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Isometric isomorphism of homogeneous space algebras

By TAJEDIN DERIKVAND (Mashhad), RAJAB ALI KAMYABI-GOL (Mashhad)
and MOHAMMAD JANFADA (Mashhad)

Abstract. In this paper, we show that two homogeneous spaces with isometrically
isomorphic algebras are topologically homeomorphic by themselves. This generalizes the
well-known results of J. G. Wendel for group algebras and those of B. E. Johnson for
measure algebras.

1. Introduction

Harmonic analysis on homogeneous spaces is a very powerful tool to study
theoretical and applied physics, as well as engineering. Riemannian symmetric
spaces, a very active area of research, are examples of homogeneous spaces. Vari-
ous subjects related to the topic have been studied by many authors
(see [2], [4], [7], [8]). Although homogeneous spaces essentially do not possess
a group structure, they are locally compact Hausdorff spaces. Recall that the
term “X is a G-space” means that X is a locally compact Hausdorff space on
which the topological group G acts by an action map transitively and continu-
ously. Let K and H be two compact subgroups of a locally compact group G.
In 2013, A. GHAANI FARASHAHI defined a convolution on L!(G/K) which makes
it into a Banach algebra (see [9]). Now, consider two homogeneous spaces G /K
and G/H. We know that G/K and G/H are isomorphic as homogeneous spaces
if and only if K and H are conjugate, strictly speaking, H = goK g, ! for some
go € G (see [5, Proposition 3.7]). In this paper, we aim to obtain the necessary
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and sufficient conditions on G/K and G/H for an isometrically isomorphism to
exist between two Banach algebras L'(G/K) and L'(G/H).

In [28], J. G. WENDEL showed that two locally compact topological groups
with isometrically isomorphism group algebras are themselves isomorphic (alge-
braic and homeomorphic), and in [22], B. E. JOHNSON showed that the same is
true for measure algebras. In this regard, we achieve the same and more general
results for G-spaces, which have many applications in different areas, including
computerized tomography, magnetic resonance imaging, radio astronomy, crys-
tallographic analysis, etc. (see [1], [27]). The outline of the rest of this paper is
as follows: in Section 2, we present some preliminaries and an overview on ho-
mogeneous spaces. Section 3 is allocated to prove some lemmas and propositions
which are necessary to prove the main results. Finally, this section is ended by
presenting the main theorem of this paper.

2. Preliminaries

In the sequel, H is a closed subgroup of a locally compact group G, and
dz, dh are the left Haar measures on G and H, respectively. We recall that the
modular function A¢ is a continuous homomorphism from G into the multiplica-
tive group R™. Furthermore,

/ )y = A () / f(y)dy,
G G

where f € C.(G), the space of continuous functions on G with compact support,
and x € G. A locally compact group G is called unimodular if Ag(z) = 1, for
all z € G. A compact group G is always unimodular. Suppose that p is a Radon
measure on G/H. For z € G, we denote by pu, the translation of p by z. Then
w is said to be G-invariant if p, = pu, for all x € G, and is said to be strongly
quasi-invariant, if there is a continuous function A : G x G/H — (0,+400) which
satisfies

dpa(yH) = Ma, yH)dp(yH).

If the function A(z,.) reduces to a constant for each z € G, then pu is called
relatively invariant under G. We consider a rho-function for the pair (G, H) as
a continuous function p : G — (0, +0o0) for which p(zh) = Ag(h)Ac(h) ip(x),
for each z € G and h € H. It is well-known that (G, H) admits a rho-function,
and for every rho-function p, there is a strongly quasi-invariant measure g on
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G/H such that

| t@p@de= [ [ gemddun,  (fecie). @
e G/H JH

This equation is called the quotient integral formula. The measure p also satisfies

dpy p(zy)
o (yH) = OR (z,y € G).
Every strongly quasi-invariant measure on G/H arises from a rho-function in
this manner. All of these measures are strongly equivalent (see Proposition 2.54
and Theorem 2.56 of [6]). Therefore, if p is a strongly quasi-invariant measure
on G/H, then the measures u,, x € G, are all mutually absolutely continuous.
It should be remarked that if p is a strongly quasi invariant measure on G/H
which is associated with the rho—function p, then p is relatively invariant if and
only if p(zy) = % x,y € G. Also, G/H has a G-invariant Radon measure
if and only if the constant function p(z) = 1, € G, is a rho-function for the pair
(G, H).

