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New results on the value of a certain arithmetical determinant

By SIAO HONG (Tianjin) and ZONGBING LIN (Panzhihua)

Abstract. Let m and n be integers such that 1 < m < n. By
Gm.n = (ged (i, J))m<ij<n

we denote the (n —m + 1) X (n — m + 1) matrix having ged(s, j) as its 4, j-entry for all
integers i and j between m and n. Smith showed in 1875 that det(G1,») = [] ¢(k),
k

=1
where ¢ is the Euler’s totient function. In 2016, Hong, Hu and Lin proved that if n > 2
is an integer, then det(Ga,n) = ( 11 cp(k)) > ﬁ. In this paper, we show that

k=1 k=1

k is squarefree
n
if n > 3 is an integer, then det(Gsn) = (0001 + 30102 + 30002) [] ¢(k), where for
k=1

Lo
¢ =0,1 and 2, one has g; := > ﬁ. Further, we calculate the determinants

k=1
k is odd squarefree

of the matrices (f(ged(zi,x;5)))1<4,j<n and (f(lem(zs, z;)))1<ij<n having f evaluated
at ged(zs, z;) and lem(x;, z;) as their (i, 7)-entries, respectively, where S = {z1,...,zn}
is a set of distinct positive integers such that x; > 1 for any integer ¢ with 1 <7 < n,
and S U {1,p} is factor closed (that is, S U {1,p} contains every divisor of z for any
xz € SU{1,p}), where p ¢ S is a prime number. Our result answers partially an open
problem raised by Ligh in 1988.
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1. Introduction

In 1875, PROFESSOR H. J. S. SMITH at the University of Oxford pub-
lished [22], a renowned result that states that if n is a positive integer, then
the determinant of the n x n matrix (ged(s, j))1<i,j<n having the greatest com-
mon divisor ged(4,j) of ¢ and j as the ¢, j-entry for all integers ¢ and j between 1
and n is equal to [[,_; ¢(k), where ¢ is the Euler’s totient function. Let f be
an arithmetic function, and S = {z1,--- ,2,} be a set of n distinct positive in-
tegers. Denote by (f(ged(zi,2;5)))1<ij<n and (f(lem(z;,2;5)))1<4,j<n the n X n
matrices having f evaluated at the greatest common divisor ged(z;, x;), and the
least common multiple lem(z;, ;) of ; and x; as their (¢, j)-entries, respectively.
SMITH [22] showed also that

det(lem(z;, z5))1<ij<n = H p(zi)m (i)
i=1

and
n

det(f(god(ws, 25))<ij<n = [ [(f * )(@:)

=1

if S is factor closed (i.e., d € S if x € S and d|z), where f * u is the Dirichlet
convolution of f and the M&bius function pu, and 7 is the multiplicative function
defined for any prime power p” by 7 (p") := —p. In 1995, BOURQUE and LIGH [5]
showed that if S is factor closed and f is a multiplicative function such that
f(z) #£0 for all z € S, then

n 1
det(f(lem(z, ) 1<ijon = | [(F(i)? | 5 = n ) (20),
E (f “)

where %(z) = ﬁ if f(z) # 0, and 0 otherwise. After Smith’s paper was
published, this and relevant topics received a lot of attention from many authors
and their study particularly became extremely active in the past decades (see, for
example, [1]-[20] and [23]-[24]).

In 2016, HoNG, Hu and LiN [10] calculated the determinant of the (n —1) x
(n — 1) matrix having ged(i, j) as its i, j-entry for all integers ¢ and j between 2
and n. In this paper, we address the problem of calculating the determinants of
the (n—2) x (n—2) matrices (gcd (4, ))3<i,j<n and (lem(4, j))s<; j<n. Recall that
a positive integer is called squarefree if it is divisible by no other perfect square
than 1. For any real number z, |z] stands for the largest integer no more than x.
We can now state our main results.
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Theorem 1.1. Let n > 3 be an integer. Then
det(ged(i, ))siyn = (700 + Looos + 2o [T ok)
et(ged(, 7))3<i,j<n = | 0001 20002 20102 k_1<P
and

det(lem(s, 5))s<i j<n = (20102 — 50001 = J0‘72) | I o(k)m(k),
k=1

where for i = 0,1 and 2, one has

EY

7 Z (@)

2 is odd squarefree

and
L35)
0; 1= Z

o p(x)

x is odd squarefree

Clearly, Theorem 1.1 answers partially LiGH’s problem [17]. It also gives
a partial answer to Problem 1 in [10].

