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Characterizations of the multiple Littlewood—Paley
operators on product domains

By FENG LIU (Qingdao) and QINGYING XUE (Beijing)
This paper is dedicated to Professor K. Yabuta

Abstract. Let m, n > 1. Define the multiple Littlewood—Paley operator Gy by

Go(f)(w,y) = ( L[ f(m,y>|2‘“d5)1/2,

ts

where ¥(z,y) € L*(R™ x R") and U; 4(z,y) =t~ ™s "U(t 'z,s 'y). In this paper, we
present several characterizations of the L2-boundedness for Littlewood—Paley functions
on product domains.

1. Introduction

Let ¢ € L'(R™) with [, ¢(x)dz = 0. Let S*~! be the unit sphere in R”, and
do,, denote the induced Lebesgue measure on S"~!. The classical Littlewood—
Paley g-function is defined by

s =[x f(:v)IQCff)w,
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where 1, (2) =t~ (¢t~ 1x). It was well known that, under the assumption

// ¥(v)log € - (u — ) ||dudv < 0o for ae. £ € 8",
R™ XR"

gy is bounded on L?(R™) if and only if

// p(v)log |€ - (u — v)|dudv| < co.
n XR’!L

Indeed, this characterization can be shown by using the Plancherel theorem and

sup
gesn—l

the ideas in [St, pp. 40-41]). Recently, efforts have been made to look for more
separate type conditions assumed on 1, which can be presented in the form of
£-u and £ -v. An important result was given by K. Yabuta in 2013, when he
proved the following:

Theorem A ([Ya]). Let ¢ € L*(R™) with [y, ¢(x)dz = 0. Assume that
there exist two positive constants vy, o such that

1/2

/ </ [ (ra’) |2 2n—1- 71d7“> do,(2') < oo,
S"’ 1

o 1/2
/ </ |1/J(rm’)|27°2”_1+72dr> doy,(z) < oo.
sn—1 \J1

Then g, is bounded on L?(R™) if and only if

2
1
//R"XR" ) (v) log JE VR E. UI)2dudv < oo

where v’ = u/|u| and v' = v/|v|.

sup
EES"’I

Attention should also be paid to the form of a special case of the Littlewood—
Paley operator appearing in Theorem A, by the reason that it has its deep roots
in the following celebrated works of T. Walsh.

Theorem B ([Wal]). Suppose that ¢ € L'(0,00) and satisfies the following
conditions:

/Ooow(t)dwéo, /0| t)|dt < oo, /(/ |ds>2‘ff<oo, (1.1)
/01 (/Ooo lo(s +1) — <p(t)|ds>2cit < o0 (1.2)
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Let Q € LY(S" ') with [g,_, Qa')doy(2') = 0 and ¢(z) = Q') |z]~"o(|z]).
Then g, is bounded on L?(R™) if and only if

. 1/2
2dt
sup / ’/ Q(u)doy, (u')| — < 0o0.
cesn1 \Jo I /{ew <ty ¢

It should be pointed out that Theorem A implies the following conclusion.

Theorem C. Let ¢ be a compactly supported function satisfying that ¢ €
LY(0,00), [;° @(t)dt # 0 and

/ lo(t)[*t~7dt < oo for some y > 0. (1.3)
0

Let Q € LY(S" 1) with [g,_, Qa')doy,(2') = 0 and ¢(x) = Q(a’)|z|""o(|z]).
Then gy is bounded on L?(R™) if and only if

NQN o 2 o (Do (o -
//Snflxsn—lﬂ(u )W) g\/(g.u’)Q_F(g.U/)Qd n(W)doy (v')| < oo

Remark 1.1. Note that there is no one-sided inclusion relationship between

sup
EGS"71

condition (1.2) in Theorem B and condition (1.3) in Theorem C. It is easy to
see that, if we take ¢ (z) = Q(2')[z|*~"X{z|<1; With p € C and Rep > 0, then

/ 1/2
gy coincides with pfy, where pf(f)(x) = (fo \tip f\y|§t 7@/'(3,)9]”(:5 — y)dyP%) ,

which was first defined and studied by L. HORMANDER in [Ho]. Furthermore,
Theorems B and C may also lead to the characterizations of the L? bounds of
w6 More related works of uf, can be found in [Al], [DXY], [Sal.