Fix a strongly quasi-invariant measure A on GG/H which arises from the rho-
function p. Put

Cl(G:H)={pt, =pormy-p"?:pe C(G/H)}. (2.2)

Also take LP(G : H) = CZ(G : H)H'Hp, for all 1 < p < oco. By a similar calcu-
lation in [3] and [9], one can see that CP(G : H) is a left ideal of the algebra
C.(G). Consider the surjective bounded linear operator T%, : Co(G) — CP(G/H)
is defined by T%(f = [y 75597 dh, and the norm is defined by ||, =
inf {||f|l, : TH(f) = gp} Then we have the extension T}, : LP(G) — (LP(G/H), A
that is a surjective and bounded linear operator with || 7% <1. For all 1<p<oo,
Ty : LP(G : H) — (LP(G/H),\) is an isometric isomorphism between two Ba-
nach algebras. Since T}, is surjective, for all ¢ and ¢ in LP(G/H), there are ¢~
and o2 in LP(G : H) such that T5(¢% ) = ¢ and Th (2 ) = ¢. Further,
@b+ P belongs to LP(G : H). So one can define

pxv(xH) =T (e, * 7, ) (xH)

1,0\ /P
/G/H/HSD(Z/HW(hyle) <%) dhd\(yH), (2.3)

for all ¢ € (LP(G/H),\) and ¢ € (LP(G/H),\). Let 0 € M(G/H) and ¢ €
LP(G/H), then there exist op, € M(G : H) and @7, € LP(G : H) such that
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Th(¢h,) and Ry(op,) = 0. We now define the function ¢ * ¢ in a natural way
as follows:

o xp(xH) =Ty (op, * ¢, )(wH)

_ /G y /H o(hy ‘e H) (W)l/pdhda(yf[). (2.4)

Also we have

*o(T = -1 xhy 1 M v o
erote)= [ 8w [ etamtmn (D00L) o). @)

Suppose M (G/H) denotes the space of all complex bounded Radon measures on
G/H. Then (M(G/H), *) is a Banach algebra, where « : M(G/H)xM(G/H) —
M(G/H) is defined by o1 * 02(¢) = Ry <01PH * O'QPH> (¢), Oip, = 00 Py, and
Ry : M(G) — M(G/H) is defined by Ryu(p) = p(p?2). Moreover, one can
show that for all 1 < p < oo, (LP(G/H), \) is a left Banach M (G/H)-module via
the module action (o, ) — o * ¢ (see [3], [9], [26]).

Recall that for a Banach algebra A, the bounded linear operator w of A into
itself is called a centralizer if a(wb) = (wa)b, for all a,b € A. One can show that
the space of all centralizers of A is a commutative sub-algebra of the algebra of
all bounded linear operators on A (see [25]). Also the bounded linear operator w
of A into itself is called a left centralizer if w(ab) = (wa)b, for all a,b € A.
As an example, any left translation on a group algebra is a right centralizer, since
Ly(f*g) = (Lo f) x g, for all f,g € L'(G).

3. Main results

Throughout this section, H and K will denote two compact subgroups of
a locally compact group G. Also let dh, dk and dz be the left Haar measures on
them, respectively. From now on, all G-spaces provided with a relatively invariant
measure A correspond to the rho-function p. The starting point is the following
definition.

Definition 3.1. A bounded linear operator @: (L*(G/H),\)—(L*(G/H), \)
is called the right centralizer of L*(G/H) if w(p * ) = w(y) x 1, for all ¢ and 1
in LY(G/H).
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If z € G, define the left and right translations of p € L'(G/H) by l,p =
Ty (L (¢2)) and Ry := Ty (R (¢2)), where L, and R, are the known left and
right translations of functions in the group algebra L!'(G). To avoid confusion,
left translations of functions in L'(G/H) and L*(G/K) through z will be denoted
by ¢.m and £,k , respectively.

