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Two-sided norm estimate for the Bergman projection
on the Besov space in the unit ball in C"

By DJORDJIJE VUJADINOVIC (Podgorica)

Abstract. We find an upper and lower estimate bound for the norm of the
Bergman projection on the Besov space B, in the unit ball in C". We correct and
generalize the existing results in the one-dimensional case from [12]. The obtained up-
per bound is asymptotically sharp for p — 400 in correspondence to the result from [6].
Also, some related inequalities are included.

1. Introduction and notation

Throughout the paper, by C" we denote the Euclidean space of complex
dimension n (n is a fixed positive integer). The scalar multiplication and norm

in C™ are defined in a usual manner,

n
<z7w>:Zziu’)¢, z=(21,---,%n), w = (wi,..., W),
i=1

and

The standard n-basis for C™ will be denoted by {e;} ;.
The open unit ball B in C™ is defined to be

B={zeC"|z| <1},
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and its boundary S, the unit sphere in C",
S={zeC"|z| =1}

In the case of n = 1, the unit disc in C will be denoted by D.

The volume measure dv in C" is normalized, v(B) = 1. We will use a class
of weighted normalizing volume measures on B. Namely, if a > —1 is a real
parameter, then the weighted volume measure dv, on B is defined by

dve(2) = co(1 — |z|2)o‘dv(z),

I'(n+ta+1)

where ¢, is a normalizing constant, ¢, = A (at1) -

If we have the weight a=—(n + 1), we denote the resulting measure by

dv(z)
dr(z) = ———5—
= ey
We let o be a unitary-invariant positive Borel measure on S for which o(S) = 1.
The term unitary-invariant is related to the unitary transformations of C”.
Namely, if U is a unitary transformation of C", then for any f € L'(S,do),

/ FU€)do(€) = / F()do(€).
S S

The space of all holomorphic functions in B is denoted by H(B). On the other
hand, the space AL = LP(B,dv,) N H(B),0 < p < oo is known as the Bergman
space AP in the unit ball B.

Besov spaces

Following [13], we give the definition of the Besov space B,. Particularly,
we repeat in a slightly modified form [13, Theorem 6.1, p. 199]. Namely, the
following result holds.

Theorem 1.1. Suppose 1 < f < oo, and f is holomorphic function in B.
The following results are equivalent:

(a) The functions
N f

o 2
(- AV

(2),  |m|=N,

are in LP(B, dr) for some positive integer N > .
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(b) The functions

1YL, ml =N,

are in LP (B, dr) for every positive integer N > %.

Consequently, the Besov space By, is defined to be the space of all holomorphic
functions f in B such that the functions (1 — |z|2)N‘g:l—,f(z), |m| = N, belong to
LP(B,dT).

For the limit case when p = oo, the Besov space B,, = B is considered as
the Bloch space, which stands to be the space of all holomorphic functions f in B
such that

sup(1 — |2[*)[V f(2)] < oc.
z€B

Here, Vf(z) = (g—zfl, ceey 88;1) is the usual notation for the complex gradient of
a function f.

It is clear that for the fixed p, the space B, considered as the set of functions
stays the same for any choice of the positive integer N as long as the inequality
pN > n is satisfied.

In the sequel, the integer N is fixed and we define the appropriate norm on

the Besov space Bj,.

Definition 1.2. Suppose 1 < p < co. The Besov space BIJ)V is defined to be
the space of all holomorphic functions in B such that the norm || - || B}z)v defined by

NO
17y = > O

Im|<N—1

(2)| dr(2)

a\mlf ’

is finite, where pN > n.

In this manner we obtain the family of equivalent norms {|| - || BY FNSn/p-
In the rest of the paper, if we do not need the “specificity” of the norm
|- Iy, we will use the notation By, for the Besov space instead of BN,

Remark 1.3. Another way to introduce Besov spaces relies on a concept of
fractional radial derivatives. Namely, for any two real parameters o and ¢ such
that neither n + a nor n + a + t is a negative integer, we define the operator
R*t: H(B) — H(B) by

o

Z Fn+1+a)(n+14+k+a+t)
Tn+l+tatt)l(n+1+k+a)

R f(z) fr(2),

k=0

f(z) =372 fe(z) is the homogenous expansion of f.
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Now, we can characterize Besov spaces in a way that holomorphic func-
tion f € H(B) belongs to the Besov space B, if and only if the function (1 —
|2|2)N RN f(2) belongs to LP(B,dr), pN > n.