From now on, let ¥ € LY(R™ x R") and U, 4(z,y) = t~"s "W (¢t tz, s ty).
In this paper, our object of investigation is the multiple Littlewood—Paley operator
Gy defined by

00 0o dtd 1/2
Go(o) = ([ [ 1eas e PEE) T for ) e BT xR

In particular, if we take W(x,y) = Q(z,y)|z| "™ |y|7" T x|~ |ylr2~" x
X{lz|<1}X{|y|<1} With p; € C and Rep; > 0 for i = 1,2, then the operator Gy
reduces to the classical multiple parametric Marcinkiewicz integral Mg de-
fined by
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MG (), y)

1/2
2
// // _ SMuv) flz—u, y—v)dudv dids .
tPrsP2 [ Jeiui<t jvj<s) [P [0[RPz ts

It is obvious that the operator M;l’l is just the well-known classical Marcinkiewicz
integral Mg defined on product domains. The L? boundedness of Mg has already
been studied by many authors. In 1998, Y. DING [Di] proved that Mg is bounded
on L2(R™ x R™) if Q € L(log™ L)?(S™~! x S"~1). Subsequently, Y. CHoI [Cho]
(also see [CFY]) improved the result of [Di] to the case Q € Llog™ L(S™™! x
S"~1). In 2005, the above results were extended by H. AL-QASSEM et al. [AACP]
to any p with 1 < p < co. Later on, the result in [Cho] was further improved first
by H. Wu [Wu], and then by F. Liu and H. WU [LW]. In order to state the
results in [Wu] and [LW], we need to introduce two function classes.

Definition 1.1 (Function Classes Fg(S™ 1 xS™ 1) and Ny o(S™ ' x8"1)).

Let © € LI(S™ 1 x §71) and G(€. 1) = log by + log by + log el -
log ﬁ  is said to be in Fg(S™™1 x S*71) if

sup / / Q)| G(E, 7,0 )Pdory () dor () < o
Smfl XSn—l

(&77])657”71 XS"71
for 4> 0. (1.4)

Q is said to be in Nj,o(S™! x §"71) if Q satisfies

1
sup / /‘/ Qu',n)dom, (u')
cesm1 s \Jo 1 qewi<y
1
sw [ ([ aow)
nesn—1Jgm-1 0 {Inv'|<s}
sup (// ]// Q' 0" )dor, (v )doy (')
(€mesm—1xsn—1 {le-w|<t,n-v'|<s)

We summarized the results in [Wu] and [LW] as follows:

2dt
t

1/2
) don(n) < oo, (1.5)

1/2
2‘?) dop(€) < oo, (1.6)

1/2
2dtds> o

(1.7)
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Theorem D ([Wu]). Let Q € Fy5(S™ ! x 8" '). Then Mg is bounded
on L?(R™ x R™) provided that ) satisfies the following conditions:

Q(tu, sv) = Q(u,v) for any t,s > 0 and (u,v) € R™ x R", (1.8)

/ Q' )do, (u') = / Q(-,v")don(v") = 0. (1.9)

Theorem E ([LW]). Let p; € C with Rep; > 0 for i = 1,2. Suppose that
Q € Np (8™t x 8"71) and satisfies (1.8)~(1.9). Then Mg ** is bounded on
L?(R™ x R™).

Remark 1.2. Note that if Q € Fg(S™™! x §"71) for B > 1/2, then Mg
is bounded on LP(R™ x R™) for 1 +1/(208) < p < 28+ 1 (see [HLY], [Wu]).
The following relationships are always true and they may help to understand the
function classes involved in this paper (see [LW], [Wu]):

Fa (8™ x 8" © Fp (8™ x 8" VB > B > 05
L(log* L)*(8™™ ' x 8" 1) € Llog" L(S™ ! x S"71) C Fy (8™ ' x 8" 1)
C Ny (8™t x 8™ ). (1.10)

As a matter of fact, the following result obtained in [LW] is more general than
that in Theorem E, by the reason that two radial functions were first added in the
kernel part. Furthermore, it can be regarded as a multiple case of Theorem B.

Theorem F ([LW]). Let W(z,y) = Q(z,y)la|"™ " y[7" o1 (|2)e2(lyl),
where ¢; (i = 1,2) satisfy conditions (1.1)—(1.2). Suppose that ) satisfies
(1.5)—(1.6) and (1.8)—(1.9). Then Gy is bounded on L*(R™ x R"™) if and only
if (1.7) holds.

Based on the above results and analysis, an interesting question arises nat-
urally: Does Theorem C hold in the multiple setting? This question will be
addressed by our next theorem.