The following lemma gives an example of a right centralizer in L'(G/H).

Lemma 3.2. Let x € G and ¢ € L'(G/H). Then {1 (p) € L'(G/H) and
the following equalities are satisfied:

(i) lan(p* ) =lon (p) %4 and zH € G/H, p,¢ € L'(G/H);
(it) [ler (@)l = [l and zH € G/H, p € L'(G/H).

PROOF.
(i) Let ¢ and 9 be in L'(G/H), then by the definitions of left translation and
convolution on L'(G/H), we have

Lort(p %) = Tt (La (95 0)2,) = T (L (Tt (25, %2,))",)
=Tu (Lx (('OWH * QIZ)TFH)) =Tu ((LISD?TH) * 7€H)
= Ty (L, ) * T (45,) = Lo (9) # -

Note that L, is a right centralizer of L!(G) (for more details, see [6, p. 51]).

(ii) Let ¢ be in L'(G/H) and H € G/H. Then by the definition of left transla-
tion £, and by the relatively invariant property of the measure A, we have

(@)= [ ool
:/G T (waﬁH) (yH)|dA(yH)
Ll o
G/H‘/ 210 yh )(xlyh)dh‘d/\(yﬂ)
_/G/ o(z~1yH) \/ PEYR) ()
= [ e | p‘}fyh,z) dhd(eyH)

- / ey H)| dA(yH) = o]l O
G/H
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Lemma 3.3. Consider the isometric isomorphism T% between two Banach
algebras LP(G : H) and (LP(G/H), \). Then w is a right centralizer of LP(G : H)
if and only if Thw (T;})_l is a right centralizer of (LP(G/H), \).

PROOF. Let @ be a right centralizer of LP(G : H), and put wg /g :=
Thw (Tz)fl. Then the linearity and boundedness of wg,y will be deduced
from that of w, T} and (Tfl)fl. Furthermore, for all ¢, € LP(G/H), we have

wam (p* ) = Thew (TH) ' (g ) = Thao (Th) ' (TH (¢, *¢2,.))
=Thw (ph, *v8,.) =Th [(weh,,) *¥2,]

=T} [weh, ]+ T [v5,] = Th [= (@) ™ o] + ¥ = (@a/me) + ¥,

and note that 7% [¢/2 ] = 1. The reverse implication can be obtained in a similar
way. (I

Now, we prepare some preliminary lemmas which we need in the sequel.

Lemma 3.4. Suppose {e,} is a left approximate identity of L'(G), and put
(o :=Tu(ea). Then {(,} is a left approximate identity of (L*(G/H), \).

PROOF. See [9, Proposition 3.3]. O

In the next lemma, we need the fact that (L'(G/H),\) can be embedded
into M(G/H) via the embedding ¢ — Ay, where dAy(cH) = ¢(xH)d\(zH),
xH € G/H. Further, |11 = ||[Ay] (see [9]).

Lemma 3.5. Let {¢)o} be anet in (L*(G/H), ). Then there exists a unique
complex regular measure of bounded variation o such that

() o (7) =lim Ay, (3), 7 € Co(G/H);
(i) Jlol| = tim sa]

PRrROOF. Since ||9q||1 < 1 and ||[¢all1 = [[Ap. ||, we conclude that {Ay, } is
a net of bounded positive linear functionals on Co(G/H). So {Ay,} is a subset
of the closed unit ball in Co(G/H)*, which is weak—x compact by the Banach—
Alaoglu Theorem. Then the set {\y, } has a weak—=x limit point F. According
to the Riesz—Markov Theorem, there exists a unique compex regular measure of
bounded variation o corresponding to the positive linear functional F' such that
F(p) = fG/H p(xH)do(xH), ¢ € Co(G/H). Furthermore,

loll = [l#[] = [[lim Ay, || = Tim [|5bq -
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Since F' = W* —lim Ay, , we obtain
«

lim Ay, (7) = F () = [ G =0 0),

for all v € Co(G/H). O

The next theorem asserts that any right centralizer of L'(G/H) can be rep-
resented as a convolution with a complex regular measure of bounded variation

on C.(G/H).