For any prime number p and integer m, by v,(m) we denote the largest
nonnegative integer r such that p” divides m. Furthermore, we have the following
general result.

Theorem 1.2. Let n > 1 be an integer, and f be an arithmetic function.
Let S = {x1,...,2,} be a set of n distinct positive integers such that x; > 1 for
any integer i with 1 < i < n, and there exists a prime number p ¢ S such that
S U{1,p} is factor closed. Then

det(f(ged(zi, 5)))1<i,j<n
=[[(F=w@ +r0) > II Fxm@+ @) —ra)

z€ES €St yeS\{x}

z is squarcfree

x oy II GCxmww+re > IT Fxm

iz?S ,op (z)=1 yES\{x} w:ce.S yup (2)=2 yeS\{x}
E’ is squarefree ? is squarefree

+ M) (f(p) = F(1)) > II G=we.

z,y€8,2<y,0<vp (2)Zvp(y)<2  2€8\{z,y}

and —Y  are squarefree
pVp (W)

o)
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Moreover, if f is a nonzero multiplicative function such that f(p) # 0 and f(x) # 0
for all x € S, then

det(f(lem(zs, 2;)))1<i,j<n

(Hf(x)2><]:[<]1€*u>(x)+ S 1 <*u> y)

zes zeS z€S,pte  yeS\{z}

z is squarefree

w2, I Gerorg 2 T (G

@€Swp(@)=1 yeS\{z} ESwp(0)=2 yeS\{z}
Z s squarefree Z s squarefree

1- 1

T Z JLG) o)
p x, yES <y, O<vp(a‘)7£vp(q)<2 ZES\{$7y}

are squarefree

The proof of Theorem 1.2 is similar to that of SMITH [22] and that of [10] in
character, but much more complicated than them.

We organize this paper as follows. In Section 2, we present four lemmas which
are needed in the proof of Theorem 1.2, with two of them being new and the other
two being given in [10]. In Section 3, we first give the proof of Theorem 1.2, and
then apply Theorem 1.2 to show Theorem 1.1.

2. Preliminary lemmas

In this section, we present four lemmas that are needed in the next section.
The first lemma is about the property of factor-closed sets.

Lemma 2.1. Let n > 3 be an integer, and S = {x1,...,z,} be a set of n
distinct positive integers such that r1 < --- < x,. If S is factor closed, then each
of the following is true:

(i) z1 =1
(ii) @9 is a prime number;

(iii) @3 is either a prime number greater than xs, or 3.

PROOF. (i) This is clearly true.

(ii) We assume that x5 is not a prime. Then x5 should be a composite number
since o > 1. So there is a prime number, called g, such that ¢|zs and g < xo.
But S is factor closed. Hence one must have ¢ € S. This contradicts with that
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o is the second minimal element of S. Therefore x5 is a prime as one desires.
Part (ii) is proved.

(iii) By part (ii), we know that zy is a prime number. So there are the
following two cases needed to consider.

Case 1. x3 is coprime to x5. In this case, x3 should be a prime. Otherwise,
23 is a composite number. Then it holds a prime divisor p’ which belongs to S and
1 < p’ < x3. It infers that p’ = x. This is impossible since 3 is coprime to x».
So x3 is a prime in this case.

Case 2. x5 is not coprime to zo. Then z3|zs. Suppose that x3 is not a power
of x5. Then x3 has another prime divisor, says p”. So p” < z3, and by the
assumption that S is factor closed, one has p” € S. This is a contradiction.
Hence x3 contains only one prime divisor and is a power of x3. One may let
T3 = 1312 for an integer [ > 2. Since S is factor closed, one has x% € S. Hence we
must have x3 = 23 as one desires. Part (iii) is proved.

This completes the proof of Lemma 2.1. O
In what follows, we let w(z) denote the number of distinct prime factors of
the positive integer . The following two lemmas are given in [10].