Theorem 1.1. Suppose that Q satisfies (1.8)—(1.9) and the following condi-
tions:

Bi— sup / / 120t} D)
568m71 (Sm—lXS'nfl)Z

2
V(€ uh)? + (& ub)

x log 2dam(ull)don(v’l)dmn(ug)dan(vé) <oo; (1.11)
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By := sup // |2 (u], v])Q(ub, vh)]
776877,—1 (Smflxs’nfl)Q

2
Vv + (- vh)?
Let ® be a function defined on [0, 00) x [0, 00) such that 0 < | [° [° ®(s,t)dsdt| <
0o and there exists a function F(0,w) € L°([0,%] x [0,Z]) for some § € (1,00),
such that, for any (6,w) € [0, 5] x [0, 5], it holds that

x log

Ao, (u})doy, (v])doy, (uh)do, (vh) < oo.  (1.12)

/ / |® (11 cos @, 12 cosw)P(ry sin b, ro sinw)|ryredridry < CF(0,w), (1.13)
o Jo

where C is a positive constant independent of 6 and w. Now let ¥(z,y)
= Q(x,y)|z|"™H|y| =" ®(|z|, |y|). Then Gy is bounded on L*(R™ x R") if and
only if

2

Bs: = sup

Q(uy, v])Q(ub, vh) log
//(Sml xSn—1)2 B 2 \/(é‘ . u’1)2+(§ . u/2)2
2
V)2 + (- vh)?
In the special case ®(|z|,|y|) = ¢1(]z|)w2(ly|), Theorem 1.1 implies the fol-
lowing conclusion.

(577])657”71 xSn—1

x log

dom (u))doy, (v))do, (uh)doy, (vs) ‘ <oo. (1.14)

Corollary 1.1. Let ¥(z,y) = Qz,y)|z|~™ y| =" o1 (|z|)pa(ly|), where

@i (i = 1,2) enjoy the properties that ¢; € L'(0,00), [~ @i(t)dt # 0, and

/ li(t) [t 7dt < 00 and / i ()Pt T dt < oo, (1.15)
0 0

for some v > 0. Suppose that 2 satisfies (1.8)—(1.9) and (1.11)—(1.12). Then Gy
is bounded on L?(R™ x R™) if and only if (1.14) holds.

Remark 1.3. Note that there is no one-sided inclusion relationship between
condition (1.2) in Theorem B and condition (1.15) in Corollary 1.1. Thus, Corol-
lary 1.1 is distinct from Theorem F. On the other hand, for any (£,7) € ™! x
S™~1, note that the following equation always holds:

e 2 dtd
/ / ‘ // Qv v )do, (v )do, (v') i
0 Jo {le-w!|<t|nv'|<s} ts

—_— 1
= Qul, v))Q(ul, vh) log
T o R 08 e
1

max{[n - vy, [n - 5[}

X log 00 ()0 (0] ) A () ().
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Using the above equation and the estimate /“+% < max{|a|,[b|} < Va2 + b2
(a, b € R), it is easy to see that condition (1.7) is equivalent to condition (1.14).

Moreover, Corollary 1.1 implies that the following conclusion is true.

Corollary 1.2. Let p; € C with Rep; > 0 for ¢ = 1,2. Suppose that 2
satisfies (1.8)-(1.9) and (1.11)(1.12). Then M%""* is bounded on L*(R™ x R™)
if and only if (1.14) holds.

Furthermore, if we denote Z /5(S™~ 1 x §"71) := {Q € L}Y(S™ ! x §"71) :
Q satisfies (1.11)—(1.12) and (1.14)}.

Then the relationship between Fjo(S™ ! x §"71) and T o (S™ ! x S"71)
can be stated as follows:

Proposition 1.1. ]-'1/2(87"'—1 X Sn—l) - II/Q(Sm—l % S'n,—l)'
For the more general function class Il/Q(Sm—l X 3"—1)7 we have

Corollary 1.3. Let p; € C with Rep; > 0 for i = 1,2. Suppose that
Q € I 5(8™ 1 x §"1) and satisfies (1.8)~(1.9). Then M is bounded on
L?(R™ x R™).

Remark 1.4. Proposition 1.1 shows that Corollary 1.3 is an improvement of

Theorem D.

The following result provides a foundation for our analysis in the proof of
Theorem 1.1, which also has some independent interest.

Theorem 1.2. LetW e L*(R™xR"™), [o,.¥(z,y)dz=0 and [;, ¥(z,y)dy=0.
Then Gy is bounded on L?(R™ x R") if and only if ¥ satisfies the following
conditions:

sup
(5 ,,])63771 1><$n 1

/ / (s, v1)(un, 02) log |€ - (ur — uo)|
(R™ xR™)2
x log|n - (v1 — v2)|du1dv1du2d02’ < o0

// W(ur, v1) Uz, 03) log € - (ur — us)|
MXR'II

(5 n)esvn 1><Sn 1

x sign(n - (v1 — vg))duldvlduzdvg‘ < 00;

// . ul,vl)\II(uQ,vg)logm (v — v9)]
(R™ xRR™)

(& n>esm Do

x sign(€ - (ug — ug))duidvidugduy| < oco.




426 Feng Liu and Qingying Xue

This paper will be organized as follows. Section 2 will be devoted to proving
Theorems 1.1 and 1.2. Corollaries 1.1-1.2 and Proposition 1.1 will be demon-
strated in Section 3.

