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Convergence rates in the strong law of large numbers
for negatively orthant dependent random variables
with general moment conditions

By PINGYAN CHEN (Guangzhou), XIAOLIN LI (Guangzhou)
and SOO HAK SUNG (Daejeon)

Abstract. Let {a,,n > 1} be a sequence of real numbers with 0 < a,,/n'/? 1 for
some 1 < p < 2, and let {X, X,,n > 1} be a sequence of identically distributed nega-

tively orthant dependent random variables. In this paper, it is shown that >~ | n" 1 x
P{|X| > an} < oo is equivalent to >°°° | n" 2 P{maxi<m<n [Sm —mEXI(|X| < an)| >

gan} <00,V e >0, where r > 1and S, =3 ;_, Xi.

1. Introduction

A sequence {U,,n > 1} of random variables is said to converge completely
to the constant 6 if

E:P{\Un—9|>5}<oo7 Ve>0.

n=1

This concept of complete convergence was introduced by Hsu and ROBBINS [12],
and they proved that the sequence of arithmetic means of independent and iden-
tically distributed (i.i.d.) random variables converges completely to the expected
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value if the variance of the summands is finite. Their result has been generalized
and extended by many authors. Let » > 1, 0 < p < 2, {X, X,,,n > 1} be a se-
quence of i.i.d. random variables with partial sums S, = Y ;_; Xj, n > 1. Then
the following three statements are equivalent:

E|X|"? < 0o, where EX =0ifrp>1, (1.1)
o0
Z n""2P{|S,| > en'/P} < oo, Ve>0, (1.2)

n=1

M8

nr_QP{lglai( || > enl/P} <00, Ve>0. (1.3)

i
1

BauMm and KATz [3] proved the equivalence of (1.1) and (1.2). In the case of
p = 1, the equivalence was already proved by KaTz [14]. CHOW [8] proved the
equivalence of (1.1) and (1.3).

The property (1.3) represents information regarding the convergence rate in
the Marcinkiewicz—Zygmund strong law of large numbers. In the case r > 1, (1.3)
implies

o0
Zn’“*zp{ sup | Sy |/mt/P > e} <00, Ve>0,
n=1 m2n

which is equivalent to

(oo}
Z "=V PLsup [S,,|/m'/P > e} <oo, Ve>0,
m>2n

n=1
and hence we have

1
P{sup [Sp|/m'/? >} =0 (n) , Ve>0.
m>n

r—1
Since the convergence of S,, /n'/? — 0 a.s. is equivalent to P{sup,,~,, |Sm|/m'/? >
e} — 0,V e > 0, (1.3) describes the convergence rate in the Marcinkiewicz—
Zygmund strong law of large numbers.

For a sequence of not necessarily independent random variables satisfying
a Héjek—Rényi type maximal inequality, the convergence rate in the strong law
of large numbers was established by FAZEKAS [9], FAZEKAS and KLEsov [10],
TOMACs [23], and TOMACS and L{BOR [24].

Obviously, (1.3) implies (1.2). But, the converse is not true in the non-
independent case (see, for example, BAI et al. [2]). So it is interesting to obtain
the complete convergence for the maximum partial sums of non-independent ran-
dom variables.
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It is also interesting to find more generalized moment conditions for the com-
plete convergence. In fact, LANZINGER [17], GUT and STADTMULLER [11], and
CHEN and SUNG [6] extended the Baum—Katz theorem under higher order mo-
ment conditions, SUNG [22] obtained the complete convergence for pairwise i.i.d.
random variables under some generalized moment conditions, and LI et al. [19]
characterized the complete convergence for heavy-tailed random variables via in-
tegral test. In particular, CHEN et al. [7] obtained the following result. Let
r>1,1<p<2 {X,X,,n > 1} be a sequence of i.i.d. random variables and
{a,,n > 1} a sequence of constants with 0 < a,,/n'/? 1. Then the following three
statements are equivalent:

o0

n" T P{X| > an} < oo, (1.4)
1

3
Il

n""2P{|S, — nb,| > ca,} < oo, Ve>0, (1.5)

NE

3
Il
N

NE

nT72P{12n3§ |[Sm —mEXI(|X| <an)|>cean} <oo, Ve>0. (1.6

3
I
=

They proved the above equivalent statements by using the Rosenthal inequality
for the maximum partial sums of independent random variables.