Lemma 2.2 ([10]). Let m > 2 be a given integer. Define the arithmetic
function F,, for any positive integer n by

n
Fu(n) =Y st (%) flecd(m.d).
d|n
Then
poy < JU )it m,
0, otherwise.
Lemma 2.3 ([10]). Let m and n be positive integers with m dividing n and
m < n. Then

Z n (—1)wm)+1 if m =1 and n is squarefree,
0, otherwise.

m|d|n
d>2

We also need another result. To state it, for any given prime number p,
we define the arithmetic function w, for any positive integer x by

ﬁ) if p|,

0, otherwise,
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and define the two-variable arithmetic function M, for all positive integers x and
y by
My(,y) := p(x)up(y) — p(y)up(z).

Then we have the following result.

Lemma 2.4. Let p be a prime, and let x and y be positive integers. Then
My(z,y) = £1 if 0 < vy(x) # vp(y) < 2, and both of 1% and ﬁ are
squarefree, and M, (z,y) = 0 otherwise.

PrOOF. Ifv,(x) > 3or ﬁ is not squarefree, then both of z and W
are not squarefree. Hence p(z) = 0 and u,(z) = 0, and so M, (z,y) = 0. Likewise,
if v,(y) >3 or pvp% is not squarefree, then we have M, (x,y) = 0.

Now let 0 < vp(z), vp(y) < 2 and that both of ﬁ and pvp% are squarefree.
In the following, we show that M, (z,y) = %1 if v,(x) # vp(y), and M,(z,y) =0
otherwise.

First of all, we let v,(z) = v,(y) == V. Then V € {0,1,2}. If V = 0,
then u,(2) = up(y) = 0, and so we have Mp(z,y) = 0 as required. If V =1, then
up(x) = p(5) = —p(x) and up(y) = u(%) = —p(y). Hence My (z,y) = 0.1V =2,
then both of x and y are not squarefree, and therefore p(z) = u(y) = 0. One
then concludes that M,(z,y) =0if 0 < vy(z) = v,(y) < 2.

Finally, we let v,(x) # v,(y). Since 0 < vy(z),vp(y) < 2, it follows that
(09 ), 0p(1)) = (0,1), (0,2), (1,2), (1,0), (2,0) or (2,1).

If (vp(x),vp(y)) = (0,1) or (0,2), then we have u,(z) = 0 and ply. So one
gets that

My(2.9) = ple)up(y) = pla)p (jj) | (2.1)

Since —Z— and —%— are squarefree, one knows that z and ¥ are squarefree.
pwp(z) pip(y) ’ p

It then follows from (2.1) that M,(z,y) = £1 as desired.
If (vp(z),vp(y)) = (1,2), then p(y) = 0, and so (2.1) still holds in this case.
Noticing that

and y:p~ 4

T
rT=p - —— v
p”p(m) p p”p(y)

are squarefree, the desired result M,(x,y) = £1 follows immediately.

Likewise, for the remaining cases (v,(x),v,(y)) = (1,0),(2,0) and (2,1), we
have My (x,y) = —pu(y)u(%). Then it follows from the hypothesis that M,(z,y) =
+1 as one desires.

The proof of Lemma 2.4 is complete. (I
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3. Proofs of Theorems 1.1 and 1.2

In this section, we show Theorems 1.1 and 1.2. We begin with the proof of
Theorem 1.2.

PrROOF OF THEOREM 1.2. Let x_; := 1, ¢ := p. Without loss of any
generality, we assume that z; < x5 < --- < z,,. Let S := {z_1,20,21,..., 2}
Then S = S U {1,p} is factor closed. We define the (n + 2) x (n + 2) matrix
A = (a;5) as follows: a1 = age =1, a;1 := 0if ¢ # 1, ajo := 01if ¢ # 2
and a;; := f(ged(xi—2,x;_2)) for all integers ¢ and j with 1 < ¢ < n + 2 and
3 < j <n+2. For each integer r between 0 and n, we define two sets R, and T,
of positive integers as follows:

R, := {zd : £Cd|1'r, -1<d< T}vTT =R, \ {l,p}.