2. Proofs of Theorems 1.1-1.2

Let us begin with the proof of Theorem 1.2.

PROOF OF THEOREM 1.2. Motivated by the idea in [St], we shall prove
Theorem 1.2. By Plancherel’s theorem, the operator Gy is of type (2,2) if and

only if
dtds\'"*
sup (/ / W(te, sn)|? S) < +o0. (2.1)
(&mesm—txsn—t

Now, for a fixed (£,77) € 8™~ x "1, by the cancellation condition of ¥,

dtds
/ / W (g, sn |2 / / //R . U (uy,v1) W (ug, vg)e 27 (11 -u2)
™R

dtds
ts

— [ ; dt
= // \I/(U1,U1)‘1/(UQ,’U2)/ (e~ 2mite-(mi—u2) _ o5 ort) —
(R?nXRn)2 0 t

> ) d
X / (672“””'(”17”2) — cos Qﬂs)fduldvldugdvg. (2.2)
0

X 6727”-57]'(1}1 7”2)du1 d’Ul dU2 dvg

From [Ap, exercise 10.17], we see that

o0 ) dt 1 ™
—2mit€-(u1—uz2) ST
e —cos 27t =log———— —i—sign(£ - (u1—us)), (2.3
/0 ( )t g\g-(ul w)| 2 gn(& - (ui—u2)), (2.3)
o0 ) ds 1 T
—27isn-(v1—v2) ; i
e —C0s 27 =lo i—sign(n - (vi—v2)). 2.4
/0 ( )s g\n-(vl )] 2 gn(n - (v1—v2)) (2.4)

It follows from (2.2)—(2.4) that

dtd
/ / (8, sn)P
0 0
1

T (lo et i e o — )

1 T
log ————— — i—si . — duydvidusd
X <og PR E— i3 sign(n - (v1 vg))) wydvydusdog
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= // U (up, v1)¥(ug,va)log | - (u1 — ug)]
(R™ xR™)?

X log |77 : (Ul - U2)|duldv1dquv2

T _—
+ — // U(uq,v1)¥(u2,v2)log | - (u1 — u2)|
2 ( men)Q

x sign(n - (v1 — ve))duidvydusdvy

i —_—
+ 5 // U(uy,v1)¥(ug,ve)log|n - (v1 — va)]
(R™ xRn™)?2

x sign(€ - (u1 — ug))dus dvidugdug

2 —_—
— I // \I/(ul,’l)l)\IJ(UQ,UQ)
( m XR")2
x sign(€ - (ug — ug)) sign(n - (v1 — ve))duydvy dusduvs. (2.5)

Clearly, it holds easily that

’// U (uq,v1)¥(ug, ve) sign(€- (u; —uz)) sign(n- (v —va))duy dvi dusdvg
(R™ xR7)2
<) 71 (em xn)-

Then (2.5), (2.1) and the conditions in Theorem 1.2 yield the desired result. O

PROOF OF THEOREM 1.1. Fix (§,7) € 8™~ x §"~1. The proof of Theo-
rem 1.1 will be finished by the proceeding two steps.

Step 1. This step will be devoted to showing that the following inequality
holds.

‘// U(uy,v1)¥(ug,v2)log|€ - (ur —ug)|log|n - (v1 — vg)\duldvldugdvg‘
(]R'm ><R7L)2

2
§C’// Q(uy, v)Q(uh, vh) log
Y T B A
2

V(0D + (- vh)

where G(&,n) € L®(S™~! x 8"71), and C is a positive constant independent of
& and 7.
To show inequality (2.6), setting u; = syju}, us = squb, v1 = t1v], vy = tavh,

x log

, (2.6)

= do, (u))do, (v])doy, (uh)doy, (vh) + G(€,n)

and then sy = 71 cosf, s = rysinf, t;1 = ro cosw and to = ro sinw, we have
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// U (uy,v1)¥(ug,ve)log|€ - (u1 — ug)|log |n - (v1 — va)|dusdvydusdvy
(R7n><RTI)2

= // Q(U1av1)9(uzﬂf2)
Sm—1x8§n—1)2

<L et T T sl st — iy

x log |n - (t1v] — tavh)|dsidtdsadtado,, (u))doy, (v])doy, (uh)do, (vh)

:// Quy, o} 21ty 0}
(Smfl ><$7L71)2
X B(1ty 0]y, 0})dor (1l (0} ) or (1) dr (0), (2.7)

where

o oo 15 %
b (uy, v, uy, vh) = / / / / B (71 cos B, 1o cosw)P(ry sin ), ry sinw)
o Jo Jo Jo

x log |r1(€ - uj cos@ — & - ufsin6)]

X log |ro(n - v} cosw — n - vy sinw)|dfdwriradridrs.  (2.8)

