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On vector-valued Banach limits with values in B(H)

By RYOTARO TANAKA (Fukuoka)

Abstract. It is shown that all vector-valued Banach limits with values in the
algebra of all bounded linear operators on a complex Hilbert space are induced by usual
complex-valued Banach limits. As an application, we show that the notion of almost
convergence for sequences of bounded linear operators on an infinite dimensional Hilbert
space cannot be characterized by using vector-valued Banach limits.

1. Introduction

A bounded linear functional ¢ on complex £, is called a Banach limit on £ if
(i) ¢ is positive, that is, ¢((ap)nen) > whenever a,, > 0 for all n;
(ii) @((@n+1)nen) = @((an)nen) for each (an)nen € foo; and
(iii) o((an)nen) = lim,, a,, whenever (., )nen is a convergent sequence.

We note that ||¢]] = ¢(1) = 1, since ¢ is positive (see, for example, [11, Theorem
4.3.2]).

On the other hand, we also have the notion of vector-valued Banach limits.
It was initially introduced by DEEDS [4] for Hilbert spaces in 1968. Let X be
a Banach space. Then a bounded linear operator T from £ (X) into X is called
a Banach limit on £, (X) if

1) 7 = 1;
(ii) T((xn+1)nen) = T((xn)nen) for each (x,)nen € loo(X); and
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(i) T((xn)nen) = lim,, x,, whenever (2, )nen is a convergent sequence in X.
The definition adopted here can be found in [2], [5], [6]; see also [15] for another
definition in the case of vector-lattices.

Of course, there are some differences between the definitions of scalar- and
vector-valued Banach limits; in particular, (i) is very different, since the positivity
of operators cannot be considered in general Banach spaces. Moreover, we here
emphasize that there are (real) Banach spaces having no Banach limits with values
in those spaces; see, for example, [2]. The following problem is still open: What
conditions on Banach spaces X are necessary and sufficient for the existence of
X-valued Banach limits? For the recent study of vector-valued Banach limits,
the readers are referred to [5], [6].

In the space B(H) of all bounded linear operators on a Hilbert space H,
we have a simple construction of B(#)-valued Banach limits using scalar-valued
Banach limits. Namely, let ¢ be a Banach limit on /.. For each bounded
sequence (A, )nen in B(H), let By ((An)nen) be the bounded linear operator on
H satisfying (P ((An)nen)z, y) = ©(((Anx, y))nen) for each z,y € H. It is easy
to check that @,, is a Banach limit on ¢o, (B(H)).

The purpose of this paper is to prove that every B(H)-valued Banach limit has
the form @,, for some Banach limit ¢ on £.. As an application, it is shown that
the notion of almost convergence for sequences in B(H) cannot be characterized
by using vector-valued Banach limits unless H is finite dimensional.

2. Banach limits with values in C*-algebras

We first present the following proposition containing some basic properties
of Banach limits with values in C*-algebras.

Proposition 2.1. Let 2 be a C*-algebra. Suppose that T is a Banach limit
on o, (A). Then the following hold:
(i) T is positive;
(il) T((ban)nen) = bT((an)nen) and T((and)nen) = T((an)nen)b hold for each
(an)nen € loo(A) and each b € 2.

PROOF. For each (ap)nen € loo(2A), let

~

T((an)nen) = (T'((an)nen), T((an)nen); - - ).

Then T defines a norm-one projection from the C*-algebra £, (2() onto its C*-
subalgebra A = {a : a € A}, where @ = (a,a,...). By [17, Theorem 3.4] (and its
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proof), it is positive, and
T (an)nen) = b+ (T((an)nen), T((an)nen), - - -)
T((an)ner - b) = (T((an)new), T((an)nex); - --) - b,

for each (ap)nen € foo(2A) and each b € A. Since the mapping j : a — @ is
a *-isomorphism from 2 onto A, it follows that T = j~! o T has the desired

properties. O

As an immediate consequence of the preceding proposition, we have a con-
dition on C*-algebras necessary for the existence of Banach limits with values in
those algebras.

Corollary 2.2. Let 2 be a C*-algebra. If there exists a Banach limit T on
Lo (1), then A is monotone o-complete, that is, every norm-bounded monotone
increasing sequence in 2 has a least upper bound.

