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A condition for a Landsberg space to be Berwaldian

By MIKE CRAMPIN (Norfolk)

Abstract. I show that a Landsberg space whose mean Berwald curvature has
vanishing trace is a Berwald space.

1. Introduction

More than ten years ago SHEN pointed out, in [7], that it was not known
whether a Landsberg space whose mean Berwald curvature vanishes is a Berwald
space. That question has at last been resolved, in the affirmative, by MING LI
in [4]. But in fact, as I shall establish in this paper, rather less is required of the
Berwald curvature of a Landsberg space in order for the space to be Berwaldian.

I denote by B;kl the Berwald curvature of a Finsler space. Its vanishing is
the necessary and sufficient condition for the space to be a Berwald space. The
mean Berwald curvature is E;; = B’,jij. I call the scalar ¢% E;; the trace of the
mean Berwald curvature, the g% being the components of the contravariant form
of the fundamental tensor of the Finsler structure. I shall show that:

Theorem. A Landsberg space for which the trace of the mean Berwald
curvature vanishes is a Berwald space.

I shall also derive the following results, of interest in their own right, about
Finsler spaces which are not necessarily Landsbergian.

Theorem. A Finsler space for which gle;kl = 0 is a Berwald space.

Theorem. In any Finsler space, if the trace of the mean Berwald curvature
vanishes, then the mean Berwald curvature itself vanishes.
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It is important to note that the tensor gle;kl is in general distinct from
the mean Berwald curvature. However, in a Landsberg space the two effectively
coincide. Thus, in fact, the first of these theorems follows from the third via the
second.

The well-known texts by BAo, CHERN and SHEN [1] and SHEN alone [6]
are comprehensive background references. The summation convention is in force
throughout.

2. The key theorem

My results about Finsler spaces follow from a result about Minkowski spaces
which I regard as key. I shall show that a smooth globally-defined function ¢ on
Rf = R™ — {0} which is positively homogeneous of degree 1 and which satisfies

B2
9" = ¢ _ 0,
QytoyI

where the g are the components of the contravariant form of the fundamental

tensor of any Minkowski norm on R{}, must be linear (see Theorem 1 below).

I begin with some remarks about divergences, which will be needed in the
proof of Theorem 1.

Let ©Q be a volume form on a manifold M. Then for any vector field X
on M, LxQ = d(ixQ) is a scalar multiple of €2, and the scalar factor is divoX,
the divergence of X with respect to Q. If M is compact without boundary, then
for any X,

/ (divaX)Q2 = [ d(ix®) =0,
M M

the divergence lemma.

Let ¢ : M — M be an embedding of M as a submanifold of M of codimen-
sion 1. Suppose that N is a vector field on M which is everywhere transversal
to ¢(M) — a normal field. Set © = ixQ. Then © = 1*O is a volume form on M.
Let X be a vector field on M, and suppose that there is a vector field X on M
which is tangent to +(M) and which coincides with ¢, X there. I wish to find the
relationship between divg X and divgX. I shall make the simplifying assumption

that [N, X] is tangent to ¢(M). Then
d(ix©) =Lx0 —ixdO = Lx(inQ) —ixd(inQ)
=in(LxQ) — i, x)Q — (divaN)ix
= (divaX)0O — iy x1Q2 — (divaN)ix Q.
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Since X and [N, X] are both tangent to (M), ¢* (ZXQ> = * (i[N,X]Q) = 0. Thus
(diveX)0 = d(i50) = " (d(ix0)) = *((diveX)©),

so that
divg X = t*(divpX).

Consider now a Minkowski space, that is, the punctured vector space R{
equipped with a Minkowski norm. I shall work with the standard linear coor-
dinate system on R™, with coordinates y%, as one clearly may. I denote by F
the Minkowski norm, Z = {y : F(y) = 1} the indicatrix, E = 1F? the energy,
gij = 0°E /0y’ 0y’ the metric or fundamental tensor, Cyj; = 0g;;/0y"* the Cartan
tensor or torsion. Indices are raised with g% and lowered with Gij-

The key result is this:

Theorem 1. A smooth globally-defined function ¢ on Ry which is positively
homogeneous of degree 1 and which satisfies
0%

b~ _ =0
9 Qytoyd

must be linear.