This characterization of the Besov space is equivalent to the previous one
(see Definition (1.2)).

Bergman projection

Let us recall that the weighted Bergman projection P,, « > —1 represents the
integral operator induced with the reproducing kernel K*(z,w) acting boundedly
from LP(B, dv,,) onto the Bergman space A,

P, : LP(B,dv,) = AP, 1 < p < 400,

in a way,

Paf(z) = / K (zw) f(w)dva(w), f € LP(B,dva),

1

K = e

z,w € B.

The boundedness of the Bergman projection is an old problem with a nu-
merous of articles based on various LP-norm techniques of estimation. When we
consider the Hilbert space L?(B, dv,,), the operator norm of the Bergman projec-
tion is clearly

| Pallz2B,dva)—a2 = 1.

On the other hand, finding the “exact” operator norm for the other values of p is
still an open problem.

Here we will mention some known results related to unweighted Bergman
projection such as ZHU’s result (see[14]):

Theorem 1.4. There exists a constant C' > 0, depending on n but not on p,
such that
T T
Clesc— < ||P||, < Cesc—,
p b

for all p.

When n = 1, DOSTANIC (see [2]) obtained the following result:
1
— csc T <||P|l, < mese E,
2 p P

forall 1 < p < 4o0.
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Recently, C. L1uU (see[7]) proved the following result:
T !
50T < [Pl < et
P CTr e

where the first inequality in (1.1) is strict for p # 2.

™
csc —, (1.1)
p

Also, by the same author was given a conjecture,

P(ehr(e)
1Pl = — sz
2
for all p € (1,00), where ¢ is conjugate exponent of p, i.e., % + % = 1. For more

recent results, the reader may see [8].

Bergman projection on Besov spaces in the unit ball

The following theorem presents an important statement which is going to be
used throughout the paper.

Theorem 1.5. Suppose 1 < p < oo and o > —1. Then
B, = P,LF(B,dr).

We will consider the semi-norm || - || 5~ in B)Y defined by
P

N p
Iy = [ |a- k25 are), (1.2

ozm
|m|=N

By the HPaHLp(BN’dT)ﬁBév we mean the operator norm of the Bergman pro-
jection P, defined as

HPaHLP(B,dTHBg = sup ||Paf||1§N~
1fllLe(®,ar)<1 P

The estimates of the norm for the Bergman projection in the context of Besov
spaces appeared first in a case of the Bloch spaces.

Namely, in [9], the exact value of the operator norm for the Bergman projec-
tion P : L>(D) — B was calculated || P||L~_5 = . See also [11] for complement
and generalization of [9]. In [5], the partial higher-dimensional generalization of
the previous result was done.

The higher-dimensional boundary case when p = oo, P, : L (B) — B, was

treated in [6]. The Bloch space was considered with the semi-norm || - || 5 defined
by
N f(2)
- 1— 2\N B
115 |mm|i}5v§‘é§( |21%) ‘ 5om |0 J €8
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and the norm of the Bergman projection was determined as

I'(N+n+a+1)I'(N)
HPaHLOO—>B = FQ(N+TL;—O¢+1)

(1.3)

Here N was an arbitrary positive integer.
Further, in [12], the one-dimensional case N = n = 1, when a = 0, was
considered and the following result was established.

Theorem 1.6. Let P be the Bergman projection, P : LP(D,d\) — B,p,
1 <p < +oo, %4—%:1. Then

1Pl < Gy,

where

8
Cp=——.
psin 7

Remark 1.7. At this point, we would like to emphasize the fact that the con-

1

stant C), which occurs in [12] is given by (ﬁ) ! ( 8

T
sin —
q aq

» S
) , which is incorrect,

1 1
and the real-correct value is C, = ( 2 ) ! ( 8 )p =8

psin 2 psin 2 - psin 2°
The constant C), is asymptotically sharp when p — +oo, which means that
limysso0 Cp = & ([Pl = £).
Also, the case n = 1, when p = 1, P, : L*(D,d)\) — Bj, was treated in [11].
Considering the minimal M&bius invariant space B; defined in the terms of the
semi-norm

11 = [ 177 @)laac).
the following sharp estimate is obtained (normalized case):

(a+ 1T 4+ )

[P fll < =
22 +9%)

[RAIFATCRINE (1.4)
The main idea of this paper is the investigation of the analogous problem of
Theorem 1.6, which arises in the high-dimensional case in correspondence to the
results from [6].
More precisely, our goal is related to estimating the upper and lower norm
bound for the weighted Bergman projection P,, a > —1,

Py : LP(B,dr) — B}, 1<p< +oa,

where, as it was stated before, N is a fixed positive integer for which pN > n.