In this paper, we prove the equivalence of (1.4) and (1.6) for a sequence of
negatively orthant dependent (NOD) random variables. Although the Rosenthal
inequality holds for the partial sums of NOD random variables (see Lemma 2.1),
it is not known whether the Rosenthal inequality holds for the maximum par-
tial sums. For the proof of (1.4) = (1.6), we use a Rosenthal type inequality
(Lemma 2.2) instead of the Rosenthal inequality and a delicate truncation of ran-
dom variables. For the proof of the converse, we use a new method which is not
the standard one.

We first recall the concept of negatively quadrant dependent random vari-
ables. The concept of negative quadrant dependence was introduced by
LEHMANN [18]. Two random variables X and Y are said to be negatively quadrant
dependent if

P(X <2,Y <y) < P(X <x)P(Y <y)

for all real numbers z and y. A sequence of random variables is said to be pairwise
negatively quadrant dependent if every two random variables in the sequence are
negatively quadrant dependent.
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A finite family of random variables {X,..., X, } is said to be NOD if the
following two inequalities hold:

P(Xy <@y, Xp <) < [[P(XG < 23)

and

P(Xy > a1, Xy > 1) < [[ P(Xi > 23)

for all real numbers z1,...,x,. An infinite family of random variables is NOD if
every finite subfamily is NOD.

For more properties about NOD, we refer to JOAG-DEV and PROSCHAN [13],
BOZORGNIA et al. [4], and ASADIAN et al. [1]. For limiting results about NOD,
we refer to BAI et al. [2], QIU et al. [21], and CHEN and SUNG [5].

Now we state the main results. Some preliminary lemmas will be given
in Section 2, and the proofs of the main results will be detailed in Section 3.
An application of our main results will be given in Section 4.

Theorem 1.1. Letr > 1l and 1 < p < 2. Let {X, X,,,n > 1} be a sequence of
identically distributed NOD random variables with partial sums S, = > ,_; Xy,
n > 1, {a,,n > 1} a sequence of real numbers with 0 < a,/n*/? 1. Then (1.4)
and (1.6) are equivalent.

When r =1 and 1 < p < 2, it is an open problem whether (1.6) holds or not
even under the moment condition E|X|"? < co and a, = n'/?. However, when
r =1 and p = 1, we have the following result for pairwise negatively quadrant
dependent random variables. Since the pairwise negative quadrant dependence is
weaker than NOD, the following theorem satisfies for NOD random variables.

Theorem 1.2. Let {X, X,,,n > 1} be a sequence of identically distributed
pairwise negatively quadrant dependent random variables with partial sums S,, =
>orey Xi, n > 1, and {a,,n > 1} a sequence of real numbers with 0 < a,/n 1.
Then the following statements are equivalent:

> P{X|>an} < oo, (1.7)

Zn‘lP{lgla:»é |Sm — mEXI(|X] < a,)| >ean} <o, Ve>0, (1.8)

n=1

a,’' Z(Xk - EXpI(| Xk <ap)) =0 as. (1.9)
h—1
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Remark 1.1. When 0 < a,/n 1 oo, the random variable with the general
moment condition (1.7) may have infinite mean. KRUGLOV [16] and SUNG [22]
obtained strong laws of large numbers for pairwise i.i.d. random variables with
infinite means.

Remark 1.2. For a sequence of pairwise i.i.d. random variables {X, X,,,n >
1}, many authors obtained complete convergence results. SUNG [22] proved that
(1.7) implies that

Zn‘lPﬂSn —nEXI(|X| <ap)| >cean} <00, Ve>0,

n=1

which is weaker than (1.8). When a,, =n for n>1, (1.7) is equivalent to E|X| < 0.
BAI et al. [2] proved that EX = 0 is equivalent to

Zn’lP{ max |Spy| >en} <oo, Ve>0.
1<m<n

n=1

KRruGLov [15] proved that, for a sequence of pairwise i.i.d. and non-negative
random variables, the pair of expressions F|X| < co and EX = p is equivalent
to >0 nP{|S,, — nu| > en} < oo for all € > 0.