Then 1 € R, and T, may be empty.

First of all, for each integer r with 0 < r < n and each integer d with z4 € R,.,
we multiply the (d+2)-th row of A by p($#), and then add them to the (r+2)-th
row of A. We obtain a new (n + 2) x (n + 2) matrix, denoted by B := (b;;).
We have the following result.

Lemma 3.1. For all integers i and j with 1 < 4,5 < n + 2, we have
/’L(Ii—Q)a if ]: 17
Up(wi—2), if j=2,
(f */1,)(.’)3‘1‘,2), if _j Z 3 and 37142'-753'72’
0, if j Z 3 and Ti—2 ij_g.
PROOF. Obviously, one has b1 = a11 = 1, bia = a12 =0 and

bij = a1y = f(ged(w—1,25-2)) = f(1) = (f * p)(1)

for each integer j with 3 < j < n+ 2. In what follows, we let i be an integer with
2<i1<n+2.
For any j with 1 < j <n+ 2, we have

Ti— €T
bz’j = Q45 + Z 12 ( xdz) Ad42,5 = Z M < $d2> Ad+2.5- (31)

Tg€ER;_2 Tq|lTi—2

Since a1; = 1 and ag; = 0 for any integer k& between 2 to n + 2, it follows that

Ti—2
bi1 = Z M < ;d ) ag42,1 = p(ri—2)ain = p(xi—2),

Tal|Ti_2

as required.
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Since as2 = 1 and axz = 0 for any integer k # 2 with 1 < k <n + 2, one has

XTi—
bip = Z M( ;dz)ad+2,2 = Up(xi—2)a22 = Up(£i—2)-

Tg|rio

Now j be an integer such that 3 < j < n + 2. Since S = SU {1,p} is factor
closed, and ax; = f(ged(xk—2,2j_2)) for any integer k with 1 < k < n + 2, one
can derive from Lemma 2.2 and (3.1) that

= X u(Z2) fteedsaan) = X (22 flacdtoyz.z)

TalTi—z zq|zi_o

rl(f * p)(wize), if @alrj 0,0 >2,5 >3,
0, if @i_ofwj0,i>2,5>3.

Therefore Lemma 3.1 is proved. ([l

Consequently, for each integer r between 1 to n, and for each integer d with
zq € T, (if T, is nonempty), we multiply the (d + 2)-th column of B by ,u(;”—;),
and then add them to the (r + 2)-th column of B, we obtain the (n+2) X (n+2)
matrix C := (¢;;) with ¢;; being the (7, j)-entry of C for all integers ¢ and j with
1<14,7 < (n+2). Then one has the following lemma.

Lemma 3.2. For all integers i and j with 1 < 4,5 < n + 2, we have

p(xi-2), if j=1,
up(Ti-2), if 7=2,

e = —(u(zj—2) +up(zj—2))f(1), if i=1,j>3,
—up(;—2)(f * 1)(p), if i=2,j>3,
(f * p)(zi-2), if 3<i=j<n+2,
0, if 3<i#j<n+2

PRrROOF. Evidently, one has ¢;; = b;; and c¢;2 = b;o for any integer ¢ with
1<i<n+2. S0c¢1=p(wi_2) and ¢;2 = up(r;—2). In what follows, we let j be
an integer with 3 < j <n+ 2.

For any integer ¢ with 1 < <n + 2, we have

Xi_ XTi_
Cij :bij+ Z ’u( J Z)bid— Z ’u(m; z)bzd (32)

Td—2
rq 2€T; 2
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Since by, = f(1) for any integer k with 3 < k < n + 2 and noticing that S being
factor-closed and }_;,, u(d) = 0 for any integer n > 2, by (3.2) we can deduce

that
clj_< > u(g-z)—u(ﬁ‘f)—uxo<xj_z>>f<1>

Tqg_2|Tj_2

= — (Bl -2) + up(2;-2)) (1),

as expected.
Now by (3.2) and Lemma 2.3, we obtain that

= > u(x”) (f * m)(p)

Td—2
plza—z|Tj—2,d>3

Td—2

- ( > 1 (xj_2> — Uag (ij—2)> (f ) (p) = —up(z;—2)(f * 1) (p);

plra_z|T;_2,d>2

as desired. On the other hand, by (3.2) and Lemma 3.1, one has

= X (B2 e = ()

Td—2

rq_plej_2
2 _olrg_5,d>3

as desired.