Theorem 3.6. Let @ be a right centralizer of L'(G/H), then there exists
a unique complex regular measure of bounded variation o on C.(G/H) such that
@(p) = 0% ¢, ¢ € L'(G/H) and ||w|| = ||o].

PROOF. If {e,} is a left approximate identity of L'(G), then by Lemma 3.4,

{Co = Th(eqs)} is a left approximate identity of L*(G/H). Without loss of gen-
erality, we may assume that ||(,|| = 1. Let ¢ € L*(G/H), then

we = w(lim{, * @) = limw (4, * @) = lim (w(Ca) * @) = im (Y * ), (3.1)

where ¢, = @({,). According to Lemma 3.5, there exists a unique complex reg-
ular measure of bounded variation o on Cyo(G/H) such that o (y) = lim Ay, (),

7 € Co(G/H) and ||o|| = Tim [|¢bq . Since [[¢a ] = |=(Ca)ll < [@[[I<all = =],
ol < ll=|l. (32)
Now, if T, ¥ € C.(G/H), then so is vy defined by

-1
~(yH) = / / Y@ )0 (hy~ 2 B2 ghan ).
G/HJH p(x)
Let € > 0. Since o () = lim Ay, (7), for all v in Co(G/H), it follows that for

any g, there exists an ay > ag such that |Ay, (v) — F(y)| <e, for all aq > ay.
Hence

< E.

/ V(Y H o (yH)do (H) — / +(yH)do (H)
G/H G/H

Then by substituting,

/G/H/G/H/HT(JJH)\I/(hy xH) (@) dhd\(xH )tho, (yH)dN(yH)

_/G/H/G/H/HT(:CH)\P(@le)p(MJ)dhdA(xH)v(yH)da(:pH) e

p()
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By Fubini’s Theorem,

1 Plhy ) .
/G X /G y /H Wy ) S b, (y )N H )N H)

_ . P E) o (2 H)N(z
o Y(xH) /G/H/H\I/(hy H) (@) dhy(yH)do(zH)dA(xH)| < e.
Using (2.3) and (2.4), we obtain
Y(zH) (Yo, * V) (zH)d\(zH)— Y(zH)(o* U)(cH)\NzH)d\(zH)|<e.
G/H G/H

By 3.1, ¥, * ¢ tends to wy in L'(G/H), and therefore these converge as linear
functionals. This means that by passing to the limit through a suitable cofinal
subset {a1} of {a}, for any ¢ € L'(G/H), we obtain

<E€.

/ Y(zH)wo(xH)dA(zH) — / Y(xH)o * o(xH)NaxH)d\(zH)
G/H G/H

Thus we and o * ¢ are equal as linear functionals on C.(G/H), so they are
equal easily on Co(G/H) by C.(G/H) = Cy(G/H). Then by an approximation
treatment, these are equal on L'(G/H), so ||we|1 = |lo * ¢|1. Hence by [9,
Proposition 2.18], ||| < ||o]|. Considering 3.2, we finally conclude that ||o| =
|lw||. To prove the uniqueness, let o1 and o7 satisfy the desired condition of this
theorem. Then o1 * p = wy = gq % p, for all ¢ € C.(G/H), and this implies that

g1 = 02. O
The next two lemmas are both needed to prove Theorem 3.9.