PROOF. Suppose that (a,)nen is a monotone increasing sequence in 2. Since
T is positive by the preceding lemma, we have T'((a,)nen) < a for each upper
bound a € A for (an)nen. Moreover, for each m € N, we have

am < T((an—i-m—l)nGN) = T((an)nEN)7

since T is a Banach limit on 2l and (a,)nen is monotone increasing. This shows
that T'((an)nen) is itself an upper bound for T((an)nen). With this, the proof
is complete. ([

Remark 2.3. By Corollary 2.2, we know that the algebra K(H) of all compact
operators on a Hilbert space H has IC(H)-valued Banach limits if and only if
dimH < oco. Indeed, if H is an infinite dimensional Hilbert space, then there
exists a numerable orthonormal system (e, )nen in H. Let E, be the orthogonal
projection from H onto [e,] for each n. Then (Z?Zl E;)nen is a bounded sequence
in IC(H). If there exists a Banach limit T on £ (K(H)), we have

1= <<§:1Ej)en,en> < (Eoen,en) <1

for each n, where Ey = T((Z?Zl E;)nen). This shows that Eye,, = e, for each n,
which contradicts Ey € K(H).

For a detailed investigation on monotone o-complete C*-algebras, the readers
are referred to the monograph of SAITO and WRIGHT [16].

Problem 2.4. What conditions on C*-algebras 2l are necessary and sufficient
for the existence of 2A-valued Banach limits?
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3. Banach limits on £.,(B(H))

We begin this section with the main result in this paper, which shows that
the set of vector-valued Banach limits with values in B(#) is in a one-to-one
correspondence with that of usual complex-valued Banach limits.

Theorem 3.1. Let H be a Hilbert space. If T is a Banach limit on £ (B(H)),
then T' = ©,, for some Banach limit ¢ on (.

PROOF. Let (ex)rea be an orthonormal basis for H, and let Ey be the or-
thogonal projection from H onto [ey] for each A. If A, u is a pair of elements
in A, we put E),z = (z,e,)ey for each € H. Note that E}, = Eux and
E\ . E,., = E\, hold for each A, ui,v; in particular, E3 Expy=FEuu=Ey.

We first see that, for any (an)nen € ¢oo, there exists a complex number «
such that T'((a,I)nen) = al. Indeed, by Proposition 2.1 (ii), we have

T((anl)nen)A = T((anA)nen) = AT ((anl)nen),

for each A € B(H), which implies that T'((an!)nen) € B(H)' = CI.

Now let ¢ be the functional on £, defined by the formula T'((anI)nen) =
©((n)nen)I. Then ¢ is a Banach limit on £, by the properties of T' and Proposi-
tion 2.1 (i). Again, by Proposition 2.1 (ii), we have T'((an A)nen) = ¢((an)nen) A,
for each (ap)nen € oo and each A € B(H).

Finally, take an arbitrary (A,)nen € foo(B(H)). We note that if A € B(H),
then

E)\AE,J = <A6M,6)\>E)\’#.

From this, if F is a finite subset of A, it follows that

( > EA)T((An)nEN)( > E,\)
AEF AEF

= Z T((EAAnEp,)neN): Z T((<Anelue>\>E>\,u)neN)

AN ueEF A uel

= Z ‘P((<Anewe>\>)n€N)E>\7M: Z <¢H((An)nEN)euae>\>E)\7u
A\ueEF AueFl

> Bpu((Ane) By = (3 Bx)Bu((Anuer) (3 Br ).
AEF AEF

A\ peF

Since F' is arbitrary, we have T'((An)nen) = Py ((An)nen). Thus it follows that
T =5, O
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We here note that a B(#H)-valued Banach limit $,, is restricted to any
von Neumann algebra R acting on H. Indeed, for each (A4, )nen € foo(R) and
each A’ € R’, we have

<¢H((An)neN)A/xa y) = W((<A7LA/$7 Y))nen)
= o(((Anz, (A')"Y))nen) = (ABy ((An)nen)z, ),

which shows that @y ((An)nen)A” = APy ((An)nen), that is, By ((An)nen) €
R"” = R by the double commutant theorem.

The following results provide some special properties of Banach limits &4,
with values in von Neumann algebras R acting on H.

Proposition 3.2. Let R be a von Neumann algebra acting on a Hilbert
space H, and let ¢ be a Banach limit on {«,. Then it follows that p(@y; ((An)nen))=
©((p(An))nen), for each (Ap)nen € loo(R) and each p € R..

