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On a semiring variety satisfying "™ =~ x
g Yy ying

By AIFA WANG (Xi’an) and YONG SHAO (Xi’an)

Abstract. In this paper, we study the semiring variety determined by the addi-
tional identities 2" ~ z and z + (2" — 2)zyz ~ x. We give a decomposition theorem
of semirings in this variety. Moreover, we characterize all subdirectly irreducible rings
in this variety, and show that each subvariety of this variety is finitely based. This
generalizes and extends the results of [1], [6], [7], [9], [13], [17] and [19].

1. Introduction and preliminaries

By a semiring we mean an algebra (S, +,-) such that
e (S,+) is a commutative semigroup;
e (5,-) is a semigroup;
e the distributive laws z(y + 2) &~ zy + 2z and (y + 2)x ~ yz + zx hold in S.

A semiring S is called multiplicatively idempotent (resp., additively idempotent)
if the identity = -« ~ x (resp., x + & ~ x) holds in S. A semiring S is said to be
tdempotent if it is both multiplicatively idempotent and additively idempotent.
We say that a semiring S is commutative if the identity xy ~ yx holds in S.

A wvariety of algebras is a class of algebras of the same type that is closed
under the formation of subalgebras, homomorphic images and direct products.
It is well known (Birkhoff’s theorem) that a class of algebras of the same type
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is a variety if and only if it is an equational class. Let V be a variety, and X
a fixed countably infinite set of variables. We denote by Idy (X) the set of all
identities over X holding in V. If there exists a finite subset ¥ of Idy (X) such
that var(X) = V, then V is said to be finitely based, where var(X) denotes the
variety determined by X. In other words, V is finitely based if there exists a finite
subset 3 of Idy (X) such that every identity in Idy(X) can be derived from X.
Otherwise, we say that V is nonfinitely based. An algebra A is said to be finitely
based (resp., nonfinitely based) if the variety HSP(A) generated by A is finitely
based (resp., nonfinitely based).

The finite basis problem for finite algebras can be posed as follows: is there an
algorithm that when given an effective description of a finite algebra A decides if
A is finitely based or not? Over the last decades, several authors have considered
the finite basis problem for various semiring (ring) varieties generated by finitely
many finite semirings (rings). KRUSE [14] and L’vov [15] proved that the variety
generated by a finite ring is finitely based. BURRIS and LAWRENCE [1], and later
KELAREV [13] studied the ring varieties generated by a finite number of finite
fields with pairwise distinct characteristics, and proved that such varieties are
finitely based. GUZMAN [9] proved that the semiring variety generated by two-
element distributive lattice Do and two-element finite field Z5 is finitely based.

+
GHOSH, PASTIIN and ZHAO [8] studied the variety S¢ of idempotent semirings
which is generated by two specific semirings of order four. They showed that

§€ has 78 subvarieties and every subvariety of gﬁ is finitely based. SHAO and
REN [18] investigated the variety generated by all additively idempotent semirings
of order two, and proved that every subvariety of this variety is finitely based.
SHAO, CRVENKOVIC and MITROVIC [17] studied the variety generated by two-
element distributive lattice Dy and any finite number of finite fields. They showed
that this variety is finitely based. VECHTOMOV and PETROV [19] proved that
the variety generated by all commutative multiplicatively idempotent semirings
of order two is finitely based. Recently, CHAJDA and LANGER [3] proved that
the variety generated by a multiplicatively idempotent semiring of order three is
finitely based.

From Birkhoff’s theorem [2, Chapter 2, Theorem 8.6], every member of a va-
riety is isomorphic to the subdirect product of its subdirectly irreducible members.
Therefore, it is also one of the important research contents of the semiring vari-
eties to characterize subdirectly irreducible semirings in a given semiring variety.
GUzMAN [9] proved that two-element distributive lattice D2 and two-element fi-
nite field Z5 are the only subdirectly irreducible members in the Boolean semiring
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variety. CHAJDA and LANGER [4] gave a complete description of all subdirectly
irreducible members of the commutative multiplicatively idempotent semiring va-
riety. VECHTOMOV and PETROV [19] provided necessary conditions under which
semirings from the variety generated by all commutative multiplicatively idem-
potent semirings of order two are subdirectly irreducible.