Lemma 3.7. Let 0 be a complex regular measure of bounded variation on
C.(G/H), and

/ oy H)do(yH)| = / eI dlo| (W), ¢ € Co(G/H).
G/H G/H

Then

/ oy H)do(yH)| = / o(yH)|do(yH), o€ C.(G/H).
G/H G/H
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PROOF. Let

O(yp) ==

/ w(yH)da(yH), - / o(yH)| d|o] (uH).
G/H G/H

Consider a non-negative function ¢ in C.(G/H) such that ©(p) # 0. Using the
assumption, there exists a unique ¢, € C with absolute value 1 such that

| ettt =c, [ stutilol s
G/H G/H

Similarly, for a non-negative function ¢ in C.(G/H) with ©(¢) # 0, there exists
a unique ¢y € C with absolute value 1 such that

VyH)doH) = co [ dyH)dlol (1)
G/H G/H

Also for ¢ + 1), there exists a unique c,4 € C with absolute value 1 such that

| v ) mdotui) = covs [ (o ) uHdlo| 41D,

G/H G/H

Hence we have

oo [ elumdlolwH) ey [ wtutdlol uH)

G/H G/H
—coro | oluH)dlo|H) + oy | wly)dlo| (u1D).
G/H G/H

Given the uniqueness of constants, we deduce that ¢, = ¢y = cpyy 50 that the
coefficient is independent of the choice of ¢ € C.(G/H). Then for any ¢ in
C.(G/H) with ©(¢) # 0, there exists a unique ¢ € C with absolute value 1 such
that

/ w(yH)da(yH)ZC/ po(yH)d|o| (yH).
G/H G/H

This means that do(yH) = d|o| (yH), and finally

/ sO(yH)dU(yH)‘ :/ lp(yH)|do(yH); ¢ € C.(G/H).
G/H G/H

In fact, this result holds for all real continuous functions which have a limit at
infinity. (]
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Lemma 3.8. Fix o as a normalized measure in M (G /H) with |o()| = o |¢],
v € Co(G/H). If F : Co(G/H) — C is the mapping defined by F(p) := o(y),
then F' is a point functional.

PROOF. It is clear that F' is a positive linear functional. Using the Riesz
Representation Theorem, ||[F|| = ||o|| = 1. Further, if min(p,¢) = 0 for all
non-negative ¢, ¥ € Co(G/H). Then |p + | = | — |, so

/ (p(yH) + b(yH)) do(yH) = / \o(yH) — b(yH)| do (yH)
G/H G/H

/ (p(yH) — p(yH)) da(ym‘ .
G/H

Using the hypothesis |o(p)| = o |p|, we get ‘fg/H o(yH)do(yH) + fG/H Y(yH)x

Ao (yH)|= [ 11 9 H)do (yH) = [ 3y oy H)do(yH) |- Thus min(F(),P (1)) =0.
Finally, by the Kakutani Theorem, F is a point functional (see [23]), that is, there
exists z, € G such that F'(¢) = o(p) = p(zs), ¢ € Co(G/H). O

In the next theorem, we present necessary and sufficient conditions on
a bounded linear operator A to be a right centralizer in L'(G/H).

Theorem 3.9. Let @ : L'(G/H) — L'(G/H) be a bounded linear opera-
tor, then there exists xg € G such that w = cly, g for some ¢ € C(|c| = 1) if and
only if the following statements are satisfied:

(i) o is a right centralizer on L*(G/H);

(ii) w preserves the norm.

PROOF. Let w = cly y for some zg € G and ¢ € C(|¢|] = 1). Then it is
obvious to see that w is a right centralizer on L'(G/H) and it preserves the
norm by Lemma 3.2. Conversely, suppose that w is a right centralizer and it
preserves the norm. Therefore, by Theorem 3.8, there exists a unique complex
regular measure of bounded variation ¢ on C.(G/H) such that wy = o * ¢ and
|l = |loll, ¢ € C.(G/H). So for all ¢ € C.(G/H), we have |¢||1 = ||wel1 =
llo* |1 < |lollllellr- The last inequality follows by [9, Proposition 2.18]. So

[ Joxetat) Mom)
G/H

“Jo

/C;/H/Hscv(hy xH) @) dho(yH)|d\(zH) = ||¢|1.  (3.3)
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Since |o| is a regular measure,

p(z)

/G/H/Hgo(hy_le)p(hy_x)dhda(yH)|

< . ‘ / go(hylxmwczh\ dlo| (). (3.4

If strict inequality holds in 3.4 on a set of positive measure, then by 3.3 we get

<[ | / so(hy-lxmp(f;y(;”dh]w (yH)aA (e H)

_ /G/H /G/H ‘/H @(hy‘le)Wdh’Md(yH)d)\(a:H).

