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Integral points and arithmetic progressions on Huff curves

By SZABOLCS TENGELY (Debrecen)

Abstract. In this paper, we provide bounds for the size of the integral points on
some generalized Huff curves. We also deal with integral points on these types of curves
with one of the coordinates forming arithmetic progressions.

1. Introduction

In 1948, HUFF [22] studied a geometric problem and related to it a family
of curves now called Huff curves. He considered rational distance sets. Given
a,b € Q* such that a® # b%. Determine the set of points (z,0) € Q? satisfying that
d((0,+a), (z,0)) and d((0,+£d), (z,0)) are rational numbers, where d denotes the
usual Euclidean distance. Consider the Huff curve az(y?—1) = by(2?—1). If there

is a rational point (z,y) on the curve, then the point P = y22b_1’1,0> is in the

distance set. For example, with (a,b) = (2,5), the curve 2z(y* — 1) = 5y(2? — 1)
contains the point (2,4), and so

2.5.4 8
(i) = (39)

Elliptic curves can be represented in different forms having different arith-

lies in the distance set.

metic properties. Many models have been studied recently: Edwards curves, Huff
curves, Montgomery curves, Weierstrass curves, Hessian curves, Jacobi quartic
curves and generalizations. In this paper, we deal with the arithmetic properties
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of two generalized Huff models introduced by Wu and FENG [41] and by Ciss
and SOw [15]. These models are as follows:

H.p: x(ay? —1) =y(ba®—1), witha,bcZ,
and

Hijg ©az(y? —c) =by(z? —d), witha,b,c,deZ.

We provide bounds for the size of integral solutions using RUNGE’s method [30]
combined with reduction method from [36]. In case of the family H, ; all integral
solutions are classified and in the case of Hg:g the obtained bound is polynomial
in a, b, c,d and in the case of many concrete equations the largest integral point
is very close to this bound.

SIEGEL [31] in 1926 proved that the equation y? = apz™ + ayjz™ 1 + -+ +
a, =: f(z) has only a finite number of integer solutions if f has at least three
simple roots. In 1929, SIEGEL [32] classified all irreducible algebraic curves over
@Q on which there are infinitely many integral points. These curves must be of
genus 0 and have at most 2 infinite valuations. These results are ineffective, that is,
their proofs do not provide any algorithm for finding the solutions. In the 1960’s,
BAKER (see [4], [6]) gave explicit lower bounds for linear forms in logarithms of
the form

n
A= Zbilogai £ 0,
i=1

where b; € Z for i = 1,...,n and «1,...,q, are algebraic numbers (# 0,1),
and log a, ..., log o, denote fixed determinations of the logarithms. BAKER [5]
used his fundamental inequalities concerning linear forms in logarithms to de-
rive bounds for the solutions of the elliptic equation y? = ax3 + bz? + cx + d.
These bounds were improved by several authors, see, e.g., [9], [21]. BAKER and
CoATES [7] extended this result to general genus 1 curves. LANG [24] proposed
a different method to prove the finiteness of integral points on genus 1 curves.
This method makes use of the group structure of the genus 1 curve. STROEKER
and TZANAKIS [33], and independently, GEBEL, PETHO and ZIMMER [17] worked
out an efficient algorithm based on this idea to determine all integral points on
elliptic curves. The elliptic logarithm method for determining all integer points
on an elliptic curve has been applied to a variety of elliptic equations (see, e.g.,
[34], [35], [37], [38], [39]). The disadvantage of this approach is that there is no
known algorithm to determine the rank of the so-called Mordell-Weil group of
an elliptic curve, which is necessary to determine all integral points on the curve.
There are other methods that can be used in certain cases to determine all integral
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solutions of genus 1 curves. POULAKIS [29] provided an elementary algorithm to
determine all integral solutions of equations of the form y? = f(z), where f(z) is
a quartic monic polynomial with integer coefficients. Using the theory of Pellian
equations, KEDLAYA [23] described a method to solve the system of equations

2 —a1y® = by,
P(z,y) = 27,

where P is a given integer polynomial.

