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On additive representation functions

By YONG-GAO CHEN (Nanjing) and HUI LV (Nanjing)

Abstract. Let A be an infinite set of natural numbers. For n € N, let r(A,n)
denote the number of solutions of the equation n = a+b with a,b € A, a <b. Let |A(z)|
be the number of integers in A which are less than or equal to z. In this paper, we prove
that if 7(A,n) # 1 for all sufficiently large integers n, then |A(z)| > 3 (logz/loglogz)?
for all sufficiently large x.

Let N be the set of all natural numbers, and let A be an infinite set of N.
For n € N, let r(A,n) denote the number of solutions of the equation n = a + b
with a,b € A, a < b. Let A(z) be the set of integers in A which are less than
or equal to z. In 1998, NicorLas, RuUzsA and SARKOzY [3] proved that there
exist an infinite set A of N and a positive constant ¢ such that r(A,n) # 1 for all
sufficiently large integers n and |A(x)| < c¢(log x)? for all x > 2. In [3], it was also
proved that if A is an infinite set of N such that r(A4,n) # 1 for all sufficiently
large integers n, then

3/2
loglog x S i
— 20

lim sup |A(x)] ( log 2

In 2001, SANDOR [4] disproved a conjecture of ERDOS and FREUD [2] by con-
structing an A such that r(A4,n) < 3 for all n, but r(4,n) = 1 holds only for
finitely many values of n. In 2004, BALASUBRAMANIAN and PRAKASH [1] showed
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that there exists an absolute constant ¢ > 0 with the following property: for any
infinite set A of N such that r(A4,n) # 1 for all sufficiently large integers n,

log x 2
A >c| ———
A _c<loglogx)

for all sufficiently large 2. One can obtain ¢ = 53 from the proof of [1].

In this paper, the following result is proved.

Theorem 1. If A is an infinite subset of N such that r(A,n) # 1 for all
sufficiently large integers n, then

1 log x 2
A Bl (=S
Aw@) > 2 (1oglogx>
for all sufficiently large x.

The key points in this paper are Lemmas 2 and 3. We believe that Lemma 3
will be useful in the future in Graph Theory.

1. Proofs

In the following, we always assume that A is an infinite subset of N, and
r(A,n) # 1 for all n > ng and ag € A with ag > ng.
Firstly, we give some lemmas.

Lemma 1 ([1, Lemma 1]). For every real number t > ag, the interval (t, 2t]
contains an element of the set A.

Lemma 2. If x is a large number with

log x 2
A < | —=
A=)l < (loglogm>

and
T

(log z)?’

ap <b<

then there exists a € A with a > 3b and a + b < x such that

1.

a—ba)NA=0, |(ba+bnA > “;b—
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PROOF. By Lemma 1, (b,2b] N A # ). Since

log S x
A 2)b < 2
4+ 20 (giess ) oy 2wy <

ag < b and ag € A, it follows that
(b, (JA(2)| +2)b] N A] < [A(z)].
So there exists an integer 1 < k < |A(z)| such that
(ib, (i + 1)b) N A #£ 0, i=1,2,...,k

and ((k+ 1)b,(k +2)b)N A = 0. By Lemma 1, ((k+ 1)b,2(k + 1)b] N A # 0.
Now we take a to be the least integer in ((k + 1)b,2(k + 1)b] N A. Noting that
(k+1)b,(k+2bNA=0,wehavea > (k+2)b>3band (k+1)b<a—b<a.
It follows that [ — b,a) N A = (). It is clear that

1 2
a+b<2(k+1)b+b<5kb<5|A(x)|b<5( ng> T <,

loglogz ) (logz)?
and
k
|(bya+ b VA =" |(ib, (i + 1)b] N A| + | ((k + 1)b, a + b]|
i=1
2(k+1)b+b 1 _ a+d
> _ArTopTE Y
>k+1 T 3 > 5 1
This completes the proof of Lemma 2. ([

PRrROOF OF THEOREM 1. We assume that z is a large number. If

log 2
A
A=) > <1oglogw) ’

then we are done. In the following, we assume that

)< () )