The class of all rings satisfying the identity ™ = x is denoted by R,,. Thus,
R, denotes the class of all Boolean rings. It is easy to check that R,, is the
semiring variety determined by the additional identities 2™ ~ z, (2" — 1)z ~ z

: + +
and (2" — 2)z =~ (2" — 2)y. Let ReBN S¢ be the subvariety of S¢ determined by

+ +
the additional identity « ~ xyz and NN S¢ the subvariety of S¢ determined by
the additional identity x ~ = + zyx. Obviously, the distributive lattice variety D

+
is a proper subvariety of NN S¢ and D = HSP(D;). It is shown [8] that the

+
lattice of all subvarieties of NN S/ is as follows:

+
NN 'S¢

HSP(LY)

HSP (L)

where Lo is the two-element semiring with the following addition and multiplica-

1 .10 1
1 and 0]0 O ;
1 111 1

and Ry is the (multiplicative) left-right dual of Ls. For Ly [Rs] we denote by

tion tables:

— ol +
= OO
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LY [RY] the semiring obtained from Ls [Rs], by adding an element 0, where a =
0+a=a+0,0=0a= a0 for every a € LY [RY)].

The Mal’cev product of two classes V and W of semirings, denoted by VoW,
is the class of all semirings S on which there exists a congruence p such that S/p €
W and every p-class that is a subsemiring of S belongs to V. Thus, in this way,
some classes of semirings can be constructed by considering the Mal’cev products
of some given classes of semirings. In general, a semiring in the Mal’cev product
of two semiring varieties V and W is not necessarily isomorphic to the subdirect
product of a semiring in V and a semiring in W. For example, the quotient

semiring L9/ D by the Green D-relation belongs to D (see [8, Theorem 4.5]).
: : +

It is easy to check that every D-class of LY is a semiring in ReB N S¢. Thus,

LY € (ReB N S¢)oD. By [8, Theorem 4.5], LY ¢ (ReB N S¢) v D. Therefore,

LY is not isomorphic to the subdirect product of a semiring in ReB N gﬂ and a
semiring in D. GALBIATI, VERONESI [6] and GHOSH [7] proved that each member
in Ry o D is isomorphic to the subdirect product of a ring in Ry and a semiring
in D, which implies that Ro VD = RyoD. VECHTOMOV and PETROV proved that
the multiplicatively idempotent semiring variety determined by the additional
identity = + 2zyz ~ z is equal to Ry o (NN §£) (see [19, Theorem 2.1]).

In this paper, we give a decomposition theorem of semirings in the Mal’cev

+ +
product R,, o (NN S¢). Furthermore, we prove that R,, o (NN S¢) is a finitely
+ +
based semiring variety, and R,, o (NN S¢) = R,, V (NN S¢). We also characterize
all subdirectly irreducible rings in this variety, and prove that every subvariety of
+
R, o (NN SY) is finitely based.

For other notation and terminology we use in this paper, the reader is referred
to [2], [10] and [11].

+
2. On the semiring variety R,, o (NN S¢)

+
Let n(n > 2) be a positive integer. If S € R,, o (NN S¢), then there exists

+
a congruence p on S such that S/p € NN S¢ and every p-class belongs to R,,.
That is to say, for any a € S, the p-class p, containing a is a ring in R,,. Thus,

+
(pa, +) is a commutative group. From S/p € NN S¢ it follows that (S/p, +) is
a semilattice, which means that the additive reduct (S, +) of S is a semilattice
of commutative groups. Hence, by [11, Theorem 4.2.1], (S, +) is a commutative
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Clifford semigroup. From p, € R, it follows that a™ = a, and so S satisfies the
identity
" & x. (1)

By identity (1), we have a + a = (a + a)™ = 2™ - a. Since (S, +) is completely
regular, (2" — 1) - a = a. Thus, S satisfies the identity

2" -1z~ (2)