An arithmetic progression on a curve F(z,y) = 0 is an arithmetic pro-
gression in either the = or y coordinates. Omne can pose the following natu-
ral question: What is the longest arithmetic progression in the x coordinates?
In the case of linear polynomials, Fermat claimed and Euler proved that four
distinct squares cannot form an arithmetic progression. ALLISON [2] found an in-
finite family of quadratics containing an integral arithmetic progression of length
eight, and GONZALEZ-JIMENEZ and XARLES [20] proved that this family has no
examples of length longer than eight. Arithmetic progressions on Pellian equa-
tions z2 — dy? = m have been considered by many mathematicians. DUJELLA,
PETHG and TADIC [16] proved that for any four-term arithmetic progression, ex-
cept {0,1,2,3} and {—3,—2,—1,0}, there exist infinitely many pairs (d, m) such
that the terms of the given progression are y-components of solutions. PETHO
and ZIEGLER [28] dealt with 5-term progressions on Pellian equations. AGUIRRE,
DuJELLA and PERAL [1] constructed 6-term arithmetic progression on Pellian
equations parametrized by points on elliptic curve having positive rank. Peth6
and Ziegler posed several open problems. One of them is as follows: “Can one
prove or disprove that there are d and m with d > 0 and not a perfect square such
that y = 1,3,5,7,9 are in arithmetic progression on the curve 22 —dy? = m?” Re-
cently, GONZALEZ-JIMENEZ [18] answered the question: there do not exist m and
d, where d is not a perfect square, such that y = 1,3,5,7,9 are in arithmetic pro-
gression on the curve 22 — dy? = m. He constructed the related diagonal genus 5
curve, and he applied covering techniques and the so-called elliptic Chabauty’s
method. BREMNER [10] provided an infinite family of elliptic curves of Weierstrass
form with 8 points in arithmetic progression. GONZALEZ-JIMENEZ [18] showed
that these arithmetic progressions cannot be extended to 9 points arithmetic pro-
gressions. BREMNER, SILVERMAN and TZANAKIS [12] dealt with the congruent

3_—n2z, they considered integral arithmetic progressions. If F

number curve y? = x
is a cubic polynomial, then the problem is to determine arithmetic progressions
on elliptic curves. BREMNER and CAMPBELL [13] found distinct infinite families

of elliptic curves, with arithmetic progression of length eight. CAMPBELL [13]
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produced infinite families of quartic curves containing an arithmetic progres-
sion of length 9. ULAs [40] constructed an infinite family of quartics containing
a progression of length 12. Restricting to quartics possessing central symmetry,
MAcLEOD [25] discovered four examples of length-14 progressions. ALVARADO [3]
extended MacLeod’s list by determining 11 more examples of length-14 progres-
sions. MoODY [26] proved that there are infinitely many Edwards curves with 9
points in arithmetic progression. BREMNER [11] and, independently, GONZALEZ-
JIMENEZ [18], [19] proved, using elliptic Chabauty’s method, that Moody’s exam-
ples cannot be extended to longer arithmetic progressions. MooDY [27] produced
six infinite families of Huff curves having the property that each has rational
points with z-coordinate x = —4,—3,...,3,4, that is, he obtained arithmetic
progressions of length 9. CHOUDHRY [14] improved the result of Moody, he found
infinitely many parametrized families of Huff curves on which there are arith-
metic progressions of length 9, as well as several Huff curves on which there are
arithmetic progressions of length 11.

In this article, we characterize the arithmetic progressions in the case of the
curve H, 3, and we provide infinite families of curves Hg:g containing arithmetic
progressions of length 9. It is important to note that we only consider arithmetic
progressions related to integral points.

2. Main results

In the following theorem, we characterize the integral points on the curve
Hg .

)

Theorem 1. The Diophantine equation H,p : z(ay®> — 1) = y(bz? — 1)
with a, b, x,y € Z has precisely the following solutions:

(a,b,z,y) = (a,b,0,0) with a,b € Z,
(a,b,x,y) = (aaxl’)thazGZ
(a,b,2,9) = (1,1, -1,1),

(a,b,x,y) = (1,1,1, 1),

(a,b,z,y) = (—1,-1,-1,1),
(a,b,2,y) = (=1,-1,1,-1),
(a,b,z,y) = (a,2 —a,—1,1) with a € Z,
(a,b,z,y) = (a,2 —a,1,—1) with a € Z.
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A direct consequence of the above theorem is as follows.

Corollary 1. Let (z1,y1), (x2,Y2), (z3,y3) be solutions of the equation H,
for some a,b € Z such that (x1,x9,x3) forms an arithmetic progression, and at
most one solution (z;,y;) satisfies the condition x; = y;. Then (x1,x2,x3) =
(—=3,-1,1), (~1,0,1), (1,0, —1) or (1, —1,—3).

In the case of the second family Hgg, we have the following result. Define

é(a,b,c,d) = (a®c — 81)(a%c — 81 — b?d).