Now let i be an integer such that 3 < ¢ <n+2 and i # j. First let j < i. Let
d be an integer with 3 < d < j and xq_o|z;—2. Assume that b;q # 0. Then we
must have x;_s|x4_o which implies that ¢ < d, and so ¢ < j. It is a contradiction.
Thus b;q = 0, and then by (3.2), we deduce that ¢;; = 0.

Finally, we let ¢ < j with ¢ > 3. We claim that ¢;; = 0, which will be proved
in what follows.

If ©_o t xj_2, then Lemma 3.1 tells us that b;; = 0, and that by = 0 if
Zd—2|j_2 since we must have z;_s { 4_2, otherwise, one deduces from x; x4
and xq_o|zj_o that x;_o|z;_o, a contradiction. Hence by (3.2), one gets that
Cij = 0.

If x;_o|z;_2, then it follows from Lemma 3.1 that b;; = (f * p)(zi—2), big =
(f * p)(zi—2) if ®i_g|xg_2, and b;g = 0 otherwise. Since i > 3, implying that
T;_2fxo and S is factor closed, by (3.2) and Lemma 2.3, one derives that

= X w( B2 )= ¥ (220

Tq—2 Tq—2
zjgleg_slzj_2 z;_oleg_slej_o
d>3 d>2

as one desires. Thus Lemma 3.2 is proved. ([l
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Evidently, by Laplace’s expansion theorem we have
det(f(ged(ws,25)))1<i,j<n = det(A).

But the definitions of the matrices A, B and C tell us that det(A4) = det(B) =
det(C). Therefore

det(f(ged(zi, z5)))1<ij<n = det(C).

It remains to compute det(C'). For this purpose, for all integers a and b with

1<a<b<n+2, welet
My = det [ €0 “2 )
Ch1  Ch2

and let Ny, be the cofactor of M,,. Then by Laplace’s expansion theorem, one

has

det(C)= Y (=D)FEIN Ny = Y (1) T M Ny (3.3)

1<a<b<n+2 1<a<b<n+2
By Lemma 3.2, we know that ¢;; = p(z;—2) and c¢;a = up(z;_2) for any
integer ¢ with 1 <¢ <n 4 2. Then
Map = p(za—2)up(zp—2) — pi(TH—2)t0p(Ta—2). (3.4)

Therefore Lemma 2.4 tells us that My, = £1if 0 < vp(xq—2) # vp(zp—2) < 2, and

Lg—2 Tph—2 — 1
both of pl,p(‘;aﬁ) and Sty BT€ squarefree, and My, = 0 otherwise. In what

follows, we compute Ngp.

Lemma 3.3. Let a and b be integers such that 1 < a < b < n + 2 and
Mgy, # 0. Then

n+2
Nap = (=) My ] (F* i) (@ioa).
i;éia:,il;éb
PRrROOF. By Lemma 3.2, one has ¢1; = (—c¢j1 —¢j2) f(1), coj = —cjo(f*p)(p),
¢jj = (f*p)(zj—2) and ¢;; = 0if i # j for all integers ¢ and j with 3 <4,j < n+2.
By Lemma 3.2 and (3.4), one deduces that My, = cpo and May, = —cp1 — cpo.
In particular, M7 = 1. For integers i and j between 1 and n + 2, we define

n+2

Aiji= [ (F*m(@r2).
Kt bt
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Then one has