For a semiring (S, +, ), we denote Green’s H relation on the additive reduct
(S, +) by H*. By Theorem II.1.4 and Corollary II.1.5 in [16], HT is the least
semilattice congruence of the additive reduct (S, +) of S, moreover, every H™-
class is a maximal subgroup of (S, +). For any a € S, we denote by H} the
H*t-class containing a, and 0, the identity of HI, respectively. It is easily seen
that 0, = (2" — 2)a and aH b if and only if (2" — 2)a = (2" — 2)b for any
a,b € S. Let ET(S) denote the set of all idempotents of (S, +), i.e., ET(S) =
{e € S|le+e = e}. Since ET(S) is a semilattice, by identity (2), we have
E*(S) = {(2® — 2)a|a € S}. For a commutative Clifford semigroup (C, +),
we say that (C, +) is E-unitary (see [11]) if for any e € ET(C) and a € C,

e+tac EY(C)=ac ET(C).

A commutative Clifford semigroup (C, +) is an E-unitary commutative Clifford
semigroup if (C, +) is F-unitary.
Define a binary relation o on S as follows:

(Va,b € S)aoh < (Je € ET(S)a+e=0b+e.

It follows from [11, Proposition 5.3.1] that o is the least group congruence on the
additive reduct (S, +) of S. Assume that a, b € S and acb. Then there exists
e € ET(S) such that a + e = b+ e. For any ¢ € S, we have ca + ce = cb + ce.
Since ce + ce = c(e + e) = ce, ce € ET(S), and so ca ocb. Dually, we have acobe.
This shows that ¢ is a semiring congruence on S. In the following, we shall give

+
a decomposition theorem of semirings in R,, o (NN S¢).

+
Theorem 2.1. If S is a semiring in R, o (NN S¢), then S is isomorphic
to the subdirect product of the member S/o of R,, and the member S/H™' of

+
NN S¢.



78 Aifa Wang and Yong Shao

+
PROOF. Let S be a semiring. If S € R,, o (NN S¢), then there exists a con-

gruence p on S such that S/p € NN §E and every p-class belongs to R,,. It follows
that (S/p,+) is a semilattice, and so H' C p, since H™ is the least semilattice
congruence on (S, +). On the other hand, since p, (the p-class containing u)
belongs to R,, for any u € S, the additive reduct of p,, is an abelian subgroup of
(S, +). Thus, p, C H;}, which implies that p C H ™. Therefore, p = H T, and so

S/HT € NN §€. It is easy to check that S/o € R, since S satisfies identity (1)
and o is a semiring congruence on S.

Let a € S, e € ET(S). If a+ e € E*(S), then there exists f € ET(S) such
that a + e = f. It follows that a + (e + f) = e+ f, and so

a® 4+ ale+ fla = ale + f)a.
Thus, a® + a + a(e + f)a = a + a(e + f)a, furthermore,
a®+a+ (2" —2)ale + fla=a+ (2" — 2)ale + f)a. (3)

Since ET(S) = {(2"—2)a|a € S}, we can define a mapping from E*(S) to S/H*
as follows:
e((2" = 2)a) = Hyn g,

It is routine to verify that ¢ is an isomorphism. Thus, by S/H* € NN §€, E*(S)
satisfies the identity = + zyx ~ . From (2" — 2)a, e + f € ET(S5), we have

(2" =2)a+ (2" =2)a-(e+ f)- (2" —2)a = (2" — 2)a,
and so (2" — 2)a + (2" — 2)a(e + f)a = (2" — 2)a. Thus,

a+ (2" =2)a+ (2" —2)ale + fla=a+ (2" — 2)a. (4)
By identities (2), (3) and (4), we can deduce that a®+a = a. From a®+a(e+f)a =
ale + f)a, we also have
a* +ale + f)a® = a(e + f)a®.

