2

0

logδ
′ 1

| cos(w + σ(η, v′1, v
′
2))|

dw ≤ C, (2.21)

where C > 0 is independent of η, v′1 and v′2. Similarly, we have∫ π
2

0

logδ
′ 1

| cos(θ + σ(ξ, u′1, u
′
2))|

dθ ≤ C, (2.22)

where C > 0 is independent of ξ, u′1 and u′2. Combining (2.21) with (2.16)–(2.17)

gives that

|I6| ≤ CB1. (2.23)

Arguments similar to the ones we have done in dealing with I6 yield that

|I7| ≤ CB2. (2.24)

To estimate I8, first note that

|I8| ≤
∫∫

(Sm−1×Sn−1)2
|Ω(u′1, v

′
1)Ω(u′2, v

′
2)|

×
∫ π

2

0

∫ π
2

0

∫ ∞
0

∫ ∞
0

|ϕ(θ, w, r1, r2)|dr1dr2 log
1

| cos(θ + σ(ξ, u′1, u
′
2))|

× log
1

| cos(w + σ(η, v′1, v
′
2))|

dθdwdσm(u′1)dσn(v′1)dσm(u′2)dσn(v′2). (2.25)

Then, by (2.13), (2.21)–(2.22) and the Hölder inequality, it holds that∫ π
2

0

∫ π
2

0

∫ ∞
0

∫ ∞
0

|ϕ(θ, w, r1, r2)|dr1dr2

× log
1

| cos(θ + σ(ξ, u′1, u
′
2))|

log
1

| cos(w + σ(η, v′1, v
′
2))|

dθdw

≤ C
∫ π

2

0

∫ π
2

0

F (θ, w) log
1

| cos(θ + σ(ξ, u′1, u
′
2))|

log
1

| cos(w + σ(η, v′1, v
′
2))|

dθdw ≤
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≤ C

(∫ π
2

0

∫ π
2

0

|F (θ, w)|δdθdw

)1/δ

×

(∫ π
2

0

∫ π
2

0

logδ
′ 1

| cos(θ + σ(ξ, u′1, u
′
2))|

logδ
′ 1

| cos(w + σ(η, v′1, v
′
2))|

dθdw

)1/δ′

≤ C

(∫ π
2

0

logδ
′ 1

| cos(θ+σ(ξ, u′1, u
′
2))|

dθ

∫ π
2

0

logδ
′ 1

| cos(w+σ(η, v′1, v
′
2))|

dw

)1/δ′

≤C,

(2.26)

where C > 0 is independent of ξ, η, u′1, v
′
1, u

′
2, v
′
2. By (2.25) and (2.26), we obtain

|I8| ≤ C‖Ω‖2L1(Sm−1×Sn−1). (2.27)

Finally, we consider the contribution of I9. Note that

|I9| =
∣∣∣ ∫∫

(Sm−1×Sn−1)2
Ω(u′1, v

′
1)Ω(u′2, v

′
2) log

2√
(ξ · u′1)2 + (ξ · u′2)2

× log
2√

(η · v′1)2 + (η · v′2)2
dσm(u′1)dσn(v′1)dσm(u′2)dσn(v′2)

∣∣∣
×
∣∣∣ ∫ π

2

0

∫ π
2

0

∫ ∞
0

∫ ∞
0

ϕ(θ, w, r1, r2)dr1dr2dθdw
∣∣∣. (2.28)

Setting s1 = r1 cos θ, s2 = r1 sin θ, t1 = r2 cosw and t2 = r2 sinw, we have∫ π
2

0

∫ π
2

0

∫ ∞
0

∫ ∞
0

ϕ(θ, w, r1, r2)dr1dr2dθdw

=

∫ π
2

0

∫ π
2

0

∫ ∞
0

∫ ∞
0

Φ(r1 cos θ, r2 cosw)Φ(r1 sin θ, r2 sinw)r1r2dr1dr2dθdw

=

∫ π
2

0

∫ ∞
0

(∫ π
2

0

∫ ∞
0

Φ(r1 cos θ, r2 cosw)Φ(r1 sin θ, r2 sinw)r1dr1dθ

)
r2dr2dw

=

∫ π
2

0

∫ ∞
0

∫ ∞
0

∫ ∞
0

Φ(s1, r2 cosw)Φ(s2, r2 sinw)ds1ds2r2dr2dw

=

∫ ∞
0

∫ ∞
0

(∫ π
2

0

∫ ∞
0

Φ(s1, r2 cosw)Φ(s2, r2 sinw)r2dr2dw

)
ds1ds2

=

∫ ∞
0

∫ ∞
0

(∫ ∞
0

∫ ∞
0

Φ(s1, t1)Φ(s2, t2)dt1dt2

)
ds1ds2

=

(∫ ∞
0

∫ ∞
0

Φ(s1, t1)ds1dt1

)(∫ ∞
0

∫ ∞
0

Φ(s2, t2)ds2dt2

)
=

(∫ ∞
0

∫ ∞
0

Φ(s, t)dsdt

)2

.
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This, together with (2.28), yields that