Theorem 2. Let a,b,c,d € 7 such that abed(a’c — b*d) # 0. Define
L1, Ly, Uy, Uy as follows:

Ly :7%\/ (ZS(CL,b,C,d), U= %\/ ¢(avb7cad)7
Ly = _% _¢(a7 b7 —C _d)7 Uy = é ¢(a7 b7 —¢, _d)

Let my = min({0} U{L; : i = 1,2,L; € R}) and My = max({0} U{U; : i =
1,2,U; € R}). If (x,y) is an integral point on H®? then we have that either

a,b’

n V/(2a2c — t)(2a%c — t — 2b2d)

z = te{-161,...,161
e { }
or u M
Sr<e<=l b0, SU<a< Sl ifb<,
Remark. In the case of the curve Hy 5770 there is no solution coming from

the formula for z, the bound is —29 < x < 29. The integral solutions are given
by (x,y) € {(—27,-9),(0,0),(27,9)}, that is, the largest solution is just 2 away
from the bound.

On the curves H;’Z, we consider the question of long arithmetic progressions,
and we have the following statement.

Theorem 3. There exist infinitely many tuples (a,b,c,d) € Z* such that
there is a length-9 arithmetic progression formed by x-coordinates of integral
points on the curve HS‘Z.

3. Proof of the results

In the proofs of the results, we use several times that the discriminant of
a degree-2 polynomial (in some variable) must be a rational square. This is
a necessary condition to obtain integer solutions.
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PROOF OF THEOREM 1. Consider the case a = b. We obtain that

azy(y —z) =z —y.
Therefore, x = y is a solution for all x € Z. Assume that x # y. We get that
ary = —1. Hence (a,b,z,y) € {(—1,—1,F1,+1),(1,1,F1,4+1)} are the possible
solutions of the equation, and one can check that these are in fact solutions.
We may assume that |a| > |b|. We rewrite the equation in the form

byz?® 4+ (1 — ay?)z —y = 0.

A necessary condition to obtain integer solution is that the discriminant of the
above quadratic polynomial in x must be a rational square. Thus there exists an
integer t such that

F(y) := a*y* + (4b — 2a)y* + 1 = t°. (1)

We apply RUNGE’s method [30] to determine all the integral solutions. Define
P(y) = ay® + =2, We have that

a

2 2
4 2 4b 4b 1
F(Z/)_(P(ZU)_) :2924'; — Tt

o
a a?

2
1 , 4b 2 4 4b 1
F@"(”y” ) A st L

These two quadratic polynomials have opposite signs if |y| > 3, since |a| > |b|.

Therefore, one has that
1\’ 1\’
(P(y) - ) <Fy) =t< <P(y> + a)

a

if ly| > 3. It yields that ¢ = + (ay* 4+ 22-%). Equation (1) implies that b = 0.
In this case,

c -1 " 1 +1
y 2ax 40222 o[’

and we obtain that |y| < 1. Therefore, we have that |y| < 3. It remains to check
the cases y € {0, £1,4+2}. If y = 0, it follows that z = 0. If y = +1, then

+b2? — (a— Dz F1=0.
Hence x = +1 and b=a or b =2 — a. If y = +2, then we get that
+2b2? — (4a — Dz F2 = 0.

Therefore x € {£1,+2}. If x = 2, then we get that a = b, a case that has been
considered. If x = £1, then no solution exists. ([l
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PROOF OF THEOREM 2. Rewrite the equation of Hg:g as follows:
azy? — b(z? — d)y — acx = 0.

A necessary condition to obtain integer solution is that the discriminant of the
above quadratic polynomial in y must be a rational square. Hence there exists
an integer u for which

G(X) := X* + (4a%c — 2v%d) X% + b1 d? = u?,

where X = bx. Let R(X) = X2+ 2ac — b?d, which is the polynomial part of the
Puiseux expansion of \/G(X). We obtain that

G(X)—(R(X)—162)? = 324X2 — 4a*c? + 4a®b?cd + 648a°c — 324b%d — 26244,
G(X)—(R(X)+162)% = —324X?2 — 4a*c® 4 4a’b*cd — 648a°c + 324b%d — 26244.

The roots of the above polynomials are defined in Theorem 2 as L1, U; and Lo, Us,
respectively. If X is not an element of the interval

[min(Lq, L), max(Uy, Us)],

then
G(X)> (R(X)—162)* and G(X) < (R(X)+162)2.