By the trigonometric identity Acosf — Bsinf = /A2 + B2 cos(A + tan~! %),
we see that

&-ufcosh—E-uhsinh = \/(£~u’1)2+(£~u’2)2605 (0+tan_1 gz%> . (2.9)

n-v’lcosw—n-v'zsinwz\/(n~vi)2+(n-vé)2(:os(w—i—tan_lZ v> (2.10)
1

5. /
Let o(€,u},ub) = arctan 52?

o(n, v}, v5) =

2% Then (2.9) and (2.10)
yield

log |r1(€ - uf cos@ — & - uhsin )| = logry + log \/(f cuf)? 4 (€ ub)?
+log | cos(0 + o (&, uy, uy))l, (2.11)

log |ra(n - v} cosw — i - vh sinw)| = logrs + log \/(77 )%+ (- vh)?
T log|cos(w + ol b))l (2.12)

For convenience, we set (0, w, 1, r9)=P(r1 cos 0, r9 cosw)P(rq sin b, ro sinw)rira.
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We use the following notations:

= logri logrs,

Ty =logrlog \/(n-v})? + (n-v4)2, Ty =logralog /(€ ul)? + (€ up)?,
Ty = logr log | cos(w + o(n, v}, v5))], Ts = logra log | cos(8 + o (&, ul, uj))|,

Ty = log /(€ - u))? + (€ - ub)? log | cos(w + o(n, v}, 1)),

log\/n v])2 + (n-vh)?log | cos( + o (&, uy,uy))l,
Ts = log | cos(6 + U(ﬁ,ul,u2))| log | cos(w + o (n, v}, v5))],

Ty =log /(€ uh)2 + (€ - up)2Tog /(- v})2 + (0 vh)2.

By (1.13), we have

/ / w(0,w,r1,72)|dr1dre < CF(6,w), (2.13)

where C' > 0 is independent of #, w. Equation (2.8), together with (2.11)—(2.12)
yields that

9

s fus 00 oo 9
(uy, vi, up, vj) =/ / / / (0, w,r1,72) [ DTy dridradodw = 3 4.
o Jo Jo Jo P

=1

By (2.7) and the above equation, one has

// U (uy,v1)¥(ug,ve)log|€ - (w1 — ug)|log |n - (v1 — va)|dus dvy dusduvy
(RmXRn)Z
—} ; // At 04 )2y, 05 der () () (1) oo (05)
Sm 1><Sn 1)2

= ZIZ». (2.14)

Now we are in the position to estimate each I; for ¢ = 1,2,...,9, respectively.
First, by condition (1.9), we have

I;=0 fori=1,...,5. (2.15)
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As for Ig, it can be controlled by

]S// Quy, v)Q(ul, v5)| 1o
| 6] Sty |, v1)Q(us, v5)] g\/(f'ull)QJr(g‘U/g)Z

/ / / / ©(0,w,r1,79)|dr1drs

log dodwde,, (v )do, (v Ydo, (u))do, (vh). (2.16
8 |COS('LU+0'(7771)1,U2))| wdoy, (uy )doy, (vy)doy, (ug)doy, (vs). ( )

By (2.13) and the Holder inequality,

1
w(0,w,r1,79)|dr1drs lo dfdw
/ / / / A P e R
1

gc/ / F(6,w) 1o dfduw
o Jo F >g|cos<w+a<n,va,va>>|

) 176’
/ F(6,w)[°dfdw // dfdw
|cos w+o(n, v, v5))]
1/8'
<C /5 log?” ! dw (2.17)
- 0 777”371/2))‘ . .

| cos(w + o

| /\

One can easily verify that

™

2 ’ 1
lo g dw
/o & Teos(w + o (n, v], 03))]

1 ’ 1 2 ’ 1
= lo g —l—/ lo g dw.
/o & Teos(wro(m oy, i)l J= %% Teos(wro(n, o, vp))]

(2.18)

By the change of variables, we obtain

™

/Z log?’ 1 dw
o 2 Teos(w+ o(n,vf,0h))]

37

R oy 1
< log® ———df + log® ———d#f
0 | cos ] S | cos ]

RN | T 1
<2 log® ——df + log do < C, (2.19)
0 cosf x cosf
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where C' > 0 is independent of 7, v} and v}. Similarly, we can obtain

5 , 1
log® dw < C, 2.20)
A Tcos(w ¥ o (n, 0}, 03))] (

where C' > 0 is independent of 1, v{ and v4. It follows from (2.18)—(2.20) that

™

2 ’ 1
log? dw < C, 2.21
A 8" Toos(w + o(n, o), o)) 0 = (2.21)

where C' > 0 is independent of 7, v} and v}. Similarly, we have

3 , 1
log® do < C, 2.22
f o ot S 22
where C' > 0 is independent of £, v} and u5. Combining (2.21) with (2.16)—(2.17)

gives that
[I6| < CBx. (2.23)