Thus, a* + a + a(e + f)a? = a + a(e + f)a?, furthermore,

a* +a+ (2" —2)ale + f)a* = a + (2" — 2)a(e + f)a?,

which implies that a* + a = a. By induction, we can show that a* + a = a for
any k > 3. In particular, we have a”™ + a = a, i.e., a + a = a. This shows that
a € E*(S). Therefore, (S,+) is an E-unitary commutative Clifford semigroup.
It follows from [11, Proposition 5.9.1] that H™ No = 15. Thus, by [2, Lemma 8.2],
S is isomorphic to the subdirect product of S/H* and S/o. O
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+
Theorem 2.1 tells us that if S € R, o (NN S¢), then S is isomorphic to the
subdirect product of S/ and S/H™T, that is, S is isomorphic to a subsemiring of
+ +
S/oxS/HT. Since R,, V(NN S¢) is the smallest variety containing R,, and NN S,
+ + +
we have that S € R,,V(INN S¢) and so R,,o(NN S¢) C R, V(NN S¢). It is obvious
+ + + +
that R,V(NN S¢) CR,,0(NN S¢). This shows that R,,o(NN S¢) = R, V(NN S¥).
If S satisfies identity (1) and

x+ (2" = 2)ayx =~ x, (5)

+
then, by the proof of the Theorem 2.1, S € R, V(NN S¢). It is easy to check that

+ +
both R, and NN S¢ satisfy identities (1) and (5), which implies that R.,, V(NN S¢)
also satisfies identities (1) and (5). Thus we have

+
Theorem 2.2. The Mal’cev product R,, o (NN S¢) is a semiring variety
+ +
determined by identities (1) and (5), and R,, o (NN S¢) = R,, vV (NN S¢).

+
Since R,, o (NN S¢) is a semiring variety, it follows from [2, Theorem 9.6]

Jr
that every semiring in R,, o (NN S¢) is isomorphic to a subdirect product of
subdirectly irreducible semirings in this variety. By Theorem 2.1, we need only

+
to study subdirectly irreducible idempotent semirings in NN S/ and subdirectly
irreducible rings in R,,. In the following, we shall characterize all subdirectly

+
irreducible rings in R, o (NN S¥¢).

+
Theorem 2.3. Let S be a ring in R, o (NN S¢). If S is subdirectly irre-
ducible, then S is a finite field.

PROOF. Assume that S is a subdirectly irreducible ring in R,,. Then S has
the unique minimal nontrivial ideal J. From [12, Theorem 11], we have that (S, )
is commutative since S satisfies identity (1). For any a # 0, if a®> = 0, then a" =
a = 0. This implies that a* # 0, and so {0} & aJ. Since (aJ)R = a(JR) C aJ,
it follows that aJ is an ideal of S. Thus, aJ = J, since J is the unique minimal
nontrivial ideal.

For any a,b € J\ {0}, we have aJ = bJ = J. Thus, there exists ¢,d € J\ {0}
such that a = be, b = ad. Hence,

an—l — (bc)n—l —_ bn—lcn—l’ bn—l — (ad)n—l — an—ldn—l.
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It follows that
bn—lan—l — bn—lbn—lcn—l _ bn—lcn—l _ an—l’

anflbnfl —

anflanfldnfl — anfldnfl — bnfl7

and so "1 = b"7L. It is also easy to check that ab € J\ {0}, and so (J \ {0}, ")
is a subsemigroup of J. Moreover, by identity (1), we have a-a" "' =a""'-a =a
and a-a""2 = a""%.a = a"!. This implies that (J \ {0},-) is a group, and so
(J,+,-) is a field.

Without loss of generality, we let e = a®~! = b"~! be the identity of (J \
{0},-). Consider the set I = {a]|ae = 0}. It is easy to verify that I is also
an ideal of S. If I is nontrivial, then J C I. Hence, for any a € I N J and a # 0,
ea = a"“la = a = 0, a contradiction. Thus, I = {0}. For any r € S, from
e(r —er) = (r—er)e =0 we have r — er = 0, and so r = er. Since J is an ideal
and e € J, it follows that » = er € J. This shows that S is a field.