Throughout this paper, the symbol C denotes a positive constant which is
not necessarily the same one in each appearance, and I(A) denotes the indicator
function of the event A. It proves convenient to define n(t) = [n!] for any ¢ > 0,
where [z] denotes the integer part of x.

2. Preliminary lemmas

In this section, we present some preliminary lemmas. Lemma 2.1 is the
Rosenthal inequality for the sum of NOD random variables.

Lemma 2.1 (ASADIAN et al. [1]). Let {X,,n > 1} be a sequence of NOD
random variables with EX,, = 0 and E|X,|* < oo, for some s > 2 and all n > 1.
Then there exists a positive constant C' depending only on s such that for all
n>1,

n n n §/2
B> x| <c ZE|XW+<ZEX§>
k=1 k=1 k=1
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Using Theorem 3 in MORIcz [20], Lemma 2.1 gives a Rosenthal type inequal-
ity for the maximum of partial sums of NOD random variables. Since the term
(log 2n)® is added, Lemma 2.2 is not the Rosenthal inequality for the maximum
of partial sums.

Lemma 2.2. Let {X,,,n > 1} be a sequence of NOD random variables with
EX, = 0 and E|X,|® < oo, for some s > 2 and all n > 1. Then there exists
a positive constant C' depending only on s such that for all n > 1,

m s 10g2n S n n )
x| < B X? EX
Sl <o(fy) (e (S o)

Lemma 2.3. Let r > 1, 0 < p < 2, and X be a random variable. Suppose
that {a,,n > 1} is a sequence of positive numbers with a,, 1. Then (1.4) implies
that

s/2

FE max
1<m<n

n"P{|X|>an} —0 asn— oo.

PrROOF. By (1.4),

2n oo
SETIP{X[>a} < Y KTIP{X] > ar} =0
k=n+1 k=n+1

as n — oo. Note that by a, T,

2n 2n
> KTP{X[>ar} > Y n"T'P{IX] > agn} = n"P{|X| > a.}.
k=n+1 k=n+1

Hence,
n"P{|X| > az,} — 0

as n — oo. It follows that for n > 2,
nTP{|X| > an} < an{|X| > GQ[n/Q]} < 37‘[71/2]7"P{|X| > a2[n/2]} —0
as n — 00. So we arrive at the desired result. O

Lemma 2.4. Under the assumptions of Theorem 1.1, if rp > 2 and (1.4)
holds, then for any t € (0, 1],

a,? -nai(t)P{|X| > p ) < Cnt=2/p

n

and
a,? - nE|XPI(|X]| < anqy) < Cn'=2/P.
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PROOF. By a,/n'/? 1 and Lemma 2.3,

an? - nal ) P{IX| > ane} <n172/p”( 2/PP{X| > an}
<COp2t=0/p+1  p=rt _ opl=2/p+@=rp)t/p < o 1-2/p,

By [7, Lemma 2.3] in CHEN et al.,
22 nEB|XPI(X] € apwy) < ap? - nE|XPI(X] < a,) <Cn' 2P0 O

Lemma 2.5. Under the assumptions of Theorem 1.1, if (1.4) holds, then,
for any s > rp and any t € (0,1),

Zn ~a, *(logn)® nafl(t)PﬂX\ > an(y} < 00
n=1

and
S 2 apt(logn)* - nEIXII(|X] < an) < 0o
n=1

PROOF. By a,/n'/? 1 and Lemma 2.3,

Z n (logn)® -naj ) P{X| > an)}

n=1

SZ T Pn(t)* /P (log n)* P{IX| > apn}

| /\

(oo} oo
Z () "(logm)® Z 1= (s—rp)(1- t)/p(logn) < 00.
By a,/n'/? 1 again,

Zn ~a,*(logn)® - nE[X[*I(|X| < an)

n(t)

a,’(logn)® ZE\X|Sl(ak_1 < |X| < ag) (ap =0)
k=1
n(t)