Arguments similar to the ones we have done in dealing with I yield that
[I| < CBs. (2.24)

To estimate Ig, first note that

L N AT
m—1ySn—1

5 [% [O0 [0 1
X 0,w,r1,re)|dridrs lo
A A.A A (s, ra)ldradr og Fo )
1

dfdwdo,, (u})do, (V))dom (ub)do, (vy). (2.25)

x 1

0
& | cos(w + a(n, v, vh))]

Then, by (2.13), (2.21)-(2.22) and the Holder inequality, it holds that

T 3 oo oo
/ / / / lp(0,w,r1,72)|dridry
o Jo Jo Jo
1

1
% log

1
[cos(0 + o (&, ul, uh))] ° [cos(w + a(n, v}, 0b))
C% %FH 1 1 1 1
<
< A A (O w) o8 { T T o, why )] "% Teos(w + o, 01, 00)

dfdw

dfdw <
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1/6
<C (/ / F(6,w)| d@dw)
1/8'
1 5/ 1
1 dod
(/ / " Teos0 v @t ' Teostu o o7, )] “’)

x 1/8
2 f 1 2 , 1
<C log® do/l J d <C,
B </ % Teos(O o€ up, up)| " Jo ¥ Teos(wtoln of,op)["")
(2.26)

where C' > 0 is independent of £, 1, u}, v}, uh, v5. By (2.25) and (2.26), we obtain

5] < O (51 . (2.27)
Finally, we consider the contribution of Iy. Note that
—_— 2
|Io| = ‘// Q(uf, v})Q(uh, vh) log
e Y A LR (AR

2
\/ (- v1)* + (- v5)?

‘/ / / / (0,w,11,72) drldrgdedw‘ (2.28)

Setting s; = 11 cosf, so =rysinf, t; = ro cosw and ty = ro sinw, we have

/ / / / (0, w,r1,79)dr1dradfdw

x log dop, (u})doy, (v))dom, (uy)doy, (v5)

D(rq cosd,re cosw)P(ry sin 0, ro sin w)ryradr drodfdw

e
< ’ / D(ry cos b, e cosw)P(ry sin b, ry sin w)rldr1d0> rodrodw
o Jo

5 o) 00 o)
/ / / (51, ro cos w)P(s2, 19 sinw)dsydsaradradw
o Jo Jo

/

/OOO /OOo (/0 /OOO CI)(sl,rgcosw)CI)(sQ,msinw)rgdrzdw> dsydss
[ o )

:(/Om/oootb(sl,tl)dsldtl) (/ / (52, 12 dSQd@) (/ / (s tdsdt) .
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This, together with (2.28), yields that

= ([ [ ) |

’ //Sm 1y Sn— 1)2 (u17U1)Q(u2’U2) 10g \/(5 . u/1)2 + (5 . u/2)2
Ao (u})don (V) doy, (uh)do, (vh)].  (2.29)

% log

\/(77 01)? + (- vy)?
It follows from (2.14)—(2.15), (2.23)—(2.24), (2.27) and (2.29) that (2.6) holds.
Step 2. This step will be devoted to proving the following two inequalities:

] w0 T v log ¢ (1~ ua)
(RnL XRn)Z
x sign(n - (v1 — vg))duldvldquvg‘ <C, (2.30)

’// U(uy,v1)¥(ug,va)log|n - (v1 — va)]
x sign(§ - (ug — UQ))dUldUld’U/Qd’UQ‘ <C, (2.31)

where C' > 0 is a constant independent of £ and 7.
Setting uy = sjuf, us = squb, v1 = t1v], vy = tavh, and then s; = ry cos b,
So = 1ry18inf, t; = rocosw and to = r9sinw, we can write

// . U (uq,v1)¥(ug,ve)log|€ - (w1 — ug)|sign(n - (v1 — v2))dus dusdvrdvy
(R™ xR™)

= // Q<U17U1)Q(U2»U2>
Sm—1xSn—1)2

//// (51,t1)® (59, t2) log € - (s1u) — soub)|

X sign(n - (t1v] — tavh))ds1dtdsadtado, (u))do, (v))doy, (uy)doy, (vy)

- / / Quy, )2, )
(Sm—l XSn—l)?

x T(u}, v, uh, v5)doy, (u))do, (V) doy, (uy)do, (vh), (2.32)

where

T(ufy, vy, ub, vh) : / / / / ©(0,w,r1,72) log |11 (€ - uj cos @ — £ - uysin )]

x sign(ra(n - v} cosw — n - vh sinw))drydrodfdw. (2.33)
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By (2.11) and (2.33), we have

F(u17U17u27U2 / / / / 9 w 7”1,7"2) logrl

x sign(ra(n - v} cosw — n - vh sinw))drydrodfdw

//// 9wr1,r210g\/5u uwh)?