PROOF. Let p be a normal linear functional on R. Then, by [12, Proposition
7.4.5], there exists a pair of sequences (5 )nen, (Yn)nen C H with > o ([lz,]* +
lynl?) < oo such that

p(A) = 3 (A, o)

meN
for each A € R. Hence it follows that

p(@H((An)nEN)) = Z <¢?—L((An)n€N)m7mym> = Z ‘/7((<Anxmaym>)n€N)-

meN meN

Now let 8y = ((AnZm, Ym))nen € Lo for each m. Then one has

[{Anzm, ym)| < [Anlllzmllymll < M (2l + lym ),

that is, |[smllce < M(|2m]]? + ||yml|?), where M = 271||(A)nen|loo. Since £y is
a Banach space, the sum s, exists and

P sm) = 3 wlsm).

meN meN

This, together with

Z Sm = Z ((AnTm, ym))nen = (p(An))nen,

meN meN

proves that p(@y((An)neN)) = W((P(An))neN)~ O
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Corollary 3.3. Let R and S be von Neumann algebras acting on Hilbert
spaces H and IC, respectively. Suppose that ® : R — § is a *-isomorphism, and
@ Is a Banach limit on {,. Then

®71(¢K((@(A7L))neN)) = @H((AH)TLEN)a

for each (An)nen € Loo(R).

PROOF. Let p be a normal linear functional on §. Then p o ® is a normal
linear functional on R by [12, Corollary 7.1.16]. It follows from Lemma 3.2 that

(p o @)@ ((An)nen)) = @(((p o @)(An)Inen) = p(@rc((2(An))nen)),

which implies that

(@3 (An)nen) = Pc((P(An))nen)-

This completes the proof. ([l

Remark 3.4. Let R be a von Neumann algebra acting on a Hilbert space H.
By the preceding result, in particular, if ® is a x-automorphism on R, then

(D_l(@H((‘I)(An))nEN)) = @H((An)neN)v

for each (Ap)nen € foo(R). However, this equation does not hold for general
Banach limits on £o(R). Indeed, let R = B(H) @ B(H), and let 1 and @3 be
two distinct Banach limits on /. Define a Banach limit 7" with values in R by

T((An, Bn)nen) = ((@1)#((An)nen), (@2)n((Bn)nen)),

for each (A, Bn)nen € oo (R). If (ap)nen € Lo satisfies

e1((an)nen) # p2((an)nen),

then for a s-automorphism ® on R given by ®(A4, B) = (B, A), we have

O~ HT(®(and, anl)nen)) = (p2((@n)nen)]; 1((an)nen)])
7é (901((0471)7161\1)]’ @2((0411)7161\1)1) = T((an17 anI)nEN)'

Of course, such disagreements do not occur for inner automorphisms by Proposi-
tion 2.1 (ii).
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In what follows, for a von Neumann algebra R and a Banach limit ¢ on £,
let ¥ denote the R-valued Banach limit satisfying p(@((An)nen)) =p((p(An))nen),
for each (Ap)nen € loo(R) and each p € R,. By Proposition 3.2, if R acts on
a Hilbert space H, then ¥ = ©y.

We conclude this section with an example of a von Neumann algebra-valued
Banach limit which cannot be represented as the simplest form %.

Remark 3.5. We remark that there is a vector-valued Banach limit with
values in a von Neumann algebra that cannot be represented as the simplest
form @. Indeed, let A = Lo([0,1]), and let o1, 2 be two distinct Banach limit

on (s For each m € N, put I,, = U~ [(2k — 1)/2™,(2k)/2™]. Let Py = x1,,
for each m, and let

Ton((fr)nen) = P1((fn)new) P + P2 ((fr)nen) (I — Prn)

for each (f)nen € €oo(A). Then each T, is a Banach limit on £, (A). Using these
Banach limits, we define another Banach limit on £ (A) by T'= 3" 27" Tp,.