It is easily seen that every element of S is a root of the polynomial " — x.
Since ™ — z has at most n roots in a field, |S| < n. This shows that S is a finite

field. (]

+
Corollary 2.4. A finite field F with q elements is in R, o (NN S¢) if and
only if there exist a prime p and a positive integer t such that ¢ = pt, p| 2" — 2
and p' — 1|n — 1. Furthermore, there exist, up to isomorphism, finitely many

+
finite fields in R,, o (NN S¢).

PROOF. Let F be a finite field in R,,0(INN §€) By identity (1), we have that
F satisfies (2 — 2)x = 0. This implies that the characteristic of F' divides 2™ — 2,
and so the characteristic of F' is some prime divisor p of 2™ — 2. Hence, there
exists a positive integer ¢ such that the size of F is equal to p!, i.e., I' satisfies
2P~ . Clearly, F satisfies identity (1), thus, p* — 1 divides n — 1. Since both
2" — 2 and n — 1 have finitely many divisors, it follows that, up to isomorphism,

+
there are finitely many finite fields in R,, o (NN S¥).
Conversely, if there exist a prime p and a positive integer ¢ such that ¢ =
pt, p|2" — 2 and p' — 1|n — 1, then F satisfies identities (1) and (5). Thus,

+
by Theorem 2.2, F € R,, o (NN S¢). O

+
Suppose that (S, +, -) is a semiring in R,, o (NN S¢). Then, for each a € S

we have a = aa™ 'a, a™ = aa”"' = a" 'a, which means that a is a completely

regular element in the multiplicative reduct (S, -) of S. That is to say, (.5, -) is
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a completely regular semigroup. Let A" denote the Green-H relation on (S, ).
It follows that every H' class is a maximal subgroup of (S, -). We use E'(5) to
represent the set of all idempotents of (S, -). Then E'(S) = {b"~1|b € S}. Recall
that a cryptogroup is a completely regular semigroup in which H' is a congruence.
A cryptogroup (S, -) is called a normal orthocryptogroup if S/H" is a normal band,
and E'(5) is a normal band (see [16]). In the following, we shall characterize the
multiplicative reduct (.S, -) of S.

+
Corollary 2.5. If S € R, o (NN S¢), then (S,-) is a normal orthocryp-
togroup, and every maximal subgroup of (S,-) is commutative.

+
PROOF. Suppose that S belongs to R, o (NN S¢). Since both R,, and

(NN §€) satisfy the identities (xy)" ! ~ 2" 1y"~! and 2"ty 1zl &
anTlzn=lyn=lgn=1 it follows from Theorem 2.1 that S satisfies the identities
(xy)" ! ~ a7 lyn=t and g lynlyn T lgn ol & gl lyn ol This im-
plies that E'(S) is a normal band and #H' is a congruence on (S,-). By [16,
Theorem IV.2.7], (S, -) is a normal orthocryptogroup.

Assume that a € S. Since H; is a ring, we have aHta?, and so (2" —2)a =
(2" — 2)a®. By induction, we can show that (2" — 2)a = (2" — 2)a* for any
k > 1. On the other hand, for any a,b € S, if aH'b, then o' = b"!, and so
(2" — 2)a" "t = (2" — 2)b" L. Thus, (2" — 2)a = (2" — 2)b, and so aHTb. Since
every H*t-class of S is a ring in R,,, by [12, Theorem 11], we have ab = ba. This
shows that every maximal subgroup of (.5, -) is commutative. (I

+
3. On the subvarieties of R,, o (NN S¢)

+
For every subvariety V of R,, o (NN S¢), from Theorem 2.1 we have that V is
generated by some subdirectly irreducible rings in R,, and some subdirectly irre-

+ +
ducible idempotent semirings in NN S¢. Now let ST(INN S¢) denote the set of all

subdirectly irreducible semirings in NN §€. For any subset A of SI(INN §€),
from [8] we have that HSP(A) is equal to a semiring variety generated by some
subset of {Da, La, Ro, LY, RY} (denoted by A). On the other hand, we have that,
up to isomorphism, there are finitely many subdirectly irreducible rings (finite
fields) in R, (see Theorem 2.3 and Corollary 2.4). Thus, every subvariety of

+
R, o (NN S¢) can be generated by some members in A and some subdirectly irre-
ducible rings in R,,. Let T denote the set of all members in A and all subdirectly
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irreducible rings in R,,, and B denote the subset of 7. To show that HSP(B) is
finitely based, we need only to consider the following four cases:

Case 1. B =1. Tt is clear that HSP(B) is the trivial variety.