Two-sided norm estimate. . . 269

Theorem 1.8. Let P, be the Bergman projection, P, : LP(B,7) — B,
where 1 < p < 4o00.

Then
||Pa||L1’(]B§,dT)—>BI])V < CRrmar
where
1 _n n
o _ (N+n-1y? F(N p)l“(p—i—a—i—l) (1.5)
N,n,« N F(Oz + 1)B (N+n;~o¢+17 N+n;~a+1) .

Remark 1.9. In the one-dimensional case, when N = 1 and o = 0, we have
that C7, ; = =2, which undoubtedly generalizes the result from [12].

psin %
Remark 1.10. For the semi-norm defined in (1.2), the boundary limit when
p — 400 is given by

912
. o C2\N
i[5, = s sup(1 |+ |25

(see [6]). Therefore,

. F(N)I'(N +n+a+1)
lim C% =
poe YN FQ(N+n;a+1) )

which proves that the obtained Cﬁ,, is asymptotically sharp for p — +o0.

n,x

Remark 1.11. Tt is interesting to note that

. » I'(N+n)I(N+n+a+1)I'(n+a+1)['(N —n)
lim Nona = —  Nntatl . (1.6)
p—1t I'(a+ 1)I(N 4 1)I'(n — 1)02 (2125242
Specially,

. 1+ )4+ )
1 1 _ (
piglJr 02,1,(1 F2(2 + %)

coincides with the constant given in relation (1.4) for N =2, n =1 (see [11]).
On the other hand,
lim C},, = +oo.
po 1t 1,1,
In addition, we include the lower norm bound of the Bergman projection.
Theorem 1.12. For 1 < p < oo and integer N > %, we have
|1 Pall o8 ,dr)—BY > AN o

where

3 =

T(N+DB(N +n+a+1,%0 +a+1) (B(n+%+1,pz\f—n))
A?Vna:

-

P

n N
B(N +n+ 22 +a+1a+1) (B(pN,%+1))
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PROOF. Let us consider the function

“1.m nt1
om(2) = 7l (1= o) 7,

where m € N,p > 1, and

P 2 117
e= lomlran =  [1amas))" = (=2 [laprase)

B (I‘(n-i— (2R 4 1))27
I(n+ 5 +1)
(see Lemma 5.1).
Then, clearly, |[¢m ||y ®,dr) = 1.
Further,

w — |w 2\«
Palipn)() = e [ 2L éf;»mlldv(m

ey T(n+a+k+1)
S ET(n+a+1)

k=0

_ I'n+a+m-+1 m m ntl
=i, ) / s [P (1 — o ?) "5 ()
B

miT'(n+a+1)

n+1l
:071F(m—|—n+a—|—1)F( - +a+1)zm’

o+ 1)T(m+n+2H +a+1)"7"

and for m > N, we have

L(m+ 1T (m +n+a+ DI +a+1)

POL m =
1Po(m) I By T(a+ D0(m +n+ = o+ O0(m — N + 1)
1
(n+ B + DI (pN — DX 4 1)\ 7
" :
P(% 4+ DE(pN + 2 )
Finally,

||P04||LP(]B,CIT)~>BN > sup ||Pa(90m)||BgV
P m>N T

DN+ DTN +n+a+ DI + a4+ 1)

Z T
Pla+DI(N +n+ "2 +a+1)

(Tt 2N L DI (pN —n) ’
L(pN)T (B +1) ’

which completes the proof.

/ Wl (2w} (1 [w]) 5+ du(uw)
B

(1.7)

(1.8)
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2. Preliminaries

Hypergeometric series
The hypergeometric function o Fy (a, b; ¢; t) is defined by the series expansion
o0
b
Z wt", for |t| < 1,
— nl(o)n

and by the continuation elsewhere. Here (a), denotes the shifted factorial, i.e.,
(a)p =ala+1)---(a+mn—1) with any real number a.

We recall some known identities for the hypergeometric function (for details,
see [1]).
Euler’s identity:

F(a,b;c;z) = (1 — 2% PF(c—a,c—b;c;x), Re(c)>Re(d) >0, (2.1)
Gauss’s identity:

L(c)T'(c—a—10)

Fla,bicl) = ———~ =7 —a-— 2.2
Differentiation identity:
%F(a,b;c;x) = %bF(a—i-l,b—i—l;c—i—l;x). (2.3)

The next theorem gives the answer what happens in the limit cases when
Re(c—a—b)<0orc=a+b.