Since G(X) = u?, we get that u = £(R(X) — t), for some integer |t| < 162.
It follows that

X V/(2a2c — t)(2a2c — t — 2b2d)
r=—== t e {—161,...,161}.
b bv/2t { J

It remains to bound the “small” solutions, that is, to compute min(L;, Lo) and

max(Uy, Us), these are roots of the above defined polynomials. We note that we
fixed the number 162 appearing in the above computation based on numerical ex-
periences. It can be replaced by an other constant, say T'. If @ and b are large, then
a baby step—giant step type algorithm can be used to find a near optimal value
for T, for which the number of integers in the intervals [min(Lq, Ls), max(Uy, Us)]
and [-T 4 1,7 — 1] is almost as small as possible. O

PROOF OF THEOREM 3. First notice that if (z,y) € H®? then (—z,—y) €

a,b’

.d . .
H?7. Based on numerical experience, we fix b = ma and d = a + 1 for some

integer m. The integral point (0,0) is on the curve Hg’g for any integral tuple
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(a,b,c,d). If we have an integral solution with x = 1, then 3% + amy — ¢ = 0 and
a necessary condition to obtain integer solution is that the discriminant of the
above quadratic polynomial in y must be a rational square. Hence

n? — m2a?
c= ———,

4

for some integer n. In a similar way, x = 2 corresponds to an integral solution if
2 2 2

2y* —m(3—a)y — =59 = 0. Hence 4n* —3m?(a® +2a — 3) is a square. We look

for solutions of the form n = ua + v for some u,v € Z. We get that

(v —u)? — 4u® + 3m? = 0.
Parametric solution of the above equation is given by

( m) (2192 +6¢” p* +3¢° 4pq)
U= Uu,u, = ) ’ ’
Gp7q Gp:q Gp7q

for some integers p,q, where G, , = ged(—2p? + 642, p* 4+ 3¢%,4pq). To obtain
an integral solution with x = 3, an argument similar to the case x = 1 gives us
that the polynomial

9(a® — 2a + 1)p* — 2(37a® + T4a — 431)p*¢* + 81(a® + 6a + 9)¢*

has to be a square. The quartic is singular when its discriminant is 0, so for
a = —7,—4,2 or 5. Using the above formulas, we obtain for x = 3 and each
values of a the corresponding y-coordinate of the point in H;:Z, where a,b,c,d
are as above:

a y
—712(2p—q)(p+3q)
—4 | 1(5p+q)(p + 3q)
2 [ 3(p+59)(p+3q)
5 | 2(p—29)(p+3q)

We handle the case with a = 2, the other three can be treated in a similar
way. When a = 2, then a point on the curve with x = 4 demands

pt — 34p2¢® + 225¢* + 52pqy — 4y = 0,

so that necessarily its discriminant, p* + 135p%¢? + 225¢*, is a square. Hence we
have a genus 1 curve, which has an affine model of the form

C v =ut + 135u® + 225, where u = p/q.
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The quartic curve C has the rational point [0 : 1 : 0], then it is an elliptic curve
defined over Q. A Weierstrass model for C is

Fy:Y?=X3%4+45X? — 6300X,
and the isomorphism is given in affine coordinates by
¢ : C — Es, H(u,v) = (30 + 2u? + 20, 270u + 4u® + 4uw).

We use the computer algebra software Magma [8] to compute the generator of the
Mordell-Weil group of F5. The points (60, 0), (0,0) generate the torsion subgroup
and the free part is generated by

(—30, 450), (—90, 450).

The point (z,y) = (3, %(er 5¢)(p + 3q)) € Hj:g is supposed to be an integral
point, therefore we need to scale p and ¢ so that they have the same parity.
To avoid cases with abed(a?c — bd) = 0, we need points in C' with a u-coordinate
different from +1,£3, 45,415, that is, the points that are not coming from the
following points on Fs:

(70, £350), (—6, +198), (126, +1386), (—30, £450), (210, +3150),
(=50, £550), (1050, +34650), (—90, +450), (6, 0), (0,0), (—105, 0).

As examples, we compute the cases corresponding to the points 3(—90,450) and
2(—30,450). From 3(—90,450) we get that p/q = 182745/68681, so we do not need
to scale. From 2(—30,450) we obtain that p/q = 8/13, so we fix (p,q) = (16, 26)
to make the y-coordinate corresponding with the point with z-coordinate equal
to 3 an integer.

| (p,0) | (182745, 68631) | (16,26) |
(0,0) (0,0)
(£1,£1871528340) | (&1, +3534)

points | (£2,431231340040) | (£2,45358)
( )

( )

on Hyy | (43, 4£102280403100) | (43,6862
(£4, £164329281885) | (4, 8322
b 100408874760 3328

¢ 191420673028273854000 | 24250308

We note that for a = —7, —4, 5, the corresponding elliptic curve E, have positive
ranks as well (1, 2 and 1, respectively). Moreover, Fy and E_4 (and E5 and E_7)
are isomorphic over Q. |
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