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On some properties of values of a class
of arithmetical functions

By JOZSEF BUKOR. (Nitra) and JANOS TOTH (Nitra)

Euler’s totient function ¢ has the following properties:
For an arbitrary natural number m there exists a natural number n such
that

p(n—1) p(n+1)
1 I~ 2 >m and “———>m
@ o) o)
and a natural number n’ such that
p(n’) p(n)
2 _ d ——r—
(2) <p(n’—1)>m an gp(n’+1)>m

(cf. [2], also [1] pp. 208-209).

The next properties of ¢ are proved in [3] and are explicit in [4]:
For any two natural numbers m and k there exists a natural number n
such that

(3) o(n +1)

CARTY o fori=1,2,... .k
en+i—1)

and a natural number n’ such that
o(n' +i—1)

4 PR o fori=1,2,... .k
W o+

The same properties (1)—(4) are valid for the function o, where o(n)
is the sum of the natural divisors of a natural number n (cf. [1] p. 246).

It is natural to ask, whether for Z properties (1)~(4) are still valid.

The answer is positive, moreover there exists a class of positive multiplica-
tive arithmetic functions satisfying properties (1)—(4).
Let p,, denote the n—th prime number. We have



188 Jézsef Bukor and Janos Téth

Theorem 1. Let f(n) be a multiplicative arithmetic function satisfy-
ing the following conditions:
(i) liminf f(p,)" < +oc.
n—oo
(ii) For an arbitrary natural number n, f(n) > 1 and for any two
primes p and q, p > q and an arbitrary natural number «, f(p) <

f*) < fla) N
(iii) The series > (f(pn) — 1) diverges.
n=1

Then for any positive K and natural number [ there is a natural number
k and a positive constant ¢ for which

(5) f(k+2i)<c and f(k+2i4+1)>K- ¢ for i=0,1,...,1l

ProoOF. For a fixed [ there is a natural number m such that p,, > 2l
and [ | m.
Let ¢; = f(2)™~!. It is known that the condition (iii) is equivalent with

oo
the statement [][ f(pn) = +oo. From the conditions (i)-(iii) follows
n=1
that there exists a positive number ¢, such that for infinitely many n’s
f(pn)™ < c2. Therefore there is a natural number n such that

(6) flpn)" < c2 and H fpj) >K-c1-co

j=0 (mod 1)
m<j<n

Let us consider the system of congruences

szl—Qi(mod 11 pj), i=0,1,...,01—1.

j=i (mod 1)
m<j<n

By the Chinese Remainder Theorem there exists a number z( satisfying
these congruences such that

(7) 0<zo< [] ps-
j=m
Hence we get a sequence of natural numbers ag, a1, ...,a;_1 for which
(8) wo=21—2+a;- [ p, i=01...,1-1L
j=i (mod 1)
m<j<n

Put k = x¢p — (20 + 1). It is easy to see that k > 0. Let us estimate the
values f(k + 2i) and f(k+2i+ 1) for i€ {0,1,...,1}.
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Clearly k + 2¢ < k+ 2{. From (7) and (8) we have k+2i < [] p;
j=m

and k + 2¢ is not divisible by the prime numbers p; (j =m,m+1,...,n).

m—1 r

Let [] p?j [] ¢;’ be a factorization of k + 2i into prime numbers, where
j=1 j=1

a; >0(=12....m—1)and B; >1(j =1,2,...,7). Then g; > pn,

(j=1,2,...,r) and clearly r < n. Thus using (i) we have

m—1 r
fle+2i) = T o) I £@”) < £ flpa)™
j=1 J=1
Therefore
f(lf -+ 22) < cC1-Co

and (1), (8), (6) together yield

f(k’—l—?i—l—l):f(ai H pj)z
j=i (mod 1)
m<j<n
> 1] ren= 1] fw)>K-cioca O

j=i (mod I) J=0 (mod 1)
m<j<n m<j<n

In view of Theorem 1 we immediately have

Corollary 1. Let f(n) be a multiplicative function satisfying condi-
tions (i)-(iii) of Theorem 1. Then for any positive number K and natural
number [ there exists a natural number k such that

fk+2i+1) S K and f(k+2i+1)

JWHEDH ) K for i=0,1,...,0—1.
7k +20) Fhraiya & for =01

Remark 1. Note that the functions ZEZ%, G%n), (a7 and the multi-

plicative function h(n) = [] (1+ 4) satisfy conditions (i)-(iii). Prop-
k:pr|n

erties (1) and (2) can be visualized on the diagram of ¢ as a “valley” and

a “peak”, respectively. Thus by Corollary 1 we can say that the diagrams

of the functions "(”), ‘7(")7 n
e(n)’ n 7 p(n)

arbitrary big “peaks” and “valleys”, moreover alternately.

and h(n) contain arbitrary number of

Remark 2. 1t is easy to verify that if the multiplicative functions f, g
satisfy the conditions (i)-(iii) then c-f*-g® (¢ > 1, a, 3 > 0, not both zero)
satisfies them too. Consequently, there are infinitely many multiplicative
functions satisfying conditions (7)- ().