We will prove that

A(z)| > 1 log x 2
* 2 \loglogz



208 Yong-Gao Chen and Hui Lv

Let by = ag. By Lemma 2, there exists a1 € A with a; > 3b; and a1 +b1 < z
such that

a1+b1

l[ar —b1,a1) N A =0, |(by,a1 + b1 NA[ > %
1

Let by = a1 4+ b;. Continuing this procedure, we obtain two sequences b; < by <
coo < by oand a1 < ag < -+ < @y with ag > 3bg, ar + b < 2 (1 <k < m) and
b = ak—1 + br—1 (2 < k <m) such that

b
[ak*bkaak)mAzwa |(bk7ak+bk]m‘4|2ak22 kilv k:1727"'7m5
k
where
by > by = am1 byt < s
QAm m (10g$)2’ m m—1 m—1 > (logx)2

For any 1 <i < j <m, by r(A4,a; +a;) # 1, we may choose one pair ¢; ;,d; j € A
with d; j; # a; and ¢; ; < d; ; such that

a; +a; =c¢;;+ d@j.

Let
Sy = {Ci,k | 1< k),di7k < ak} U {d@k | 1< k,di7k < ak},
M ={i|i<k,dij<ag},
Tk = {d@k | 1< k‘,di,k > ak},

and

Ny, = {Z ‘ 1< kydi’k > ak}.
We will prove that

Sp C AN (b, ar), |Sk| > | My, (2)
and

T. CTAN (ak,ak + bk], |Tk| = |Nk‘ (3)

For k =1, we have Sy, = T}, = ) and My, = N, = (). So (2) and (3) hold for
k = 1. Now we assume that k& > 2.
It is clear that

dix=a;i+ar—cip <a;+ap <ag—1+ap < by +ag.
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This implies that T, C AN (ag,ax + b]. If dyr = dpr € T) for some pairs
1 <u<wv <k, then, by

ay +ag = Cu,k + du,k:7 Gy + ap = Cu,k + dv,k7
we have

Ay = Cy k + dv,k —ag > Cyk > Cy,k — Cuk = Gy — Ay

20y — Qy—1 2 Gy — Ay—1 — bv—l = Gy — bv-

This contradicts [a, — by, ay) VA = 0. Thus, if dy g, dy i € T with 1 <u <v <k,
then d, ; # dy k. Hence |Tx| = |Ni|. Now we have proved that (3) holds.

If i < k and d; < ag, then by [ag — bg,ax) N A =0, we have d; ;. < ai — bg.
Thus

Cik = Q; + ag — di,k > ap — (ak — bk) = by.

It follows that Sy C (bg,ar) N A.

To prove |Sk| > |My|, it is convenient to use the language from graph theory.

A graph G consists of two parts: V = V(G) of its vertices and E = E(G) of
its edges, where E(G) is a subset of {{u, v} | u,v € V}. Here we allow G contains
loops (i.e., {v,v} € E(G)) and G is an undirected graph. A nontrivial closed walk
is an alternating sequence of vertices and edges vy, €1,v2,...,Vn_1,€n_1,VUn, €n, V1
such that at least one of the edges appears exactly one time and each edge repeats
at most two times. Furthermore, if n is even, then the nontrivial closed walk
is called a nontrivial even closed walk, otherwise, a nontrivial odd closed walk.
A nontrivial closed walk v1,e1,v9,...,Vn_1,€n_1,Vn,€n,v1 is called a closed trail
if v1,v9,...,v, are distinct. Furthermore, if n is even, then the closed trail is
called an even closed trail, otherwise, an odd closed trail. In these definitions,
we allow n = 1.

Lemma 3. If a graph G has no nontrivial even closed walk, then
[E(G)] < [V(G)I.

PRrROOF. It is enough to prove the lemma when G is connected. Since G has
no nontrivial even closed walk, it follows that G has no even closed trail.

Suppose that K and L were two distinct odd closed trails of G.

If K and L have at least one common vertex v, then K and L can be written as

K: V,€,U1,€E1,-..,Um,Em, T,
and

. / / /
L:v,e v, el,...,von,e,,v

ny» e
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Thus
. / / /
KUL:v,e,ui,€1,...,Um,;Em,;V,€,0V1,€1,...,Un, €,V

is a nontrivial even closed walk of GG, a contradiction.