|I9| =
(∫ ∞

0

∫ ∞
0

Φ(s, t)dsdt

)2

×
∣∣∣ ∫∫

(Sm−1×Sn−1)2
Ω(u′1, v

′
1)Ω(u′2, v

′
2) log

2√
(ξ · u′1)2 + (ξ · u′2)2

× log
2√

(η · v′1)2 + (η · v′2)2
dσm(u′1)dσn(v′1)dσm(u′2)dσn(v′2)

∣∣∣. (2.29)

It follows from (2.14)–(2.15), (2.23)–(2.24), (2.27) and (2.29) that (2.6) holds.

Step 2. This step will be devoted to proving the following two inequalities:∣∣∣ ∫∫
(Rm×Rn)2

Ψ(u1, v1)Ψ(u2, v2) log |ξ · (u1 − u2)|

× sign(η · (v1 − v2))du1dv1du2dv2

∣∣∣ ≤ C, (2.30)∣∣∣ ∫∫
(Rm×Rn)2

Ψ(u1, v1)Ψ(u2, v2) log |η · (v1 − v2)|

× sign(ξ · (u1 − u2))du1dv1du2dv2

∣∣∣ ≤ C, (2.31)

where C > 0 is a constant independent of ξ and η.

Setting u1 = s1u
′
1, u2 = s2u

′
2, v1 = t1v

′
1, v2 = t2v

′
2, and then s1 = r1 cos θ,

s2 = r1 sin θ, t1 = r2 cosw and t2 = r2 sinw, we can write∫∫
(Rm×Rn)2

Ψ(u1, v1)Ψ(u2, v2) log |ξ · (u1 − u2)| sign(η · (v1 − v2))du1du2dv1dv2

=

∫∫
(Sm−1×Sn−1)2

Ω(u′1, v
′
1)Ω(u′2, v

′
2)

×
∫ ∞

0

∫ ∞
0

∫ ∞
0

∫ ∞
0

Φ(s1, t1)Φ(s2, t2) log |ξ · (s1u
′
1 − s2u

′
2)|

× sign(η · (t1v′1 − t2v′2))ds1dt1ds2dt2dσm(u′1)dσn(v′1)dσm(u′2)dσn(v′2)

=

∫∫
(Sm−1×Sn−1)2

Ω(u′1, v
′
1)Ω(u′2, v

′
2)

× Γ(u′1, v
′
1, u
′
2, v
′
2)dσm(u′1)dσn(v′1)dσm(u′2)dσn(v′2), (2.32)

where

Γ(u′1, v
′
1, u
′
2, v
′
2) :=

∫ π
2

0

∫ π
2

0

∫ ∞
0

∫ ∞
0

ϕ(θ, w, r1, r2) log |r1(ξ · u′1 cos θ − ξ · u′2 sin θ)|

× sign(r2(η · v′1 cosw − η · v′2 sinw))dr1dr2dθdw. (2.33)
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By (2.11) and (2.33), we have

Γ(u′1, v
′
1, u
′
2, v
′
2) =

∫ π
2

0

∫ π
2

0

∫ ∞
0

∫ ∞
0

ϕ(θ, w, r1, r2) log r1

× sign(r2(η · v′1 cosw − η · v′2 sinw))dr1dr2dθdw

+

∫ π
2

0

∫ π
2

0

∫ ∞
0

∫ ∞
0

ϕ(θ, w, r1, r2) log
√

(ξ · u′1)2 + (ξ · u′2)2

× sign(r2(η · v′1 cosw − η · v′2 sinw))dr1dr2dθdw

+

∫ π
2

0

∫ π
2

0

∫ ∞
0

∫ ∞
0

ϕ(θ, w, r1, r2) log | cos(θ + σ(ξ, u′1, u
′
2))|

× sign(r2(η · v′1 cosw − η · v′2 sinw))dr1dr2dθdw

=: D1 +D2 +D3

Therefore, equation (2.32) implies that∫∫
(Rm×Rn)2

Ψ(u1, v1)Ψ(u2, v2) log |ξ · (u1 − u2)| sign(η · (v1 − v2))du1dv1du2dv2

=

3∑
i=1

∫∫
(Sm−1×Sn−1)2

DiΩ(u′1, v
′
1)Ω(u′2, v

′
2)dσm(u′1)dσn(v′1)dσm(u′2)dσn(v′2)