PROOF. The proof involves an application of the divergence lemma. I take
for © the coordinate volume form with respect to the fixed linear coordinate
system:

Q=dy* Ndy> A... ANdy™,

so that for a vector field X = X'0/9y,

0X?
divgX = —.
ivg ay
I take for M (or strictly ¢(M)) the indicatrix Z, and for the normal field the
Liouville field A = y'0/dy*. And for X, I take the vector field whose components
with respect to the chosen coordinates are

4 i 0% 90
Xt — ij kl i )
(det g)g"g By709" Oy

I first confirm that X is tangent to Z. In fact, X(F) = 0, because

9% OF 1 . P

ij_ Y —0
Oy oyk Oyt F° Oyl dyk ’
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since ¢ is homogeneous of degree 1. Secondly, taking note of the homogeneity
degrees of the terms occuring in X°, one sees that [A, X] = —2X, which is of
course tangent to Z. So I can compute diveX (where © = ia) simply by
computing dX*¢/dy’. For this purpose, I make several preliminary calculations. I
note first that

agkl

_— _Ck,
oyt '

and in particular

ag"? ij J ! ij
a—yi =—-C;) =—-C7, where C, = C},; = g Cijr.

On the other hand,

8(22‘29) = (det 9)91"“%;“ = (det g)C;,
and therefore 5 )
oy ((det g)g*) = 0.

Furthermore,

giji_ag?ﬁ _ 9 <gifa_2¢_> - (-c;j ¢ ) =CyY i

Oytoyioyk  Oyk OyroyI OytdyI OyrdyI

Thus
oxt

2 52 - 2 2
= (det g) (_gijczlfl ¢ 9¢ kL (i ¢ %+ w070 09 )

oy ayioy oyt 0 Tk ayiayi oyt Y ayioyk ayioy!
w 00 09 g %0 00 o 0P 9%
= —_ Ikl ht ijl oo ij Kl
(deto) ( “apar oyt ayagay T Ay oy* 3yj8yl>
ij ¢ 99
— ij kKl
(det 9)979™ 5 55 % yiagt

(since C* like Oy, is symmetric). Now the value of the function

. 82 82
® = g"g" '(bk i¢l
OyI dy* dy'dy

is never negative; and if ®(y) = 0 for any y € RY, then 92¢/0y*0y’ (y) = 0. (The
matrix 7T'(y) whose components are

, - 52
Ty(y) = 9" (y) ayj;yk (y)
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has real eigenvalues, since it is self-adjoint with respect to g(y); and ®(y), which
is the trace of T'(y)?, is the sum of their squares.) In addition, det g > 0. Thus
divqa X is never negative, and vanishes only if §%¢/0y'0y’ = 0. On the other
hand, by the divergence lemma,

/I (dive X)O = 0.

But the integrand, which is the restriction of divgX to Z, is never negative, and
the integral can be zero only if divo X = 0 everywhere on Z. We conclude that
0%¢ B
dyidys

everywhere on Z, and then on Rf. So ¢(y) = a+ b;y* for some constants a and b;.
But ¢ is homogeneous of degree 1: so a = 0, and ¢ is linear. (]

The theorem is most often used in the form
5 0% ¢
Y——— =0 impli —— =0
Byioy implies Gyioy

when the given conditions hold.

The assumptions of the theorem, and its conclusion, are unchanged if one
makes a linear change of coordinates. However, the object X defined in the proof,
and called there a vector field, is strictly a vector density with respect to linear
coordinate transformations, because of the presence of the factor det g. This, of
course, makes no difference, provided one works with a fixed linear coordinate
system. Nevertheless, with a view to later applications, it is worth considering
what effect a linear transformation of coordinates might have. The answer is
effectively none, since it will at worst introduce certain factors which are powers
of the determinant of the coordinate transformation matrix, which is of course
constant.

In the proof one has to assume only that

i 12 82¢ =0
oyk g oyioyi )

which may appear to be weaker than the assumption in the statement of the

theorem, namely, that the function in the brackets must vanish (rather than be
constant). But this is illusory, since by the assumed degree 1 homogeneity of ¢,
this function must be homogeneous of degree —1, and if constant, can only be
Z€ro.