By replacing x by yh ™'z, we get

loll < | . /| . \ /| sO(xH)dh‘ AN H)d o] (yH)

- / / \o(zH)| dA(zH)d |o| (yH) = [[o]d]lo])
a/aJaym

Using the equality ||| = ||o|| and knowing that ||| = 1, we conclude that
lellh < llellillell = |lelli- But this is a contradiction. Thus inequality 3.3 is
an equality for a.e. H € G/H. But since both sides of the this equality are
continuous functions of x H, the equality holds everywhere:

1 Py )
/G/H/Hcp(hy xH) ) dhd (yH)‘

p(x)

If z € H, and if we replace p(yH) by p(y 1 H),

/G/H/Hso(hyH)p(pf(LZ;ﬂ)dhdo(yH) =/G/H‘/H go(hyH)pg(Li;U)dh’d|a| (yH).

Thus

/ oy H)do(yH)| = / \o(yH)| d|o| (yH).
G/H G/H
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By Lemma 3.7, we obtain

/ w(yH)dU(yH)Z/ lp(yH)| do(yH).
G/H G/H

Now, let us define F' : Co(G/H) — C by F(p) := o(p), ¢ € Co(G/H). Then,
since o(|¢|) = |o(p)], Lemma 3.8 assures us that F is a point functional. Then
there exists ©g = x, € G such that F(p) = p(xoH), p € Co(G/H), so a(p) =

F(p) = p(aoH). But @(p)(wH) = o+ p(eH) = [o )y [y olhy wH) 22

p(x)
dhdo(yH) = [,; plhay ' wH) %8 D gh = €, go(aH). O

The following lemma has a significant role in the proof of the main Theo-
rem 3.13.

Lemma 3.10. Let T : L}(G/K) — L*(G/H) be an algebraic isomorphism,
both algebras are real or complex, which does not increase norms, and also let
l.x be a left translation on L'(G/K). Put v.x = Tl,xT~*. Then there exist
¢oi I C(|egi| = 1) and a unique yH = 7(xK) in G/H such that v,x = czxlyn.

ProoF. Considering Theorem 3.9 and the boundedness of the linear oper-
ator 7v,x, it suffices to show that v,k is a norm-preserving right centralizer in
LY(G/H). To this end, let ¢y and ¢y be in L'(G/H), then

Yor (o * ) = Tlox T (ou x ¥u) = Tl (T o T~ ' 0y)
=T (box (T o) * T "Wu) =T (bor (T o) * T 0n)
=TlxT™" (on) x¥n = (axen) *Yu-

Then 7,k is a right centralizer. Now, we want to show that v,k preserves the
norm in L'(G/H). First, assume that {e,} is a left approximate identity of
LY(G/K), and put (, := Ty(e). By surjectivity of T, it is concluded that to
any ¢ in L'(G/H) there exists ¢ € L*(G/K) such that oy = T@r. Thus

lim [[ox % Ca = @xc|| = lim [[Tpre * Tea — Tox||
=l [T (px * €a = px|| < Tim [pr *ea — pk|l-

The last term of the previous inequality converges to 0, so {(,} is a left approxi-
mate identity of L'(G/H). Now, we have

YeKPH = VoK (1131 Ca * wH) = lim (Yo Ca) * m

=1im (Tl,x T "'¢a) x o = im (Tlyxeq) * oo
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Then we have

| im e | = [im (Thrcea) * onll < lim | (Tlorcea) llon]
< tim|| (Tloxcen) [l < lm]| (Coxcea) lon]

<lim || (ea) |[llpmll = ol

Then 7,k is a contraction in L'(G/H), and since (yzx) ' = Yp-1x, 50 it is
a contraction in L'(G/H) in a similar way. So it preserves the norm. Thus by
Theorem 3.9, there exists ¢, i in C (Jeyx| = 1), and there exists yH € G/H such
that vzx = coxlyp. It is worth noting that yH corresponds to K. [l

Lemma 3.11. The mappings K — c,x and K +— 71(zK) defined in
Lemma 3.10 are of continuous homomorphism-type of G/K to, respectively, the
circle group T and the G-space G/H; T is 1 — 1.