Theorem 2.1. If Re(c — a —b) < 0, then

im 2F1(a,b;c;0)  T(e)l'(c—a—1b)
os1- (1 —x)e—a=b C(a)'(b)

and for c =a+ b,
. 2Fi(a,biex)  T(a+b)
lim T = .
=1 log(1=) I'(a)I'(b)

In Section 4, we will also need the next inequality for the Gamma function
(see [3)).
Proposition 2.2. Let m, p and k be real numbers with m,p > 0 and
p>k>—m. If
k(p—m — k) > 0(< 0), (2.4)
then we have

(p)T(m) > (S)0(p — k)L (m + k). (2.5)
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Schur’s test

For the estimation of the upper bound norm for the integral operators,
we appeal to the well-known Schur’s test (see [13, p. 45]).

Lemma 2.3. Suppose that (X, u) is a o-finite measure space, and K(x,y)
is a nonnegative measurable function on X x X, and T the associated integral

operator
- / K(z,y) f(y)du(y).

Let1 < p < oo and * + = = 1. If there exist a positive constant C; and a positive
measurable funcmon h on X such that

| K@antyauts) < Cino)"
for almost all x in X, and

/ K(z, y)h(x)’du(z) < Cah(y)?,
for almost all y in X, then T is bounded on L”(X du) with

”THLP(M —LP(p < C Cp

3. The proof of Theorem 1.8

PROOF. According to Theorem 1.5, for any function f € LP(B,dr), the
image function g = P, f is in B,,.
So,
bR fIn = Al
loty, = 1Pasty, = 3 [ -t SEe

|m|=N

dT(z). (3.1)

Further, differentiating under the integral sign in (3.1), we obtain

[la-epr3te] we
/‘ P /K“ 20 fw)dvo ()] dr(:)
Ry G 13““"1?:51:{1 artu)| (o)
~ct [ \ ~Jef?) / H e ar(w| ar(2). 32
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N

Fn+a+1) .
Tt 1) E(n+z + ).

Let us denote by T the integral operator T : LP(B, dr) — LP(B, dr), defined

Here the constant Cy o =

as
_ oy [ flw)(d = JwP)rtire
Tf(Z) - (1 - |Z| ) B |1 — <Z,U}> |N+n+o¢+1 d’T(’lU)
Then,
| Pallze®,dr)—B, < CONallT||Lr® dr)—Lr®,dr),
where

1N
= Tn+a+1)(N+n-—1\7 )
CN,a = Ao+ 1) ( N ) E(?H—Oc—i-z).

Now, we are going to estimate the norm of the operator T by using Shur’s
test started in Lemma (2.3).

Here, we would like to point out the fact that results from [7] can be directly
applied to obtain the upper bound estimate for the operator T (see, for instance,
the proof of Theorem 1.1 for the upper bound estimate and related lemmas).

For the completeness, we give the proof, analogous to the one already known
whenn=1and N = 1.

Let us choose the test function

1 1
m(z)= (1), —+- =1
p q
Now, we consider the inequalities

(1 22 (1 = [y e
/B |1 — (2, w) [NHnFo+ dr(z) < C1(1 = w|*)*,

1 — 1212V (] — []2)n oty n
/B ( |1|—)<z( w) ||N+'n)+a+1 dr(w) < Ca(1 — |2*)7. (3:3)

We need to find the maximal value for the functionals ®;(w), ®2(z), where

Oy (w) = (1= fwf?)"—atott (L= o)™ dr(2)
1 - 5 |1 — (2, w) [Ntntat )

<
— w2 ntltat+
ba(x) = (1 )3 [ f_ <'Z Lf () (3.4)
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By using the uniform expansion, orthogonality of the functions (z, w)*, (z,w)™
(k # m) in L?(B,dv) and polar coordinates, for the function ®,, we get

— w2yt s
Dy(z) = (1— |Z|2)N7% /B 1 _(1<Z,,l|u>||1\2+n+a+1 dv(w) =

o ]_'\2(k+ N+a+n+1)

==z > e v | (L= w2, w) [P du(w)
(k!)2r2(Ntatntly fo

k=0

Non 0 2nF2(k; + W)