"1 a,*(logn)® ZaZP{ak_l <|X[<ap} <

k=1

[
M8
:ﬁ
|

3
I
—

IA
NE
3

3
Il
_
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n(t)
nt ~a;s(logn)sai(t)n(t)_s/f’ Z k:s/PP{ak_l < |X| < ax}

o

n=1 k=1
) n(t)

<3 w1 (logn)* ST kP PLay 1 < |X] < ay)
n=1 k=1

BPlag < X[ <ar} Y w7 (logn)
n=[k1/*]

M

=
Il

IA
Q
e~

kP Plag_1 < |X| < ap} - kTP (log k)®

Il
-

K P{ag1 < |X| < ay} - k=GP A=0/00 (1og s

I

e
Il

1
o0

<O K Plagy < |X| < a} < o0
k=1

So we complete the proof. O
Lemma 2.6. Under the assumptions of Theorem 1.1, if (1.4) holds, then,
for any t € (1/r,1),

n

at-nE ((X—an(t))l(an(t) <X§an)+(an—an(t))I(X>an)) — 0, asn— oo.

PRrROOF. Note that 0 < (X — an(t))l(an(t) < X <ap)+ (an — an(t))I(X >
an) < XI(ape) < X < ayp) +apnl(X > ay). Hence by Lemma 2.3,
0< a;l -nE ((X — an)(an@ < X <ap) + (an — ape) (X > an))
<a,' nE (XI(ayp < X < ap) +a, (X > ay,))

<nP{|X| > app} <Cn'™"™" =0, asn— . O

Lemma 2.7. Let {X,,n > 1} be a sequence of random variables, and
{an,n > 1} a sequence of real numbers with 0 < a,, T. Assume that

oo
Znilp{ max |Xg| > Ma,} < o0
1<k<n

n=1

for some M > 0. Then

P{lrgnka%(n | X%| > Mas,} =0 asn — oo.
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ProoF. Noting that

2n
-1
P{lglkaécn | Xk| > Mag,} <2 Z+1m P{lgagxm | Xk| > May,},
we have the desired result. O

Lemma 2.8. Let r > 1 and 0 < p < 2. Let X be a random variable, and
{an,n > 1} a sequence of real numbers with 0 < a,, T. Then (1.4) is equivalent

to
oo

n" T P{X| > amn} < 00

n=1

for some integer m > 1.

PROOF. It is enough to prove the necessity. Assume that Y -, n" "' P{|X| >
Amn } < 0o for some integer m > 1. Note that for any 1 <i < m,

(mn -+ 0" P{X] > mnsi} < 2m)" 0" PYX] > g

Hence, by the assumption,
o0

n" T P{|X| > an}
=1

n

TP{X] > an} 4+ Y ) (mn+ i) T P{X| > amnsi}
n=11i=1

"IP{X] > an} + (2m)r_1m2n’"_1P{|X| > Apmp } < 00.

n=1

=2.n
n=1
<3
n=1
The proof is completed. O
Lemma 2.9. Under the conditions of Lemma 2.8, we further assume that
0 < a,/n'/? 1. Then (1.4) is equivalent to

(o)
Zn“lP{|X| > Mayp} < 00
n=1

for some M > 0.
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PROOF. It is enough to prove the necessity. Assume that Y -, n" "' P{|X| >
May,} < oo for some M > 0. If 0 < M < 1, then (1.4) holds trivially. Now we
consider the case of M > 1. Then there exists a positive integer ¢ such that
2!/P > M. By a,/n'/? 1, we have 2= /Pagy, > a,. Then

S T P{MTI2YPIX] > agn} =Y 0" P{IX| > M27Pay,}
n=1 n=1
<> w'P{X| > Ma,} < cc.
By Lemma 2.8,

> T P{2MP|X| > May} < oo
n=1

If we use this method i — 1 times more, then

(o)
Zn“lP{Qi/’ﬂX\ > May,} < o00.
n=1

So (1.4) holds. O

3. Proofs of the main results

In this section, we provide the proofs of the main results.
PROOF OF THEOREM 1.1. (1.4) = (1.6). For 1 <k <n and n > 1, set
KXok = —a, I( Xy < —ap) + XpI(| Xk| < an) + anl (X > ay).
Then EX,p =—a, P{X <—an}+a,P{X >a,}+EXI(|X|<a,). By Lemma 2.3,
a, ' n|—a,P{X < —an} + a, P{X > a,}| < a,'na,P{|X|>a,} <Cn'"" =0

as n — oco. Therefore, to prove (1.6), it is enough to show that

o0 m

r—2 _
Z:n P {élﬁgn ‘ ;(Xk EXnk)‘ > ean} <00, YVe>0. (3.1)