PROOF. Let z1,20 € G and ¥l 1m, lrog denote the left translations in
LY(G/H). Then the two mappings are of homomorphism-type by Lemma 3.10,
and we have the following equations:

Coraniklyryott = Tlyywyk T = Tl by kT = Tl kT Ty T™1

= CalegylHngKéyzH = CaleCanggylHeyzH;

Now, 7 is the product of 7 : 2K — flyx, T : lyx — TlxT™ ' = carlym
and 73 : cgxlym +— yH. Due to [6, Proposition 2.41], the mapping « — L, is
continuous in strong operator topology. So ||Lyf — Lu, f|l1 — 0, as  — g, for
all € LYG). Then [ltap — Laypl = 1T (La (92,)) = Tt (Luy (92,,)) | =
Lo (¢2,) = Lag (¢2,.) Il = 0, as @ — z, for all ¢ € L'(G/H). Hence the first
mapping is continuous in strong operator topology. The second one is continuous
by boundedness of T and T—!. So it suffices to show that the third mapping is
continuous. In the first step, we prove L, — y is a continuous homomorphism of
the group of all left translations to G; let V' be a neighborhood of 1 € G, then
there exists a symmetric neighborhood W of 1 with finite measure w such that
WW=t C V. Put Ny :={Ly: |Lyxw — xwlli <w}. If L, € Ny, then y € V.
To verify this, suppose y ¢ V, then y ¢ WW =1, so yW and W are disjoint sets.
Hence

1

||Lny—xW||1=/G|xW<y- 2) - xw(z)| dz

= [ bt a) o+ [ el do= 1Ly 1+ vl =2
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This contradiction completes the proof of continuity of L, — y. For the rest of the
proof of the lemma, let V' be an arbitrary neighborhood of mu(yo) =yoH € G/H,
and put U := w;Il(V/) that includes yo € G. Then by the continuity of L, — ¥,
there exists N, ~such that y € U for all L, € N, . Now, it suffices to take

Ne = {Ey:Ly ENLyO}.

Yo
Since Np, is open, for any L, € Np, , there exists ¢ > 0 such that B (Ly,e) C
Ni,, - Suppose £y, € Ny, , then B := {{,: L, € B(Ly,,e)} C N, . So Ny, is
open. Finally, if yH ¢ V', then y ¢ U. So L, ¢ Ny, , hence ¢, ¢ Ny, , and this
implies that ¢, — y is continuous. Finally, 2K — ¢,k is continuous, since czx 1
is the product of the uniformly bounded and continuous functions T/, xT~' and
ly-1p. To show that 7 is 1 — 1, let 21,29 € G and 7(21K) = 7(22K). Then
by Lemma 3.10, we have ¢y, xTlp, kT = CpyxTley kT~ so that nglnglK =
szlK&UzK’ then Clenglngglle = Ik, and this implies 1 K = 2, K.

Then we are done, the proof is completed. O

The following lemma states that the right translations span the space of all
right centralizers.

Lemma 3.12. Let @ be a right centralizer of L'(G/H), then w is a strong
limit point of the set of finite linear combinations of left translations.

ProoF. Considering the Hahn—Banach Theorem, it is enough to show that
if A is an arbitrary strongly continuous linear functional on the operators on
LY(G/H), which vanishes on the left translations, then A(w) = 0. It is well known
that any strongly continuous linear functional A on the space of all operators {T'}
on a Banach space L'(G/H) can be written as A(T) = 37, ¢} (T(;)), where
¢; € LY(G/H) and ¢} € (LY(G/H))". Since ¢} € (L'(G/H))", and (LY(G/H))"
is the Banach space of all locally measurable functions which a.e. are bounded.
We have