=(1- |Z|2) P kZ:O (k!)2F2<N+a;-n+1>

1
x /0 (1 — )t 52tk =g, /S | (£, 2) |*Fdo(€). (3.5)

At this point, we will use the change of variable provided by the unitary
transformation U of the unit sphere (see [13, p. 15]) such that U = &', ¢’ =
(N ANEE S

By the unitary invariance of do, we have

—1)!k!
2k g _ Qk/ 112k gy (¢ = | 5|2k (n )
16w Praote) = 4 [ 16 Prante) = Pt
Thus,
Dy (2)
W T2 (e NEtatntl 2k(p, _ 1)K [T N
:(17|Z‘2)N—;Z n (+ 2 )‘Z| (TL 1)k (17r2)a+57“2(n+k)71d7“
(k22 (Aefnt) (n+ k- 1)1 g

D2(k 4 begntl) o2 Dla+ 5+ DE(n + k)
RIr2(Ntetntly (n+ k- 1! T(n+a+ 2 +k+1)

k=0
_c,0 |z\2)N_%ir2(k+ NMratntl) D(n+a+ 3 +1) 22
q P k!FQ(N+Ot;n+1) F(n—i—a—i— % +k+ 1)
_n N+a+n+1 N+a+n+1 n
=C,(1—|2HN ngl( 5 , 5 ;n+a+;+1; |z|2> , (3.6)

nIl(a+2+1)
J— p
where Cy = Tntatz D)
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SinceN—l—oz—i—n—l—l>n—|—oz—i—%—i—17 and the function

N+a+n+1 N+a+n+1
oIy

5 , 5 ;n—i—a—i—Z—i—l;x)

is increasing in = € (0, 1), according to the (2.1), we derive

L (N+oz;-n+17 Ntoatntlon +a+ 2 4 1; |Z‘2)
max @2(2;) = Cq hm

<1 |=l=1- (1—z2)7 N

nl(% +a+1)I(N - 2)
= FQ(N-i-n;-a-i-l)

By using the same type of arguments as before, we obtain that
nll'(N + ¢ —n)

1_w2n7%+a+1
rov iy (el

(I)]_(’U} =

N 1 N 1
><2F1( +a+n+ +a+n+ ~N+n;|w2>, (3.8)

2 ’ 2 ’

and

max & (w) = —————
|w|§X1 1( ) F(N+%)

N 1 N 1. . 2
oy (Mteputl Neatnilon o onj)2)
x lim

ol =1~ (1—Jwf2)s et

(N + 2 =n)I(3 +a+1)
- I\Q(N-‘,—n;ra-‘rl) .

Finally,

N+n—1>;F(n+a+l)nf\il(n+a+i)
N [(o + 1)I2(Mnfaetl)

(Gl
><<F(N+Zn)l“<z+a+1>>p. (3.10)

This completes the proof. ([l

| Pallzr®,dry—B, < (
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4. The Hilbert case

At the beginning of this section, let us stress again the form of the semi-norm
which we are going to consider in this case:

2

N
11y = X [la-1em¥te)| arc (a1)

|m|=N

f € By and 2N > n.
The semi inner-product (-,-) : BY x BY — R is then defined as

D [(RFC e AETATTRVAY @2)

|m|=N

The main goal of this section is the estimation of the Hilbert norm for the weighted
Bergman projection P, : L?(B,dr) — BY.

The study of this problem when n = 1 and o = 0 has been done by the
author in [12].

As the main result of this section, we establish the two-side norm estimate
of the weighted Bergman projection P, (see Theorem(4.4)).

Definition 4.1. By Bi we denote the space which consists of all functions f
defined on B, such that
f(Z) c AZ(B),
o(2)

where ¢(2) = (1 — |2|2)"F", z € B.

Obviously, Bi C L*(B,dr).

The result of the following Lemma refers to the computation of the image
of the function ¢s(w) = w® related to the weighted Bergman projection and
introduced space BZ. Here, s € N, s = (s1,...,5,) and |s| = k. Let us mention
that the result could be also explained by using the properties of the convolution
on the unit sphere.