=:

3∑
i=1

Ji. (2.34)

We get easily from (1.9) that

J1 = 0. (2.35)

By (1.9) again, (2.13) and the Hölder inequality,

|J2| ≤
∣∣∣ ∫∫

(Sm−1×Sn−1)2
Ω(u′1, v

′
1)Ω(u′2, v

′
2)

×
∫ π

2

0

∫ π
2

0

∫ ∞
0

∫ ∞
0

ϕ(θ, w, r1, r2) log
2√

(ξ · u′1)2 + (ξ · u′2)2

× sign(r2(η · v′1 cosw−η · v′2 sinw))dr1dr2dθdwdσm(u′1)dσn(v′1)dσm(u′2)dσn(v′2)
∣∣∣

≤
∫∫

(Sm−1×Sn−1)2
|Ω(u′1, v

′
1)Ω(u′2, v

′
2)|

× log
2√

(ξ · u′1)2 + (ξ · u′2)2
dσm(u′1)dσn(v′1)dσm(u′2)dσn(v′2)

∫ π
2

0

∫ π
2

0

F (θ, w)dθdw

≤ B1

(∫ π
2

0

∫ π
2

0

|F (θ, w)|δdθdw

)1/2

≤ C‖F‖Lδ([0,π2 ]×[0,π2 ])B1. (2.36)
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By (1.9) again, (2.13), (2.19) and Hölder’s inequality,

|J3| ≤
∣∣∣ ∫∫

(Sm−1×Sn−1)2
Ω(u′1, v

′
1)Ω(u′2, v

′
2)

×
∫ π

2

0

∫ π
2

0

∫ ∞
0

∫ ∞
0

ϕ(θ, w, r1, r2) log
1

| cos(θ + σ(ξ, u′1, u
′
2))|

× sign(r2(η · v′1 cosw−η · v′2 sinw))dr1dr2dθdwdσm(u′1)dσn(v′1)dσm(u′2)dσn(v′2)
∣∣∣

≤
∫∫

(Sm−1×Sn−1)2
|Ω(u′1, v

′
1)Ω(u′2, v

′
2)|dσm(u′1)dσn(v′1)dσm(u′2)dσn(v′2)

×
∫ π

2

0

∫ π
2

0

F (θ, w) log
1

| cos(θ + σ(ξ, u′1, u
′
2))|

dθdw

≤ ‖Ω‖2L1(Sm−1×Sn−1)

(∫ π
2

0

∫ π
2

0

|F (θ, w)|δdθdw

)1/δ

×

(∫ π
2

0

logδ
′ 1

| cos(θ + σ(ξ, u′1, u
′
2))|

dθ

)1/δ′

≤ C‖Ω‖2L1(Sm−1×Sn−1). (2.37)

(2.30) follows from (2.34)–(2.37). Similarly, we can get (2.31). Applying Theo-

rem 1.2 and using (2.6) and (2.30)–(2.31), we can get the desired result. �

3. Proofs of Corollaries 1.1–1.2 and Proposition 1.1

Let us begin with the proof of Proposition 1.1.

Proof of Proposition 1.1. First, we will show that F1/2(Sm−1×Sn−1) ⊂
I1/2(Sm−1 × Sn−1). Let Bi (i = 1, 2, 3) be given as in Theorem 1.1. By the fact

that log 2√
a2+b2

≤ log1/2 2
a log1/2 2

b (0 < a, b < 2), we have

B3 ≤ sup
(ξ,η)∈Sm−1×Sn−1

∫∫
(Sm−1×Sn−1)2

|Ω(u′1, v
′
1)Ω(u′2, v

′
2)| log1/2 2

|ξ · u′1|

× log1/2 2

|ξ · u′2|
log1/2 2

|η · v′1|
log1/2 2

|η · v′2|
dσm(u′1)dσn(v′1)dσm(u′2)dσn(v′2)

≤

(
sup

(ξ,η)∈Sm−1×Sn−1

∫∫
Sm−1×Sn−1

|Ω(u′, v′)| log1/2 2

|ξ · u′|

× log1/2 2

|η · v′|
dσm(u′)dσn(v′)

)2
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≤

(
‖Ω‖L1(Sm−1×Sn−1)

