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Erratum and addendum to the paper:
“On a class of projective Ricci flat Finsler metrics”

By XINYUE CHENG (Chongging) and BAHMAN REZAEI (Urmia)

Abstract. In this paper, we correct an error in the formula (24) in [1] and modify
the formula of the projective Ricci curvature for Randers metrics. Based on these,
we simplify and optimize the main results in [1].

1. Projective Ricci flat Randers metrics

By definition, the projective Ricci curvature of a Finsler metric is given by

nol g (1.1)

n—1
PRic = Ri ——S "+ ——=S°.
ic lc+n+1 |mY +(n+1)2

For a Randers metric F = a + 3 on M, let G* and “G? denote the geodesic
coefficients of F and «, respectively. Then G* and “G? are related by

G'=°G"'+as'y+ ﬁ{—2aso + 700}y’ (1.2)

For the related definitions and notations, see [1]. The Ricci curvature of F = a+f
is given by

Ric = “Ric + (2as",,, — 2too — &) + (n — 1), (1.3)
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where
1
== ﬁ(roo — 20480)2 + ﬁ[lla(qoo — Oéto) — (7“00;0 - 20480;0)]. (14)
Further, the S-curvature of F' = a + 3 is given by
S=(n+1)|55 ~ (s0+p0). (15)
where egg = rgg + 28sp. From (1.5), we have
Tmo+0mso+Bsm (@ amjy’? +bm)(roo+28s0)
Sym =(n+1) = - 5 —Sm—pm|, (1.6)
where we have used Fym = a‘lajmyj + by,
By (1.2), we have
i o i i i Fym i
G,, =G, +ayms'y+as',, — 5F (—2asp + 100)y
1 X 1 .
+ F(—aymso — S + Tmo)y + ﬁ(—Zaso +700)d" .-
Thus
m m 05 I m OS m m 1 m| O0S
S|my =y EreD -G,y a—yl = S;my — |2as o+ F(—2a80 +T00)y :| &yim
S
= Sﬁmym — 2&5”6Sym — f(72a50 + TOO). (1.7)
From (1.5) and (1.6), we obtain
S:my™ =(n+1) L + ! + ! B !
my =N o "00:0 T 70080 + 5 580,0 = 5755 €00700 ~ 500 = P0:0
(n+ 1) Sro00 + 5 (2 )roo — (18)
=(n ——700:0 + === (2a:89 — T00)T00 — —=QS0:0 — P0:; .
5000 + 5755 0 = 700)T00 = X500 = P00 (
m 2(n+1) 2(n+1) 2(n+1)
2as Osym = Taqoo + ?0425(2) - TOZQtO
(n+1) m
— pm @s0To0 — 2(n + Dafpms™y), (1.9)
1 2 2 1
F(—QO&80+T00)= % {—FCYT0080+FCY2S(2)+2F7"80+(20480—7"00)po} . (1.10)

Here, we have corrected (24) in [1] as (1.9). By (1.8), (1.9) and (1.10) and (1.7),
we obtain
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1

n—1 m 1 4 1 2
S\my = (n—1) =7=700;0 T+ 755 QT00S0 — — = ®S0;,0 — L0;0 — 7= @qoo

n+1

7 2
2F 2 F20T R F

4 545 2 4 m 2 1
Tk so—i—Fa to+2a(pms 0)—Fasopo—|—Fp0r00 . (1.11)

Here, we have corrected (26) in [1] and modified it into (1.11). Further, we have

n—1
- g2
CESIE
1 1 1 1 2
=(n-1) {4F‘2T§0+F‘2@283_FQaTOOSO+p(2)_FpOTOO+FapOSO} . (1.12)

Substituting (1.3), (1.11) and (1.12) into (1.1), we obtain the following formula
for the projective Ricci curvature of F' = a + §:

PRic = “Ric+2as'y.,, —2too —a?t" +(n—1) {2a(pms"y) — poo + g} - (1.13)
Here, (1.13) is the revised version of (28) in [1].
Now Theorem 1.1 in [1] can be simplified and optimized as follows.