If K and L have no common vertex, then there is a walk W which connects
K and L, since G is connected. Let Wy be the shortest walk which connects K
and L. Now K, L and Wy can be written as

K:U,G,U17€1,...,Um7€m,u,
. / / /
L:v,e,v,el,...,vn,€e,,7,
and
. " " "
Wo:u, e’ wi,el,...,we, € ,0.
Thus
. " " / / " 1
KUWoULUWy :u,e,...,em,u,€ ... ,0,€,...,€,,V,€6,...,€ U

is a nontrivial even closed walk of G, a contradiction.

Now we have proved that G has at most one odd closed trail (includes loops).
For any subgraph H of G, let u(H) = |E(H)| — |V(H)|. Let H; be a connected
subgraph of G with the least |V (Hy)| such that pu(H;) = u(G). Since G has at
most one odd closed trail, it follows that H; has at most one odd closed trail.

Thus H; contains only one vertex or Hj is an odd closed trail. So u(Hp) = —1
or 0. That is, 4(G) = —1 or 0. Therefore, |[E(G)| < |[V(G)|. This completes the
proof of Lemma 3. (]

Now we return to the proof of Theorem 1. If S, = ), then M;, = (. In this
case, |Sk| = |My|. Now we assume that Sy, # 0, and define a graph Gy, such that
V(Gk) = Sk and

E(Gk) = {{Ci)k,di)]f} | 1< k,di)k} < ak}.

Now we show that G}, has no nontrivial even closed walk.
Suppose that G has a nontrivial even closed walk:

U1,€1,02,...,V2n—1,€2n—1,V2n, €2n, V1.
Since {v;,vi41} € E(Gy), there exists ¢; < k such that

Vi + Vi1 = Qg; + Qg,
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where vy, 41 = v;. Thus

It follows that

2n

=1

We rewrite this as

2n

Y (Diag +ar) = Y (=1 (vi +vig1) = 0.

=1
2n
> (=1)ar, =0
=1

k—1
E T;; = 0.
i=1

211

Since at least one of edges appears exactly one time and each edge repeats at most
., €an, it follows that z; € {—2,-1,0,1,2} (1 <i <k —1),
and at least one of x; is nonzero. Let j be the largest index such that x; # 0.

two times in eq,eq, ..

Noting that

we have

aj < lzja;] =

J—1
- wia;
i=1

Aj41 > 3bi+1 = 3(0/2 + bl) > 3a;,

= 11 1
SQZ(I@‘<2(3+32+"‘+3].1>(13‘<GJ',
i=1

a contradiction. Hence G has no nontrivial even closed walk. By Lemma 3,

we have

[My| = |E(Gy)| < [V(Gr)| =[Skl

Thus we have proved that (2) holds. By (2) and (3), we have

|Aﬂ (bk,ak + bk]l = ‘A N (bk,ak)| + |Aﬂ (ak,ak + bk]‘ + |{ak}|

Noting that b1 = ax + by for k=1,2,...,m —1 and a,, + b,,, < x, we have

|A(z) >

3

]

3

k

1

—

> |Sk| + Tkl +1 > |Mg| + |Nk| +1 = k.

|A N (bk>bk+1]| + ‘A N (bmuam + bm”

1
|Aﬁ(bk,ak+bk]|21+2+~-~+m=§m(m+1).
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On the other hand,

> (log)?,

m m a +bk
A >3 (o + b0 A > S ( e 1)
k=1 k=1
— b am +b bk+1 T
= —_— + > _
221 2by, 2b Z 2bk by (log )2
m— 1 l/m 1
k+1 X
> . J—
=m <2bm (log z)? Pt ) mn (bl(logx
If
1 logz
4loglogx’
then
1/m
1 x 1 .
A > - s _ > _pllogz—2loglogz—logby)/m _
4012 () 2y "
>16310glogz_1 1ng :l(logI)L’;_l logx
2 4loglogx 2 4loglogx
a contradiction with (1). So
m> L 1 logac
4loglogz”
If
log x
loglog z’
then
1 z 1/m
A > — _— —
4012 g ()
1 logz (logx — 2loglogx — log by ) log log
> — ex -—m
8 loglog x log x

1 logzx (—2loglogx — log by ) loglog x
== exp | loglogz + —
8 loglog x log x
1 (log z)? logz \°
== T+o(1)> [ —2"—) ,
8loglogx( +o(1) loglog x
a contradiction with (1). Hence
log x

~ loglogx’
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Therefore,

1 1
|A(z)| > im(m—i- 1) > 3 (

This completes the proof.
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