Case 2. B#(, B C A. HSP(B) is finitely based (see the following Table 1
obtained in [8]).

Semiring variety — Determined by additional identities

HSP(L,) P~z ay~a

HSP(R5) Prr,y~y

HSP (L2, Ry) o, yr ~

HSP (D) PRz, rycyr,c+ry <
HSP(D,, Ls) 22 =, ryr R 2y, TR T+ 2y,

Y+ z2~rYy+ 2+

HSP(Ds, Rs) 2?2~ x, vyr YTz, T AT 4y,
TY+zRrYy+ 2+ 2y

HSP(Ds, Lo, Ry) 2?~ux, x+ayr~x, 2y+2z~2y+ 2+ a2,
TY+zRrYy+ 2+ 2y

HSP(LY) ez, ryz Ry, Ty R T

HSP(LY, Ry) Py, rdryr~z, ryFrrTy 4242y
HSP(RY9) P2rx, ryr Ry, xFyr~

HSP(RY, L) P, rtryr~r, xy+ oy 2+ oz
HSP(LY, RY) Pz, rtayr~a

Table 1

Case 3. B consists of the subdirectly irreducible idempotent semirings in A
and a finite number of subdirectly irreducible rings (finite fields) in R,,. Suppose
that A is a non-empty subset of A. Let V4 = HSP(A). Since V4 is finitely
based, there exists finite subset ¥ 4 of Idy , (X) such that each identity in Idvy , (X)
can be derived from X 4.

For any ¢ € {1,2,...,k}, let F; be a finite field of characteristic p; in R,, o

(NN §€) and size ¢; = p;* for some positive integer n;, and let d be the least
common multiple of pi,...,px. Since F; satisfies identities (1) and (2), p; is
a prime factor of 2" — 2 and p;” — 1 is a factor of n — 1.

We need to consider the following two subcases:

Subcase 3.1. By = AU{F},...,Fy}, in which there exist at least two finite
fields in {F7, ..., Fi} such that their characteristics are distinct.
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Subcase 3.2. By = AU {F,...,F}, in which Fi,..., F; have the same

characteristics.

We first consider Subcase 3.1. It is easy to verify that HSP(B;) satisfies
identities (1), (5), and the following

(d+ Dz =z, (6)

d d

— 2t~ — .z, (1<i<k), 7

Pi Y23 ( ) "
dur+-4+dup,=d-vi+--+d- vy, (8)

where u; + -+ Uy VL + -+ U € X4
We thus have

Theorem 3.1. Let By = AU {F}y,...,Fy}, in which there exist at least
two finite fields in {F}, ..., Fi} such that their characteristics are distinct. Then
HSP(By) is finitely based.

PROOF. Let V* be the variety of semirings defined by additional identities

(1), (5), (6), (7) and (8). Tt is easy to see that V* is a subvariety of R,, o (NN §€),
and that HSP(By) is a subvariety of V*. In what follows, we shall prove that
HSP(B;) = V*.

Suppose that S is a subdirectly irreducible semiring in V*. It follows from

+
Theorems 2.1 and 2.3 that .S, up to isomorphism, is a member of NN S¢ or a finite
field. If S is a finite field, then, by identity (6), the characteristic of S is equal to
some p; (1 <7 < k). Since S satisfies

i —

d
Di Di

)

S satisfies % = x, and so the size of S divides g;. Thus, up to isomorphism, S is
a subfield of F;. Since every subfield of F; is in HSP(B;), we have that S belongs
to HSP(By). If S is a subdirectly irreducible idempotent semiring in V*, then,
by identity (8), S belongs to HSP(A), and so S € HSP(B;). That is to say,
every subdirectly irreducible semiring of V* is in HSP(Bj;), which implies that
V* C HSP(Bj). This shows that HSP(By) is finitely based. O