x sign(ra(n - v] cosw — 1 - vh sinw))dridrodfdw

//// @(0,w,71,72) log | cos(0 + o (&, uy, us))|

x sign(ra(n - v} cosw — 1 - vy sinw))dridredfdw
= D1 + D2 + D3
Therefore, equation (2.32) implies that

// ] U (uy,v1)¥(ug,va)log|€ - (u1 — ug)|sign(n - (v1 — v2))duidvydusdvy
(Rme")

Z -/ L R e AT LN CA A T N EATENEA
Sm—1x8n—1)2

: Z J;. (2.34)

We get easily from (1.9) that

Ji = 0. (2.35)
By (1.9) again, (2.13) and the Holder inequality,

. U A
m— 1><n1

/ / / / (0, w,r1,72) log NG ) 0
1
x sign(ra(n - v} cosw—n - vh sinw))dridredfdwde,, (v} )do, (vy)dom (us)do, (vh)
</ 192(u, 1 U, o)
(Sm—l XS”n,—l)Q

2 / 4 l / 3%
\/(§ R U/1)2 ¥ (5 B u,2)2 dam(ul)dan(vl)daTrL(ug)dUn(Ug)/O /0 F(e, w)d@dw

Ed ™ 1/2
<B (/ / |F(e,w)|5dedw> < CIFlls 0.51x(0.57 Br- (2.36)
0 0

x log
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By (1.9) again, (2.13), (2.19) and Hdlder’s inequality,
=] ff 2 uf, 0}, 1)
Sm—1yxSn— 1 2

></ / / / (0,w,r1,72) 1o !
o Jo Jo Jo PTETRIOB o0+ o€, uh, b))

x sign(ra(n - v} cosw—n - vh sinw))dridredfdwdo.,, (v} )do, (vy)dom (us)do, (vh)

</ 924 U, 0o (1 (o (a5 (1)
Sm—1ySn— 1)2
/ / F(6, log ! dbd
w w
(9 + 0'(57 ulﬂ u2))‘

1/6
< ||QHL1(Sm 1x8n—1) (/ / 0 w | d0dw>

x 1 1/8'
2 1 6/
" </ 8 |cos<9+a<f,ua,ua>>|d9>

< OlQ)171(sm-1x50-1)- (2.37)
(2.30) follows from (2.34)—(2.37). Similarly, we can get (2.31). Applying Theo-
rem 1.2 and using (2.6) and (2.30)—(2.31), we can get the desired result. O

3. Proofs of Corollaries 1.1-1.2 and Proposition 1.1

Let us begin with the proof of Proposition 1.1.

PROOF OF PROPOSITION 1.1. First, we will show that F /5 (S™ ' x8" 1) C
11/2(Sm71 x 8"~ 1), Let B; (i = 1,2,3) be given as in Theorem 1.1. By the fact

that log \/7 < logl/2 2 logl/2 2(0 < a, b<2), we have

B; < sup // |Q(u'17vi)m| 10g1/2
(&,m)e8m—1x8§n—1 (Sm-1x8§n—1)2

2
1€ - ui

dom (ull )dan(vi )dam(u;)dan (0/2)
In - v

2
< sup // 1w, v")| log!/? :
(&,m)eSm—1xSn—1 Sm—1xg§n—1 |€ - U |

2
dam(u’)dan(v’)>

2
><log1/2ﬁlogl/2 — logl/2
1§ - s |- v

X logl/2

2
|n - v'|
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< <||Q||L1($m—1xsn—1)

2
+ sup // 1w, v")G (& n; v’)1/2dam(u')don(v')> ,
Sm—1x§n-1

(Emesm=txsn-t
where G(&,7n;u’,v") is the same as in (1.4). On the other hand, By can be esti-

mated as follows:

Bi< sup / / s, 0}, o)
668771—1 (Sm—lXSn—l)Q

2 2
x log!/? Tl log!/? ———do,y, (u))doy, (V) do, (uh)do, (vh)

€ uh IRTEY

2
2
< | sup // 1w, v")| log!/? ~doy,(u')doy, (V')
cesm—1 Sm—1yxSn—1 ‘g tu ‘

< <||Q||L1(Sm1xsn1)

2

2
+ sup // 1Q(u/,0")|log'/? —=—do, (u')do, (V') | .
STYL71><S7L71

cesm—1 |£ . u’|

Similarly, we have

BQ S (”QLI(S’"l xSn—1)

2
2
+ sup // Q' v) | log"? ——do, (u)do, (V') |
Sm—1xSn—1 "I] Y% ‘

nesn—1

This implies that ]-'1/2(8’”_1 x 8"~ 1) is a subset of Il/g(Sm_l x 8"~1). Now we
construct a real function 2, which enjoys the property (1.9) and is contained in
the class Il/g(Sm’l x 8"~ 1), but not in }"1/2(87”71 x 8"~1). We only consider
a construction in the 2-dimensional case. Let Qo(z',y") = Q(2)Q(y’), where

1 .
|a|(log\clv|/*1(1))3/2 Toglog [a] 1’ || < 1/10;
i da
Q(cosa,sina) = —10/ , 1/10 < |a] < 2/10;
o |al(log|a|=1)3/2loglog o] 71
0, 2/10 < |a| < .