Theorem 1.1. Let F' = o + 3 be a Randers metric on a manifold M of
dimension n. Then F' is a projective Ricci flat metric if and only if « and (3
satisfy the following equations:

“Ric = t",a” 4 2too + (n — 1)[po.0 — p{), (1.14)
PROOF. The proof of the sufficiency of the condition in Theorem 1.1 is im-

mediate. To prove the necessity, let us assume that PRic = 0. Equation (1.13)
is equivalent to

Ep0? +Z1a +Ey =0, (1.16)

where
o =—t", (1.17)
E1 = 25" +2(n = 1)(pms"p), (1.18)

1]

Zo = “Ric — 2tgo + (n — 1)[—po.0 + pi]- (1.19)



160 Xinyue Cheng and Bahman Rezaei

Replacing y with —y in (1.16), and then adding the obtained equation to (1.16)
yields

|
[1]

20” + Ep, (1.20)
Lo (1.21)

o o
Il
[1]

By (1.20), we obtain
“Ric = t",” + 2too + (n — 1) [po0 — p)-

From (1.21), we obtain

50im = —(n = 1)(pms"0)-

Further, we can restate Theorem 1.1 as follows.

Theorem 1.2. Let F' = o + 8 be a Randers metric on a manifold M of
dimension n. Then F is a projective Ricci flat metric if and only if o and 3
satisfy the following equations:

ro:0 + So0 . 3(ro + s0)?
L a2

“Ric = t™ o + 2tgo — (n — 1) (1.22)

n—1

$"0im = W(QO +to). (1.23)

We must point out that Theorem 1.1 and Theorem 1.2 here are just the
revised versions of Theorem 1.1 and Theorem 1.2 in [1], respectively. We have
cancelled condition (iii) in Theorem 1.1 and Theorem 1.2 in [1].

2. Application: projective Ricci flat Randers metrics
with isotropic S-curvature

Let F' be a Finsler metric on an n-dimensional manifold M. Assume that £
is of isotropic S-curvature, i.e., S = (n + 1)cF'. Then

S|m = (’I”A + l)CmF,
PRic = Ric + (n — 1)coF + (n — 1)2F?,

where ¢, := c;m and ¢y := ¢ y™-
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Now, suppose that F' = a + [ is a Randers metric of isotropic S-curvature,
S = (n+1)cF . Then, by Lemma 3.1 in [2], @ and § satisfy

roo + 2Bso = 2c(a® — B2), (2.1)

that is,
7’1;]' = 7bi5j — bjsi =+ QC(aij — bzb])

We have

ri = _b23i + 20(1 — b2>bi, (2.2)

q; = —b2ti + 26(1 — bZ)S,' (23)
and

qo +to = (1 — b2)(t0 + 2080). (24)

From Theorem 1.1 and Theorem 1.2, we obtain the following result.

Theorem 2.1. Let F' = o + 8 be a Randers metric on a manifold M of
dimension n. Assume that F is of isotropic S-curvature, S = (n + 1)cF. Then
F is a projective Ricci flat metric if and only if a and [ satisfy the following
equations:

“Ric = t" a® + 2tgo — (n — 1) [80;0 + 83 +4c*a® + 2605} ; (2.5)
8"0.m = (n = 1)(to + 2¢cs0). (2.6)

PROOF. By (2.2), we have
ro = —b%s9 4 2¢(1 — b?)B.

Further, we have

T0:0 = 76250;0 +2(1 - b?) [753 — 6¢Bso + coff + 2¢2a® — 6c262} , (2.7)
qgo = —b2t0 + 20(]. — b2)80. (28)
Then, from (1.22) and (1.23), we get (2.5) and (2.6). O

Actually, Theorem 2.1 is the revised version of Theorem 4.1 in [1]. We have
simplified dramatically the conditions for a Randers metric with isotropic
S-curvature to be a projective Ricci flat metric.
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