Nig = det(diag((f * p)(x1), -+, (f* ) (2n))) = Arg = (=1) > M1 A

In the following, we let b > 3. Then all the elements of the (b—2)-th column
of the determinants Ny; and Ngp, are zero except that their first elements are

cap = —cp2(f * p)(p) = —Mup(f * p)(p)
and

c1p = (—cp1 — ep2) f(1) = Map(f * p)(1),

respectively. Thus we can use the Laplace theorem to get that
n+2
Nip=(=D)""2cy, [ (Frm)(@ioa) = (1) MipAgy = (=1) 0 MypAy,
i#l,:;;,i#b

and
n+2

Ny, = (—1)"+072¢y,, H (f * ) (wim2) = (—1)"" " Moy Aoy = (—1)*T0T Moy Ay,
i;ﬁl,i;,i;ﬁb
Now let a > 3. Since ¢1; = (—¢j1 — ¢j2)f(1) and co; = —cjo(f * p)(p) for
3 <j <n+2, we deduce that

det ( Cla C1b ) _ f(l)(f " M)(p) ~det< —Ca1 — Ca2  —Cp1 — Cp2 )

C2q  C2b —Ca2 —Ch2
= () * 1) (p) -det< o >=f(1)(f 1) ()M (35)

But all the elements of the (a — 2)-th column and the (b — 2)-th column of the
determinant N, are zero except that their first two elements are ci4,C24,C1p
and cgp. Then Laplace’s expansion theorem together with (3.5) gives us that

n+2
Nab _ (71)(1+2)+(a72+b72) det ( Cla C1b ) . H (f * ,LL)(IZ)

C2q C2p

n+2
= (D)) ) ) Mas [ (% )(22)
i;éiaz,?;éb
n+2
= (=1 My H (f * p)(xi) = (=) Moy Ay,
L;u:}#b

as required. This ends the proof of Lemma 3.3. ([l
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Let us continue the proof of Theorem 1.2. By (3.3), (3.4), Lemmas 2.4
and 3.3, one obtains that

det(C) = Z (_1)a+b+1MabNab
1<a<b<n+2
n+2
2 b+1 2
_ Z (—1) (a+b+ )Mab H (f *p)(xi—2)
1<a<b<n-+2 i;éiafq};éb
n+2
_ 3 I (F*mais)
e e
pup(‘La72) p”P(Ib*2)
_ 3 [T rme). (3.6)
z,y€S,2<y,0<vp () FAvp(y) <2 =€8
p P

Since 1 and p € S are squarefree, one then derives from (3.6) that

det(C)
=TI * w() + £(1) > II Fxm

zeS z€S,vp(x)€{0.2}  yeS\{z}

—2 ~ is squarefree
) a

+(f(p) - f(1)) > I ¢*=mw

z€S,vp(x)e{1,2} ’I/ES\{I}

x .
—=L —~ is squarefree
(@)

+ F)(f(p) — £(1) > II G=we. 67

T yES, <y, 0<vp(2)#vp(W<2  zeS\{x,y}

— T _ and —Y% _ are squarefree
2op (@ o)

Therefore the desired result follows immediately from (3.7). This concludes the
proof of the first part of Theorem 1.2.

We are now in the position to show the second part of Theorem 1.2. Since
f is a nonzero multiplicative function, one has f(ged(z;, z;))f(lem(z;, z;)) =
f(x;) f(xj). It follows that

(f(lem(z;, ;) =diag(f(z1), ..., f(zn)) (}(g(?d(l”ul”j))) diag(f(21), ..., f(an)),

where diag(f(z1),..., f(zn)) is the n x n diagonal matrix with f(x1),..., f(z,)
as its diagonal elements. So one obtains that

det(f(lem(zs, z;5)))1<i,j<n = (Hf(xi)2> det <}(g€d($ia%‘))>

1<ij<n
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Thus Theorem 1.2 applied to + glves us the expected formula. This ends the proof
of Theorem 1.2. O

As the conclusion of this section, we show Theorem 1.1.

PROOF OF THEOREM 1.1. Let p = 2, S = {3,...,n} and f = I, with the
arithmetic function I being defined for any positive integer « by I(z) := z. Then
I is multiplicative and (I * u)(x) = ¢(x) for any positive integer x. But m and p
are also multiplicative. So for any positive integer =, we have

vp ()

<11,*u> (@)= ]I G*u) (p") H 27 vpu)z

vp(x)>1 z)>1 i=0

_ H (_p) ”p(z)(l — 7) _ H W(p“p(-@))sp(p”p($)) 71-(;1;)4)0(1‘)