Let a,b € C. Then we note that ) 27" (aP, + b(I — P,)) converges
uniformly to the function & : ¢ — ta+ (1 —¢)b on [0, 1]. Hence, for each (fy,)nen €
L5 (A) and each t € [0, 1], we have

T((fa)new)(t) = Y 27" (@1((fa)new) (6) P (t) + B2((fa)nen) ()T = P ) (1))

meN

= t21((fn)nen) (t) + (1 = )P2((fn)nen) (t)
= (to1 + (1 = )@2) ((fr )Jnen) (2)-

Now, if T' is represented as the simplest form @, then

T((anl)nen) = P((and)nen) = ¢((n)nen)],

for each (@, )nen € €oo. However, if P is a nonzero projection in A, and (o, )nen
is an element of £, satisfying ¢1((an)nen) # w2((@n)nen), it follows from

T((enP)nen)(t) = (te1((an)nen) + (1 — t)pa((an)nen)) P(t)
that T'((anP)nen) € CP.

We wonder whether Banach limits with values in von Neumann algebras have
a general form.

Problem 3.6. Can we classify, or determine, a general form of Banach limits
with values in von Neumann algebras?
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The following problem might be the first step.

Problem 3.7. Let R be a von Neumann algebra, and let T be a Banach
limit with values in R. Suppose that T satisfies T'((anI)nen) € CI for each
(n)nen € L. Does T have the form @ for some Banach limit ¢ on £o,7

4. Almost convergence in B(H)

The notion of almost convergence can be found in LORENTZ [14] and Boos [3];
see also [1], [2], [5] and [6], and [8] for the quasi version. A sequence (T, )nen in
a Banach space X is said to be almost convergent to an element x € X (called
the almost limit of (z,,)nen) if

p—1
lim sup Hp‘1 me+j — xH =0.
P meN =0

In the scalar case, almost convergence is characterized by using scalar-valued
Banach limits. Namely, if (ap)nen € foo and a € C, then « is the almost
limit of (&, )nen if and only if o((ay,)nen) = «, for each Banach limit ¢ on £.
However, in the case of vector sequences, only one-sided implication is known,
that is, if x is the almost limit of (x,)nen, then T((zy)nen) = « for each X-
valued Banach limit. This can be shown by a simple argument essentially found
in the proof of [2, Theorem 2]. Indeed, if S is the unilateral shift on £ (X) given
by S((zn)nen)) = (Tn+1)nen, then it follows from

p—1
lim sup prl g Tmtj — JZH =0
P meN =0

that p—! Z?;é ST ((2n)nen)) converges to (x,z,...) in £oo(X) as p — oo. Hence
we have

T((@n)new) = Im T (p~ 3 5 (za)uen)) =,
§=0

for each Banach limit 7" on /o, (X). On the other hand, whether the converse
holds true depends on case by case; see [4], [7], [13], for related results. A Banach
space X is said to verify the vector-valued version of the Lorentz theorem if x is
the almost limit of (x,,)nen Whenever T'((zy,)nen) =  for each X-valued Banach
limit T
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As a consequence of Theorem 3.1, we have the following result which provides
a natural Banach space that does not verify the vector-valued version of the
Lorentz theorem.

Theorem 4.1. Let H be a Hilbert space. Then B(H) verifies the vector-
valued version of the Lorentz theorem if and only if H is finite dimensional.

ProoF. If dimH < oo, then B(H) clearly verifies the vector-valued version
of the Lorentz theorem. Conversely, suppose that dimH = co. Let (e, )nen be
a numerable orthonormal system in . For each n, let E, be the orthogonal
projection of H with range [{e,, : m > n}]. It is easy to see that E,, converges
to 0 in the strong-operator topology. Since each B(H)-valued Banach limit is
induced by a Banach limit on ¢, by Theorem 3.1, one has that T'((E,)nen) = 0,
for each Banach limit T" with values in B(#). However, it follows from

o=t 328 = (7 S e
k=1 k=1
for each n € N, that 0 cannot be the almost limit of (E,)nen. Thus B(H)

does not verify the vector-valued version of the Lorentz theorem. The proof is
complete. |

= ”enll =1,

Remark 4.2. The convergence with respect to B(H)-valued Banach limits is
just the weak* version of almost convergence. Indeed, a sequence (A, )nen in
B(H) and an element A € B(H) satisfy T((An)nen) = A for each B(H)-valued
Banach limit if and only if B((A,)nen) = A for each Banach limit ¢ in £ by
Theorem 3.1 and Lemma 3.2, which happens if and only if p(4) = ¢((p(An))nen)
for each p € B(H). and each Banach limit ¢ in ¢. Finally, this last statement
just means p(A) is the almost limit of (p(A,,))nen for each p € B(H)..
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