I shall illustrate the potential applicability of this theorem by using it to give
a short proof of a well-known result in Minkowski geometry: Deicke’s theorem.
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Theorem 2. If in a Minkowski space the determinant of the fundamental
tensor is constant, then its coefficients are constant.

PRrOOF. If det g is constant, then (with respect to standard coordinates as
before)

0— L Odetg) ;095 _ ;0 (OE\_ ; 0 (0P
n -9 oyioyi ) 7 oytoy \oyk )’

(detg) Oy* oyt 7 oy

Of course, OE/dy* is homogeneous of degree 1. It follows from Theorem 1, with
¢ = OE/oy*, that

0= 5o (28 = 5o ()
COyioyi \oyk ) Oyioyi St
0 (Ogu 0 (0gjk ~ Ogjr
since g, is homogeneous of degree 0. O

In this application ¢ is, of course, not a scalar, but a component of a linear-
tensorial object. This certainly makes no difference if one sticks to a single linear
coordinate system; and clearly the assumption of the theorem and its conclusion,
and indeed the argument, remain valid if one is working in any linear coordinate
system.

3. Applications in Finsler geometry

I shall now show how to deduce the results stated in the Introduction from
Theorem 1.

Consider a Finsler space over a manifold M, with Finsler function F. For
each = € M the space T;M, the tangent space to M at x with its origin deleted,
is a Minkowski space with Minkowski norm F'(z,-). The associated quantities
gij, etc., defined on ToM in terms of linear coordinates corresponding to some
coordinates about x on M may be regarded equally as linear tensors over T M
or as values of tensor fields along the projection T°M — M I shall use the term
‘tensor’ indiscriminately for either, hoping that the context will make it clear
which is intended.

For my purposes, the important extra ingredient is a connection. Of the
various options I choose to work with the Berwald connection. There is a canonical
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horizontal distribution on T°M , where

0 o,
= — -7V =
oz’ " Qyd

H;

is the horizontal lift to T°M of the coordinate vector field 9/0x" on M, the coef-
ficients 1";» being homogeneous of degree 1 in the y*. One sets

ory  ork
oyt Oyl

k __
Ik =

These coefficients define a covariant derivative of tensor fields in horizontal direc-
tions: for example, for a covector field C, the components Cj;; of the covariant
derivative in the direction H; are given by

k
Cij = Hj(C;) = I};Cy.
The Berwald curvature of a Finsler space is the tensor given by
-
B, = ﬂ
Jkl oYk dy
The space is a Berwald space if and only if the coefficients Fjik are independent
of ¢, that is, if and only if the Berwald curvature vanishes.
Theorem 3. A Flinsler space for which gle;kl = 0 is a Berwald space.
Proor. For any x € M, on the Minkowski space T;M we have
o2
oykoyl

kl

Now for fixed x, each component F;(m, -) is a smooth globally-defined function on
TPM which is homogeneous of degree 1. It follows therefore from Theorem 1 that

-
15 =0= B!
Oyk oyl gkl
at every x € M, and the space is a Berwald space. (I

Here I have of course used the linear coordinates on T2M corresponding to
some coordinates about x on M; and one might have a slightly queasy feeling
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about the possible effects on the 1"; of a coordinate transformation in M. But on
changing from coordinates z° to coordinates Z?, these coefficients transform as
3Jj’-' A _ aj;i'

J

kfi _ qipk
il = Sy = ok I Oxd’

the important point is that the transformation involves addition of a term linear
in y*. Thus the assumption of the theorem is unaffected: the Berwald curvature

is a tensor after all. And so is the conclusion, from Theorem 1, that B;kl =0.

k

The mean Berwald curvature is F;; = By, e

Theorem 4. In any Finsler space, if the mean Berwald curvature satisfies
g“ E;; =0, then it vanishes: E;; = 0.

PrROOF. The mean Berwald curvature is given by

o1k
Eij = By;; By
Thus for any « € M, on the Minkowski space T,M we have

g &I} _
Oyioyd

Again, for fixed z, I'¥(z,-) is a smooth globally-defined function on 7°M which
is homogeneous of degree 1. It follows therefore from Theorem 1 that

_ or
Y Qyioyd

at every x € M. O

I now specialize to Landsberg spaces. One succinct way of defining a Lands-
berg space is that it is a Finsler space whose fundamental tensor satisfies g;;., = 0.