P20n (@) (I(p(@)))2 = )

vp(x)>1 vp(2)>1

On the one hand, applying Theorem 1.2 yields that

det(ged(i, 5))s<ij<n

“[[e@+ S I e+ X I #w

zeS z€S, 2tz yesS\{z} ze€Sva(@)=1 yeS\{z}
x is squarefree % is squarefree
23 1L e by [ ¢
wes,va(a)=2 yeS\{z} z,y€S,2<y,0Sva(@)#va (<2 zeS\{z,y}

is squarefree are squarefree

B8

R A d —Y
2“2(1) and Soaw)

=<Hw(w)><1+ O D S

z€eS z€S, 2t 90(1‘) z€S,vg(z)=1 (p(JS
x is squarefree % is squarefree
P2 > )
rES,va(x)=2 SO(:L’) x,y€S,x<y,0<vg (2)F#va (y) <2 So(m)go(y)

z -
1 is squarefree are squarefree

—2Z - and —ZL o
qv2(z) ¢ v

= < 1T cp(k)) (1430431 + 255 + %1 + S22 + B15s), (3.8)

where for ¢ = 0,1 and 2, one has

1
so= Y L
€S, vy (z)=i @(x)

z
L refr.
27 s squarefree
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Since ¢ is multiplicative, (1) = p(2) = 1 and p(4) = 2, it follows that

- 1
Yo = —_ = -1
0 Z QD(ZL') ago )

z is odd squarefree

1 1
Y= E = E —— =01 — 1,
2xesS 80(211) =2 QD(IE)
z is odd squarefree z is odd squarefree
and
[%)
1 1 1
Yo = E = E — = —0s.
= p(4z) — e(d)p(z) 2
z is odd squarefree z is odd squarefree

Hence (3.8), together with equations (3.9) to (3.11), gives us that

. L 1 1
det(ged(i, j))s<ij<n = (HW(@) (0001 + 50002 + 20102) )

as expected. So the first formula is proved.

(3.10)

(3.11)

On the other hand, since (% * u) (z) = % for any positive integer x,

by Theorem 1.2 one gets that

det(lem(z;, z5))1<i,j<n

(lem
( ) ( w(wifu) Py Tew
zes z€es y

ees yeS\{z}

z is odd squarefree

1 1
R T D Y |
weSup(w)=1 yeS\{z} weS,up(2)=2 yeS\{z}

% is squarefree is squarefree

1 m(2)p(2)
SR> [
@, y€S,w<y,0<va(@)Eva (<2 zeS\{z,y}

and

wE

are squarefree

_x Yy
qva () 2v2(y)

xES zeS zeS,vg(z)=1

x is odd squarefree Z is squarefree

z? 1
(M) (v T s X e
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1 Z z? 1 Z x%y?
_l’_ — -

2 z€S,vg(x)=2 T(l’)(p(l‘) 2 z,y€S,2<y,0<vg () #vg(y) <2 W(I‘)(p(l’)ﬂ'(y)g@(y)

Z is squarefree —Z__ and ¥’ are squarefree
21’2(:”) 2”2(1/)
1

( I~ ) (1+20—221+ 222—5(2021 + 505y 4+ % 22)> (3.12)

€S

where for ¢ = 0,1 and 2, we have

_ x
S, = B
L2 e

2 i squarefree
B3

For any squarefree positive integer x, since 7(z) = p(z)x, one deduces that

x? ()

m(@)p(x) ()

It follows immediately that

S = zn: pa _ o 1, (3.13)

5 = ng 2’;((32‘” =2 ; ‘;(Zcx);j =2(1-5y), (3.14)

z is odd squarefree @ is odd squarefree

and

- (42)? x _
5, = S S Y~ 45y (3.15)
i d‘; f: 7r(4x)<p(4x) x is od%umrefree W("L‘)SD(:E)

Then from equations (3.12) to (3.15) and noticing that 7(1) = 1 and 7 (2) = —2,
we can deduce that

,_
3
.

(V)

det(lem(z;, z5))1<ij<n = (

(1

as desired. This finishes the proof of Theorem 1.1. O

) 0'05'1 + 25’05’2 — 45’152)

IRE
IR

) 2016’2 — 55’05’1 — 6’052),
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