AT)=) ¥ (e H)T (@) (zH)dN(xH),

oJem

where ; are locally measurable functions which a.e. are bounded, and X is
a relatively invariant measure on G/H which arises from the rho-function p.
If A =0 on the space of all left translations, then

> g bi(eH) o (wH)dN=H) =0,  (yH € G/H),
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or, equivalently,

Z z/;j (zH / wj(y_le)p(py(xh)h)dhd)\(xH) =0, (yHeG/H). (3.5)

Now, by Theorem 3.6, there exists a unique complex regular measure of bounded
variation o on C,.(G/H) such that w(¢) = o * ¢, ¢ € L}(G/H) and ||@| = ||o]|.
Then

A(w) = ; G/Hz/)j(xH)w(@j)(xH)d)\(a:H):; G/ij(xH)U  @j(zH)d\(xH)
- p(hy'x)

:Z G/Hi/f (xH) /G/H/ wj(hy~ xH)T)dhdU(yH)d)\(xH)

1 ply~txzh) - .
Z G/H% (zH) /G/H/ v,y xH)ip(xh) dhdo(yH)d\(zH)

Z/G/H G/H%(HJH)/H%(hy H)= oy dhdA(wH)do (yH) = 0.

Hence the proof is complete. O

Theorem 3.13. Let T : L}(G/K) — L'(G/H) be an algebraic isomor-
phism, both algebras real or complex, which does not increase norms. The map-
ping 7 : G/K — G/H defined in Lemma 3.10 is a homeomorphism.

ProOOF. By Lemma 3.10, 7 is a continuous injection, then it is enough to
show that 7 is surjective and 7~ is continuous. The mapping 7! is the product
of 7'1_1 Al — K, 7'2_1 Tl T = cxrlym — Ly and 7'3_1 cyH = coxlyn.
Considering Lemma 3.10, the proofs of the continuity of 7, *, 7, " and 75! are
the same as those of 73, 75 and 71, respectively.

To see that 7 is surjective, as our first step, we shall show that 7 (G/K) is
closed in G/H. Let {1 (zoK)} C 7(G/K) be a directed sequence in G/H that
converges to yH in G/H. Since yH ~ £, is continuous, £, ) tends to £, z. So
T Yoo i)T = c;alKﬁxaK, cr ik € C,lcg, k| =1 (see Lemma 3.10). Considering
Theorem 3.9, A = strong — lién c;alK&ca x is an isometric right centralizer, so it
has the form ¢, xl,x, for some K € G/K and ¢, € C,|cyix| = 1. Therefore,
T*IEyHT = Corlak, 50 byy = ca Tlyxk T, which, using Lemma 3.10, implies
that yH = 7(zK).
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As the final step, we show that 7(G/K) = G/H. Suppose that there is no
preimage in G/K for some yH in G/H. Then w := T '¢,yT is a right cen-
tralizer of L'(G/K). Thus by Theorem 3.12, it holds that @ = strong — lim 4,,

where £y = Y01 Ca,la, K5 Ca; € C,|ca;| = 1. Then TwT™! = l,z = strong —

limZ:COMTEJC%KT*1 = strongflich;iéyaiH, for some yo,H € G/H and
i=1 i=1
c;i e C, c;i = 1. Now, since 7(G/K) is closed in G/H, there exists a neigh-

borhood w of H in G/H such that A\(w) < oo and yww ™' N 7(G/K) is empty,
where ) is a relatively invariant measure on G/H. Put ¢ := x,, and @, := £, ().
Let zH € w. If yo, H € 7(w), or equivalently, y 'y, H ¢ ww™!, then y '2H €
w(z Yy, H € wl) implies that y ly,, H = y 2271y, H € ww™!, which is
a contradiction. Therefore, p(y~'2H) = 1 concludes that ¢,,(2H) = 0. Hence
we have

1alp) = Lyr (@)l = llva = Lyr (@)

= [ lpaleH) = oly )| dNGH) = [ 10MGH) = M),

Yyw

which contradicts that {{,} tends to £, in strong operator topology. With this,
the proof is completed. ([
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