+ sup
(ξ,η)∈Sm−1×Sn−1

∫∫
Sm−1×Sn−1

|Ω(u′, v′)|G(ξ, η;u′, v′)1/2dσm(u′)dσn(v′)

)2

,

where G(ξ, η;u′, v′) is the same as in (1.4). On the other hand, B1 can be esti-

mated as follows:

B1 ≤ sup
ξ∈Sm−1

∫∫
(Sm−1×Sn−1)2

|Ω(u′1, v
′
1)Ω(u′2, v

′
2)|

× log1/2 2

|ξ · u′1|
log1/2 2

|ξ · u′2|
dσm(u′1)dσn(v′1)dσm(u′2)dσn(v′2)

≤

(
sup

ξ∈Sm−1

∫∫
Sm−1×Sn−1

|Ω(u′, v′)| log1/2 2

|ξ · u′|
dσm(u′)dσn(v′)

)2

≤

(
‖Ω‖L1(Sm−1×Sn−1)

+ sup
ξ∈Sm−1

∫∫
Sm−1×Sn−1

|Ω(u′, v′)| log1/2 2

|ξ · u′|
dσm(u′)dσn(v′)

)2

.

Similarly, we have

B2 ≤

(
‖Ω‖L1(Sm−1×Sn−1)

+ sup
η∈Sn−1

∫∫
Sm−1×Sn−1

|Ω(u′, v′)| log1/2 2

|η · v′|
dσm(u′)dσn(v′)

)2

.

This implies that F1/2(Sm−1×Sn−1) is a subset of I1/2(Sm−1×Sn−1). Now we

construct a real function Ω, which enjoys the property (1.9) and is contained in

the class I1/2(Sm−1 × Sn−1), but not in F1/2(Sm−1 × Sn−1). We only consider

a construction in the 2-dimensional case. Let Ω0(x′, y′) = Ω(x′)Ω(y′), where

Ω(cosα, sinα) =


1

|α|(log |α|−1)3/2 log log |α|−1 , |α| < 1/10;

−10

∫ 1/10

0

dα

|α|(log |α|−1)3/2 log log |α|−1
, 1/10 < |α| < 2/10;

0, 2/10 < |α| < π.

Arguments similar to those in [DXY, Corollary 2] yield that Ω0 satisfies (1.9)

and Ω0 ∈ I1/2(S1 × S1). But Ω0 6∈ F1/2(S1 × S1). This finishes the proof of

Proposition 1.1. �
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Remark 3.1. Note that, for the one-parameter case, Proposition 1.1 is con-

tained in [DXY]. It is helpful for readers to give a self- contained more explicit

proof of this fact.

Proof of Corollary 1.1. Let Φ(|x|, |y|) = ϕ1(|x|)ϕ2(|y|), where ϕi (i =

1, 2) are the same as in Corollary 1.1. One can easily check that

0 <
∣∣∣ ∫ ∞

0

∫ ∞
0

Φ(s, t)dsdt
∣∣∣ ≤ ‖ϕ1‖L1(0,∞)‖ϕ2‖L1(0,∞) <∞.

Now, for a fixed (θ, w) ∈ [0, π2 ]× [0, π2 ], we may write∫ ∞
0

∫ ∞
0

|Φ(r1 cos θ, r2 cosw)Φ(r1 sin θ, r2 sinw)|r1r2dr1dr2

≤
∫ ∞

0

|ϕ1(r1 cos θ)ϕ1(r1 sin θ)|r1dr1

∫ ∞
0

|ϕ2(r2 cosw)ϕ2(r2 sinw)|r2dr2. (3.1)

By the change of variables, the Hölder inequality and (1.15), it follows immedi-

ately that∫ ∞
0

|ϕ1(r1 cos θ)ϕ1(r1 sin θ)|r1dr1

≤
(∫ ∞

0

|ϕ1(r1 cos θ)|2r1+γ
1 dr1

)1/2(∫ ∞
0

|ϕ1(r1 sin θ)|2r1−γ
1 dr1

)1/2

≤
(∫ ∞

0

|ϕ1(r)|2r1+γdr

)1/2(∫ ∞
0

|ϕ1(s)|2s1−γds

)1/2

(cos θ)−1−γ/2(sin θ)−1+γ/2

≤ C(cos θ)−1−γ/2(sin θ)−1+γ/2, (3.2)

where C > 0 is independent of θ. Moreover,∫ ∞
0

|ϕ1(r1 cos θ)ϕ1(r1 sin θ)|r1dr1

≤
(∫ ∞

0

|ϕ1(r1 cos θ)|2r1−γ
1 dr1

)1/2(∫ ∞
0

|ϕ1(r1 sin θ)|2r1+γ
1 dr1

)1/2

≤
(∫ ∞

0

|ϕ1(r)|2r1−γdr

)1/2(∫ ∞
0

|ϕ1(s)|2s1+γds

)1/2

(cos θ)−1+γ/2(sin θ)−1−γ/2

≤ C(cos θ)−1+γ/2(sin θ)−1−γ/2, (3.3)
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where C > 0 is independent of θ.