Note that
{ max (X — EX k) ‘ >€an}

1<m<n

=T k=1

C Up—1 {| Xk >an}U{ max nk—EXnk)‘ >8a”}.

k=1
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Hence, to prove (3.1), it is enough by (1.4) to show that for all € > 0,

—2
Zlm P {1g1n?§n Z(Xnk — EXnk)‘ > Ean} < 00. (3.2)

k=1
For any t € (1/r,1), set
X = —ani Xk < —an) + XeI (1 Xe] < any) + anipyI(Xk > ane),
X = (Xi = an) (@) < X < an) + (an — an@) [ (Xi > an),
X5 = (X + an) I (—an < Xi < =) — (an — ane)I(Xi < —ay).

Then X, = X + X2 4 X3 and (X% 1 <k <n}, 1 <i <3, are all NOD

nk

by BOZORGNIA et al. [ } Hence, to prove (3.2), it is enough to show that for all
e>0andi=1,2,3,

oo
:E n"72P{ max
1<m<n

n=1

By the Markov inequality and Lemma 2.2, we get that for any s > 2,

m

S - x> } .
k=1

Ms

o0
L < CZ#uQ -a,°E max

1<m<n

1 NN
(Xy(lk) - EXv(zk))‘

3
I
=
£
Il

1

<C inr— *(log n)* (ZElX(l ) +an 2 _S(logn)siE|X7($€)|g

k=1

If rp > 2, we take s large enough such that r — 2 — s/p 4+ s/2 < —1. Note that
s > rp. Then by Lemma 2.4,

o0
I, < C’z:n“Q*S/”“/Z(logn)S < 0.
n=1

Since s > rp, I12 < 0o, by Lemma 2.5. If rp < 2, we take s = 2 (in this case,
Iy = I13). Then I1; = I13 < 0o, by Lemma 2.5 again.
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Since X 7(sz) > 0, we have

max
1<m<n

ZXfi,

Z

and by Lemma 2.6,

Z EX?

max

n 1<m<n

~nE ((X —apy)(an) < X < an) + (an — ape) (X > an)) — 0.

Therefore, to prove Iy < oo, it is enough to show that for all € > 0,

= anzP{’ Z(ijf) - EXr(i))‘ > san} < 0.
n=1 k=1

By the Markov inequality and Lemma 2.1, we get that for any s > 2,

I < Cinr_ | Z x% - x|
n=1
o s/2 0o n
Z nr— . (Z E|X(2) ) + Z nT—Q . a"r_LS Z E|X7(12k)|s
n=1 n=1 k=1

- C(I21 -|— 122).

If rp > 2, we have by [7, Lemma 2.3] in CHEN et al. and Lemma 2.3 that

a2 Y BIXEP < an?on (BEX (anw) < X < a) + a2P{X > a,})
k=1
<a? nE|XPI(|X] < an) +nP{|X]| > a,}

<COn'~%P 4 on'" < Cont?r,

Taking s large enough such that » — 2 — s/p + s/2 < —1, we have

00 s/2 0o
Iy = an72 ( -2 ZE|X(2) > < Cznr72fs/p+s/2 < 0.
n=1

n=1
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By Lemma 2.4 in [7] and (1.4),

Iy < C’Zn a0 (BIX [ I{anm < X < an) +ay P{X > a,})
<CY 0" a nE|IXPI(IX| < a,) + CY 0T P{X| > an}
n=1 n=1
oo

< CZnT_1P{|X| > a,} < o0.

n=1

If rp < 2, we take s = 2 (in this case, Iz; = I33). Then
I21—122<Zn a, n EX I(an(t)<X<an)+a P{X>an})<oo

by [7, Lemma 2.4] and (1.4) again.
By the same argument, as I, < oo, we have I3 < oo.