As I pointed out at the beginning, the tensor gle§ o 18 in general not directly
related to the mean Berwald curvature. However, in a Landsberg space the two
do effectively coincide, for the following reason. It is known (see, for example, [3]
and [9]) that a Finsler space is a Landsberg space if and only if B = Gim Bl
is symmetric in all its four indices. Thus in a Landsberg space

gle;kl — gimglemjk:l —_ gimglek:lmj _ g”nBllm] _ g’LmEmJ

That is to say:
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Lemma. In a Landsberg space glejkl = 0 if and only if the mean Berwald
curvature vanishes.

The main theorem follows.

Theorem 5. A Landsberg space for which the mean Berwald curvature
satisfies g% E;; =0 is a Berwald space.

PRrROOF. If gijEij = 0, then F;; = 0 by Theorem 4; gleékl = 0 by the lemma
above; and the space is a Berwald space by Theorem 3. ([l

This result has an alternative formulation in terms of the mean Cartan tor-
sion. The value of the mean Cartan torsion of a Finsler space over a manifold M
at any € M is the covector field C; = ¢’ kC’ijk on the punctured vector space
ToM coming from the Minkowski structure there, as given, for example, in the
proof of Theorem 1. But as was pointed out above, it can equally be regarded
as a covector field along the projection T°M — M, and as such has a covari-
ant derivative in horizontal directions, whose components are Cj;. Likewise, the
full Cartan torsion has a covariant derivative in horizontal directions. Now in
a Landsberg space

Cijky = Bijii + Bjiri = 2By

(see [3]). Moreover, in a Landsberg space g*/ ., = 0. Thus in a Landsberg space
the mean Cartan torsion satisfies

Cra = 29" Bijl = 2Ey.

So we have the following corollary of Theorem 5.

Corollary. A Landsberg space whose mean Cartan torsion satisfies
C'i=g7Ci;=0

is a Berwald space.

4. Relation with some previous results

I hit upon the results above through reading the very interesting recent pa-
per by MING L1 [4] mentioned briefly in the Introduction. This author observes
that Minkowski spaces may be studied by using the methods of affine differen-
tial geometry, and by applying a theorem of Schneider concerning hyperovaloids
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to the case of the indicatrices of Minkowski norms obtains an equivalence theo-
rem for Minkowski spaces. It is of course a matter of considerable interest to see
how geometrical results about Minkowski spaces may be derived by considering
these spaces as particular cases of more general geometrical structures (the geom-
etry of Hessian manifolds [8] might be another source of such insights). Indeed,
Theorem 1 appears to be related to the Blaschke—Schneider Theorem of affine
differential geometry, which will be found in the book on that subject by Nomizu
and TANAKA [5]; moreover, the method of the proof of Theorem 1 was suggested
by the proof of the Blaschke—Schneider Theorem given there, though the details
differ considerably.

It is, however, in my view equally interesting to derive such results directly,
using the special properties of Minkowski spaces, and this is what I have at-
tempted to do here.

I shall now obtain a version of Ming Li’s equivalence theorem of Minkowski
spaces using Theorem 1. This is concerned with the following situation. Suppose
that we have two Minkowski structures on R}, with norms F, F, which are
homogeneously isometric: that is to say, there is a diffeomorphism f : R —
Ry such that f(ty) = tf(y) for all ¢ > 0, which is an isometry of the metrics
associated with the Minkowski norms. Ming Li shows that if a certain additional
condition is satisfied, then a homogeneous isometry must be linear, in which case
the Minkowski spaces are said, reasonably enough, to be equivalent.

By assumption,

k l
Bl F0) e ()55 ) = 950,

or more succinctly,
of* of!