Arguments similar to those in [DXY, Corollary 2| yield that Qg satisfies (1.9)
and Qo € Z;5(S* x S'). But Qo & Fi/2(S' x S*). This finishes the proof of
Proposition 1.1. ([l
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Remark 3.1. Note that, for the one-parameter case, Proposition 1.1 is con-

tained in [DXY]. It is helpful for readers to give a self- contained more explicit
proof of this fact.

PRrROOF OF COROLLARY 1.1. Let ®(|z|, |y]) = ¢1(Jz|)p2(ly|), where ¢; (i =
1,2) are the same as in Corollary 1.1. One can easily check that

0< ‘/ / (s, t)dsdt| < [[@1llL1(0,00) 102/ L1 (0,00) < 00
0 0

Now, for a fixed (0,w) € [0, 5] x [0, 7], we may write

/ / |®(r1 cos @, 9 cosw)P(ry sin b, vy sinw)|riradridrs
o Jo
< / |1 (71 cos @)1 (1 sin 6)|ridry / |2 (12 cos w)pa (e sinw)|radra. (3.1)
0 0

By the change of variables, the Holder inequality and (1.15), it follows immedi-
ately that

/ |1 (71 cos B) 1 (rq sin 6)|ridry

1/2 0o 1/2
( |1 (11 cos 0)|*r Hd?"l) (/ l1(r1 Sin9)|2ri_7dr1)
0

1/2 o 1/2
( 1 ()27 1+"’d7"> (/ <p1(s)|281_7ds> (cos(9)_1_”7/2(sir19)_1+“*/2
0
< C(cos0) 1772 (sin g)~1H+/2, (3.2)

IA

where C' > 0 is independent of . Moreover,

/ |01 (r1 cos 0)p1 (71 sin 0)|r1dry

1/2 o 1/2
< |1 (11 cos 0)|*r 7d7"1> (/ |1 (ry sin 9)|2r%+7dr1>
0

1/2 . 1/2
< |1 (r)[2rt™ Vdr) (/ |<p1(5)|251+7d5> (cos 0)~17/2(sin ) ~1 /2
0
< C(cos§) 17/ 2(sing)~17/2, (3.3)

IN

IN
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where C' > 0 is independent of 6.
Therefore, if we introduce the notion as follows:

F1(0):=(cos0) ' ~7/%(sin 9)*“”/2)([0’%] (0)+(cos ) 1 7/2(sin 9)*1*7/2)([%)%] (6),
then inequalities (3.2)—(3.3) will yield that

/OOO |1 (r1 cos @)y (r1 sin8)|ridry < CFy(6), (3.4)
where C' > 0 is independent of §. Similarly, one obtains that

/000 |2 (r2 cos w)pa(re sinw)|radry < CFy(w), (3.5)

where C' > 0 is independent of w.
Let F(0,w) = F1(0)F1(w). It follows from (3.1) and (3.4)—(3.5) that there

exists C' > 0 independent of #, w such that for any (6, w) € [0, F] x [0, §],

/ / |® (11 cosf, 12 cosw)P(ry sin b, ry sinw)|riredridry < CF(0,w).
o Jo

Taking ¢ with 1 < § < 1/(1 —~v/2) in the case 0 < v < 2, and § = 2 in the case
v > 2, we have

/4 (cos 0)~(1F7/29 (5in )~ (1=7/2)9 g < o,
0

/ ? (cos 0)~(0=/D5 (sin )~ (+7/28 4 < o0, (3.6)

4

It follows from (3.6) that F(6,w) € L°([0,%] x [0, Z]). Hence, applying Theo-

rem 1.1, we get the desired result. (]

PROOF OF COROLLARY 1.2. Take v with 0 < v < 2min{Rep1, Repa}. One
can easily check that [ p;(t)|dt = fol tReri—lit = ﬁp, IS ei(t)dt # 0, and

[eS) 1
1
2,1 2Rep; —y—1 :
oi(t)*t th:/ gRepi=v—lgp = —  forj=1,2,
| e O s
oo 1
1
i(t 2t1+7dt:/ PRepity =ty — — —  fori=1,2.
J, e 0 2Rep; +7
Applying Corollary 1.1, we get immediately Corollary 1.2. ]
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