(1.6) = (1.4). Noting that

[nax. | X% — an g max |X;~c EXI(|X|<an)|<2  Dnax |Sp —mEXI(|X]|<ay)l,

we have by (1.6) that

8

Zn”QP{ max |Xg| > (1+¢)ay} <oo, Ve>0,
1<k<n

which, together with Lemma 2.7, implies that
P{lrgrl]?%(n | X% > (14 ¢e)as,} — 0

as n — co. Hence, we have by Lemma A.6 in ZHANG and WEN [25] that

nP{|X|>(1+¢)az,} = ZP{|Xk| >(14€)as,} <CP{ max. |Xk| >(1+¢)azn}
k=1
<
< C’P{lglkagcn | Xk > (1+¢€)an}.

Therefore,
Zn’”‘lPﬂX\ > (1+¢€)ag,} <0, Ve>0,
n=1

and hence (1.4) holds by Lemmas 2.8 and 2.9. So we complete the proof. O
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PROOF OF THEOREM 1.2. The proof of (1.7) < (1.9) can be done by the
same method as in Theorem 2.3 of SUNG [22]. We proceed by proving that (1.7)
= (1.8) and (1.8) = (1.7). We first prove that (1.7) = (1.8). When a,/n 1 oo,
by Lemma 2.4 in [22], we have

a;' - nEXI(|X| <a,) =0

as n — oo. Hence to prove (1.8), it is enough to prove that

(o9}
anlP{linaii [Sm| > €an} < o0, ¥Ve>0. (3.3)

n=1

Note that maxi<m<n [Sm| <> pey 1 Xk|=2 0oy Xi +3 02, X, and {X,,n>1}
and { X, ,n > 1} are sequences of pairwise negatively quadrant dependent random
variables with

S OP{XE > a,} <) P{X] > an} < o,
n=1 n=1

where 27 = max{0,z} and z= = (—z)*. By the same method as in Theorem 2.2
of [22],

o0 n
Zn_lP{ZX;t > 5an} <oo, Ve>0,
n=1 k=1
which implies (3.3).

When a,,/n converges to a real positive number, Y>>, P{|X| > a,} < oo is
equivalent to E|X| < oo, and hence

a, ' n|EXI(|X|<a,)—EX|=a, ' n|EXI(|X|>a,)|<a, ' nE|X|I(|X]| > a,)—0.

Therefore, to prove (1.8), it is enough to prove that
Zn_lP{linai( [Si — mEX| > ea,} < oo, Ve>0. (3.4)
nel sSmsn

But, (3.4) holds by the same method as in Theorem 1.2 of BAI et al. [2].
The proof of (1.8) = (1.7) is similar to that in Theorem 1.1, and so we
omit it. 0
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4. An application

In this section, we give the convergence rate in the strong law of large num-
bers for identically distributed pairwise negatively quadrant dependent random
variables with the standard Cauchy distribution. Since the standard Cauchy dis-
tribution does not have finite moments of order greater than or equal to one, the
classical law of large numbers cannot be applied to this case.

Theorem 4.1. Let {X, X,,,n > 1} be a sequence of identically distributed
pairwise negatively quadrant dependent random variables with the standard
Cauchy distribution. Let {a,,n > 1} be a sequence of positive real numbers
satisfying 0 < a,,/n 1. Then the following statements are equivalent:

oo
Z a,t < oo, (4.1)
n=1

—1
Zn P{énﬁ)g(n ZX’“‘ >5an} <oo, Ve>0, (4.2)
n=1 k=1

n
a;lsz—>0 a.s. (4.3)

k=1

PrOOF. Since X has the standard Cauchy distribution, we have that
EXI(|X| < a,) = 0. By Theorem 1.2, it remains to prove that (1.7) is equivalent
o0 (4.1). Since X has the standard Cauchy distribution, we obtain that

P{lX nt=— — dzx.
S P{X] > an) WZ/@ o
n=1 n=1 n

Noting that 1/(22%)<1/(142?)<1/z* for £>1, we have that Y -, [* (1+719¢2) X
dx < oo is equivalent to Y>>  a-! < oo. It follows that (1.7) is equivalent

n=1"n

to (4.1). O
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