Therefore, if we introduce the notion as follows:

F1(θ) :=(cos θ)−1−γ/2(sin θ)−1+γ/2χ[0,π4 ](θ)+(cos θ)−1+γ/2(sin θ)−1−γ/2χ[π4 ,
π
2 ](θ),

then inequalities (3.2)–(3.3) will yield that∫ ∞
0

|ϕ1(r1 cos θ)ϕ1(r1 sin θ)|r1dr1 ≤ CF1(θ), (3.4)

where C > 0 is independent of θ. Similarly, one obtains that∫ ∞
0

|ϕ2(r2 cosw)ϕ2(r2 sinw)|r2dr2 ≤ CF1(w), (3.5)

where C > 0 is independent of w.

Let F (θ, w) = F1(θ)F1(w). It follows from (3.1) and (3.4)–(3.5) that there

exists C > 0 independent of θ, w such that for any (θ, w) ∈ [0, π2 ]× [0, π2 ],∫ ∞
0

∫ ∞
0

|Φ(r1 cos θ, r2 cosw)Φ(r1 sin θ, r2 sinw)|r1r2dr1dr2 ≤ CF (θ, w).

Taking δ with 1 < δ < 1/(1 − γ/2) in the case 0 < γ < 2, and δ = 2 in the case

γ ≥ 2, we have ∫ π
4

0

(cos θ)−(1+γ/2)δ(sin θ)−(1−γ/2)δdθ <∞,∫ π
2

π
4

(cos θ)−(1−γ/2)δ(sin θ)−(1+γ/2)δdθ <∞. (3.6)

It follows from (3.6) that F (θ, w) ∈ Lδ([0, π2 ] × [0, π2 ]). Hence, applying Theo-

rem 1.1, we get the desired result. �

Proof of Corollary 1.2. Take γ with 0 < γ < 2 min{Reρ1,Reρ2}. One

can easily check that
∫∞

0
|ϕi(t)|dt =

∫ 1

0
tReρi−1dt = 1

Reρi
,
∫∞

0
ϕi(t)dt 6= 0, and∫ ∞

0

|ϕi(t)|2t1−γdt =

∫ 1

0

t2Reρi−γ−1dt =
1

2Reρi − γ
for i = 1, 2,∫ ∞

0

|ϕi(t)|2t1+γdt =

∫ 1

0

t2Reρi+γ−1dt =
1

2Reρi + γ
for i = 1, 2.

Applying Corollary 1.1, we get immediately Corollary 1.2. �

Acknowledgements. The authors want to express their sincere thanks to

the referee for his or her valuable remarks and suggestions, which made this paper

more readable.



Littlewood–Paley operators 439

References

[AACP] H. Al-Qassem, A. Al-Salman, L.C. Cheng and Y. Pan, Marcinkiewicz integrals on

product spaces, Studia Math. 167 (2005), 227–234.

[Al] A. Al-Salman, On the L2 boundedness of parametric Marcinkiewicz integral operator,
J. Math. Anal. Appl. 375 (2011), 745–752.

[Ap] T.M. Apostol, Mathematical Analysis, Second edition, Addison–Wesley Publishing
Co., Reading, Mass. – London-Don Mills, Ont., 1974.

[CFY] J. Chen, D. Fan and Y. Ying, The method of rotation and Marcinkiewicz integrals

on product domains, Studia Math. 153 (2002), 41–58.

[Cho] Y. Choi, Marcinkiewicz integrals with rough homogeneous kernel of degree zero on

product domains, J. Math. Anal. Appl. 261 (2001), 53–60.

[Di] Y. Ding, L2-boundedness of Marcinkiewicz integral with rough kernel, Hokkaido Math.

J. 27 (1998), 105–115.

[DXY] Y. Ding, Q. Xue and K. Yabuta, A remark to the L2 boundedness of parametric
Marcinkiewicz integral, J. Math. Anal. Appl. 387 (2012), 691–697.

[Gr] L. Grafakos, Classical Fourier Analysis, Second edition, Graduate Texts in Mathe-
matics, Vol. 249, Springer, New York, 2008.
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