(gkl o f) ayz ay] = Gij»

where, of course, gi; are the components of the metric associated with . Now

from the homogeneity assumption on f, applied componentwise, we see that
k l

Of" i0fF

oyt 4 oyI Y

99"y’ = (G o f) = (Gro ))f*fl =2Eo f.
That is to say, the energy functions are related by E o f = E, and consequently,
the Minkowski norms by F o f = F. So f is necessarily norm preserving.
The fact that the metrics are derived from Finsler norms imposes a condition

of f which is not evident at the outset, which I shall now derive. Note that

9gij 99pq f ofr ofiof” + (Geo f) O*fr of1  of 09*f¢

= o - o - -~ - 5 .
oy* oy" Oyt Oyl Oy* Ipa Oyioy* Oyi Oyt Oyl Oy*
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Both sides must be symmetric in j and k: thus f must satisfy
G LI (g0 1) 2L O
Ipa oytoyk oyi Ipa Oyidyd Oyk’
By homogeneity it follows that f must also satisfy

2 rk

=0

0

(gkl © f) 8y7’6y3

in fact, the two conditions are easily seen to be equivalent. This is the condition,

in either of its forms, referred to above. (It is a particular case of this condition

in its latter version that forms the basis of BRICKELL’s original proof, in [2], that

a Minkowski norm which is absolutely homogeneous and whose metric is flat is
an inner product.)

Then writing Cpqr for 0g,,/0y", etc., we find that

= ofrofiofr _ 92fr afd
Ciat = Cour 2 N5 57 g 200 N5 5y

This may be written equivalently as

O _\yow | 2O Of | OF
Lok =1(Cr e
3Cij ayF 5(Cpgo f) Oyt Oyl | dyidy

and recalling that %C’lkj is the connection coefficient of the Levi-Civita connec-
tion of the metric whose components are g;;, we see that this just says that f
transforms the connection appropriately. Clearly,

-k OF" ofr of1
k _ r

Cij ayk - (Cpq °© f) 8yi 3yj

if and only if f is linear.
Note, however, that (with C" = gqu“;q, etc.)

afr _ . 32 fr

k —0r i

¢ Dy Choftyg Yoyl

We thus have the following version of Ming Li’s equivalence theorem of Minkowski
spaces.

Theorem 6. Suppose given two Minkowski structures on Ry which are ho-
mogeneously isometric, with homogeneous isometry f: then
afr
Oyk

Cvrofzck

if and only f is linear.
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PROOF. When f is a homogeneous isometry,

afr
T _ ik
C o f = C W
if and only if
2 rr
PR A—
ytoy?
and so by Theorem 1 if and only if f is linear. |

Ming Li goes on to use his equivalence theorem to show that a Landsberg
space whose mean Berwald curvature vanishes is a Berwald space, thus answering
the question raised by SHEN in [7]. His result is not as strong as mine, but his
argument is geometrically interesting, and worth repeating. It goes as follows.

Take a pair of points z, =’ in M, and let o : [0,1] — M be a curve with
0(0) =z, o(1) = a’. Define a map X : ToM — T2, M in the following way. For
each y € TyM, there is a unique curve o' : [0,1] — T°M which is horizontal (its
tangent vector at each point on it is a horizontal vector), projects onto o, and
is such that o}'(0) = y. Then X(y) = o}/(1). This map is often called nonlin-
ear parallel transport. Nonlinear parallel transport is positively-homogeneous of
degree 1, in the sense that X(ty) = tX(y), ¢ > 0, and preserves the Finsler func-
tion F, so that F(X(y)) = F(y). The space is a Landsberg space when nonlinear
parallel transport is an isometry ToM — T3, M (with respect to the metrics on
those spaces induced by the Finsler structure), for every pair of points z, 2’ and
every curve ¢ joining them. Suppose that in addition the mean Cartan torsion
is invariant under nonlinear parallel transport: that is to say, for every pair of
points x, 2’ and every curve ¢ joining them, the pullback by ¥ of the mean Cartan
torsion at x’ is the mean Cartan torsion at . Then by Theorem 6, with ¥ in place
of f, nonlinear parallel transport is in fact everywhere linear, which is to say that
the Finsler space is a Berwald space. The condition of invariance of the mean
Cartan torsion has an infinitesimal equivalent, which is just that C;,; = 0; as in-
deed has the condition that nonlinear parallel transport is an isometry, namely
that g;j;x = 0. As was pointed out earlier, in a Landsberg space Cj; = 2E;;.
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