190 Jézsef Bukor and Janos Téth

Theorem 2. Let f(n) be a multiplicative function satisfying condi-
tions (i)—(iii) of Theorem 1. Then for any given positive K and natural
number | there exists a natural number k, such that

flk+i1+1) ,
9 —— > K for i=1,2,...,1—1
) f(k+1)
and a natural number k, such that
.
(10) FR+D g feri=t12...0-1.

Fk+i+1)

PrOOF. We prove (9), the proof of (10) is analogous.
Set L = (1451)7 c1 = f(2)?L. In virtue of conditions (i)-(4ii) we get that
for some natural number n

(11) H f(pj) >c1-ca- K and f(p,)" < ca.

j=n (mod L)
2L<j<n

Let m be the smallest natural number with the properties p,, > [ and
m = n (mod L). Clearly m < 2L. Put n; = ™. Let us consider the
system of congruences

r+1= O(modH pm+jL)

Jj=1

ni
r+2=0 (modH Pm+jL—1 'pm+jL—2)

Jj=1

(12)

ni
r+3=0 (modH PmtjL—3 * PmtjL—4 'pm+jL—5>
i=1

ni
r+10=0 (modH Prntjr—(L)  Pmtjr—(L)-1+" .pm_;_jL_(é)—(l—l))

j=1
From the Chinese Remai%lder Theorem follows the existence of a natural

number k, 0 < k < ][ p; satisfying the system of congruences, i.e.
j=m-+1
there exist natural numbers aq, as, ..., a; for which

ni 1—1

(13) kti=a [[[]pnrjo@-e =120

j=1t=0
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For simplicity we use the notation h(j,i,t) instead of m + Lj — (;) —t.
Let a factorization of a; be of the form

m ny i—1 r
- %, Qh(jit) H Bi
ai= 1w 11T - 1147
j=1 j=1t=0 j=1

where o; > 0 for j = 1,2,...,n and §; > 1 for the primes ¢; (j =
1,2,...,r) which are greater than p,,. Clearly r < n. According to (ii) we
have

ny i—1 r
iie)t1 j
f(k+1i)= Hpj HHpj;;fg;t;“ 'quj >

(14) 7j=1t=0 Jj=1

mni 1—1
i)+l
> TITT s (i)

j=1¢=0

The inequalities
Hp?j <f@m<f2)*=c; and f quj < flpn)" < c2
j=1 j=1

imply

’I’Ll’Ll

s =1 (TLoe ) TLILS () - £ [Td"] <

j=1 7=1t=0
. Co - Qn(j,i,0) 11
<16 H H f (ph(j,znt) :

Using inequalities (14), (15) and (11) we have

; ni i—1 f( ah}(g,i+1,t)+1)

. nintl h(j,i+1,4)
f(k—l—i) €1¢2 j=1 \i=0 f (phf;(i t)t> )

! H f(Pm+jn) > K

> —
Cc1C
12]':1

fori=1,2,...,l — 1 which proves the theorem. O

With a slight modification of the proofs of Theorem 1 and Theorem
2 we can prove the following
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Corollary 2. Let f(n) be a multiplicative function satisfying the con-
ditions (i)-(iii) of Theorem 1. Then for any positive number K and natural
number [ there exists a natural number k for which

(D)™ f (R +10) = f(k+i-1)) > K,
()" fk+i)— fk+i+1)>K, (i=0,1,...,1—1)

and there exists a natural number k' such that

fl'+i+1)— f(K+i)>K, (i=0,1,...,1—1).

Corollary 3. Let g(n) be a multiplicative arithmetic function satisfy-
ing the following conditions:

(i) limsup g(p,,)™ > 0.

n—oo
(ii) For an arbitrary natural number n, g¢g(n) < 1 and for any two

primes p and q, p > q and an arbitrary natural number «, g(p) >
9(*) = 9(q).

(iii) The series S =42x) diverges.
= g(pn)

Then, for any posjtivg K and natural number [ there are natural numbers
k and k' for which

g(k+214'—1) 7 g(k+2@'+1)>K and
g(k + 21) g(k +2i + 2)
gk +i+1)

) >K, (i=1,2,...,1—1).

ProoOF. The proof follows immediately from the fact that the func-
tion f = % satisfies conditions (4)—(%ii) of Theorem 1. a

Remark 3. From [5] follows that if f(p,) > 1, lim f(p,) =1 and

o0
> (f(pn) — 1) diverges for a multiplicative function f, then the set
n=1
{f(n);n € N} is dense in (1,400). It is an easy exercise to show that
conditions (i)-(7ii) of Theorem 1 imply the above conditions. Therefore
the set of values of an arithmetic function satisfying conditions (7)—(iii)

from Theorem 1 is a dense set in (1, 400).
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