Next, we shall discuss Subcase 3.2. Without loss of generality, assume that
there exists a prime p such that the characteristics of F,..., Fy are equal to p.
Thus, there exist positive integers ny, ..., ny such that |F;| = p™ (1 <4 < k).
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Tt is easy to verify that HSP(Bs) satisfy identities (1), (5), and the following

(p+1) z =z, (9)
v+ @+ (p=1) ) (@ (p- 1) 2) B (10)
p.u1+...+p.um%p.ful_‘_..._i_p.fue’ (11)

where u; + -+ Uy, RV + -+ vy € Xa.
We thus have

Theorem 3.2. Let By = AU {F,...,Fy}, in which Fy,..., F}, have the
same characteristics. Then HSP(Bs) is finitely based.

ProOOF. We denote by V'’ the semiring variety determined by additional
identities (1), (5), (9), (10) and (11). It is easy to see that HSP(Bs) is a subvariety
of V'. In the following, we shall show that HSP(By) = V'.

Suppose that S is a subdirectly irreducible semiring in V’. It follows from

Theorems 2.1 and 2.3 that S, up to isomorphism, is a number of NN §€ or a finite
field. If S is a finite field, then, by identity (9), the characteristic of S is equal
to p. We denote by 0 and 1 the zero element and the identity of S, respectively.
Then (S \ {0},-) is a cyclic group of a finite order. Without loss of generality,
suppose that (S'\ {0},-) can be generated by a, and that the order of (S '\ {0}, ")
is equal to ¢. From identity (10), we have

a+ @ +p—-1)-a)-- (" +(p-1)-a)=a.
Furthermore,
(@ +(p—1)-a)-- (@ +(p—1)-a) =0,

since (S, +) is a group. Therefore, there exists 1 < j <k such that apnj—l—(p—l)u =0,
and so
"’ +(p—1)-a+a=a.

That is to say, a = a?’ +(p—1)-a+a = a””’ +p-a = a?"”’, which implies
that a?’~! = 1. This shows that the size ¢ of (S \ {0},) divides p" — 1, and
so the size of S divides p™/. Thus, up to isomorphism, S is a subfield of Fj}.
Since every subfield of F is in the variety HSP(Bz), S belongs to HSP(B,). If S
is a subdirectly irreducible idempotent semiring in V' then, by identity (11),
S belongs to HSP(A), and so S € HSP(By). This shows that every subdirectly
irreducible semiring of V' is in HSP(Bs), and so V' = HSP(B,). It follows that
HSP(B,) is finitely based. d
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Case 4. B consists of a finite number of subdirectly irreducible rings (finite
fields). Let By = {Fi,...,F;}. It is obvious that HSP(Bj3) satisfies identities
(6), (7), and the following

d-z~d-y. (12)

Furthermore, we have

Theorem 3.3. Let By = {F1,..., Fy}. Then HSP(Bs) is finitely based.

PROOF. Let V" be the subvariety of R,, o (NN §€) determined by additional
identities (1), (5), (6), (7) and (12). It is easy to see that HSP(Bs) C V”.
In the following, we shall show that HSP(B3) = V”.

Suppose that S is a subdirectly irreducible semiring in V”'. Since S satisfies
identity (12), it follows from Theorems 2.1 and 2.3 that S, up to isomorphism,
is a finite field. By identity (6), the characteristic of S is equal to p; (1 <@ < k).
Since S satisfies identity (7), the sizes of S is a factor of ¢;. Thus, by ¢; = p}",
S is a subfield of Fj, and so S € HSP(B3). This shows that HSP(B;3) = V",
and so HSP(Bs) is finitely based. O

Hence, for any non-empty subset B of 7, by Theorems 3.1, 3.2 and 3.3,
HSP(B) is finitely based.

Recall that a variety is said to be hereditarily finitely based if every variety
contained in it is finitely based. From the above, it follows that every subvariety

+
of R,, o (NN S¢) is finitely based. We have now
+
Corollary 3.4. R,, o (NN S¢) is hereditarily finitely based.
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