Lemma 4.2.
Po(¢s0)(2) = C(n, k,a)ds(2), (4.3)
where
e +a+1)k+n+a+1)

Cn, k,a) =
() = e B oy DM a1 1)
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Proor. By direct calculation, one obtains
Po(osp)(2)
_ [ w—w)E
WA=l

oo

'd+n+a+1)
d:OFd—i—l (n+a+1

:Cﬂ/

w?® wanTﬂJrazwde
)/B (1 [wf?) 5+ (2, w) do(w)

— [w]?)*F e dv(w)

s k'F(k+n+a+1 /| 2501
Zs'n'l"(k—i—l

Tk+n+a+1) (1 oo i1
_ .S 2 +2n—1 1— 2 +ad / 25d
R [t e [ jeane)

CT(*H 4o+ )I(k+n+a+1)
Dk +3E +a+D(a+1)

¢s(2), (4.4)

which proves our assumption. ([

Remark 4.3. Note that a special case of Lemma 4.3 was used in the proof of
Theorem 1.12.

Let us denote by pi the homogenous polynomial of degree k, i.e.,
pr(z) = Z asps(z), s=(s1,...,8,) and ¢s(z)=2°.

|s|=F

Then, it is easy to get the following identity:

Po(prp)(z) = C(n, k, a)pg(z).

The proof of Theorem 4.4 is organized as follows. We find the lower bound for
the norm of the Bergman projection regarding to the subspace Bf,. We determine
the upper bound of the norm for the Bergman projection by using the main result
of Theorem 1.8.

Theorem 4.4. Let P, : L?(B,dr) — BY be the weighted Bergman projec-
tion into the Besov space BY. Then

F(n,—2|-1 +a+1)

(a4 1) (2N —n) < ”Pa”Lz(IB,dT)HBéV < Cfv,nya. (4.5)
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PROOF. Since the set of all polynomials is dense in A%(B), it is clear that it
is enough to consider the supremum of the quotient

1 Pagll gy

—_2 (4.6)

||g||L2(]B3,d-r)

where g(2) = pm(2)p(2), and pn(2) = > gcp<mPr(2), m € N, and as in

Lemma 4.3, we denote in the same way py(2) = >_ 5y as®s(2), s = (51,...,5n).
Here, polynomial pg(z) represents the homogenous polynomial of degree k.
According to Lemma 4.3, we have

i (P(";l+a+1)r(kz+n+a+1)

Pa(pm9) |5y =
| P (P ) | 53¢ I;) T(k+ 3T o+ ) (a+1)

2
) oy, @)

where

I'(2 n)n!s! m
IpellBy = D lasPliesls, = Y lasl*~Fr—7m— k—i—N Z (4.8)

ls|=k |s|=k
Here, Y 'm; = N, s™ = [[i—; si(s; = 1)---(s; —m; + 1), and m < s means

m; < s;,1€{1,2,...,n}.
On the other hand, we can easily compute

nls!

Ikl 2@am = | D n+k)! jlasl® |
|s|=k
ie.,
9 m TL'S' 2
||pm<pHL2(]B,dT) = Z Z mms‘
k=0 \|s|=Fk

Because of orthogonality, we can consider the quotient with fixed s, |s| = k,

”Pa(aé(bs‘p)”QBé\’ ( F(k;+n—|—a+1) >2 F(n—|—k’—|—1) ngs s
2 =CpN o :
||a5¢5@||%2(B’dT) e r'(k+ 3"7;1 +a+1) I'(k+ N)

where
n+l
Corr o = <F(J2r+a+1)

Tat D) ) T'(2N —n).
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Then

. 1P (asdsp) I By ( T(k+n+a+1) )2 T(n+k+ )Tk +1)
ls1=k [lasdsll2s@ary Ve \T(k+ 35 1 a+1)) T(k+ N)D(k—N+1)
(4.9)
Further, by using the (2.2), we have
L(n+k+DI(k+1) Ttk YI(k+1) Tnt+k+1)

Pk+NT(k—N+1) — (k)T (k + 1) = T . (4.10)

It is easy to see that

Tk+n+a+l) 2I‘(n+k+1)<1
D(k+ 252 +a+1) k) =

On the other hand, Stirling’s asymptotic formula implies

iy (_Ltntatl) \* Ttk DI(+1)
kotoo \T(k+ 22 ta+1)) T(k+NIT(k-N+1)
Therefore,
sub 3 > (2N —n).
[s|=N ”aSq&S@”m(B’dT) INa+1)

The upper estimate in (4.5) follows from Theorem 1.8 for the special case when
p = 2. The estimate from below is an easy consequence from the fact that
Bi C L?*(B, dr) and the previous computations. (]

Remark 4.5. Tt can be easily shown that

—1

(2t +a+1) T(2N — n)) =0

li A3
11m N,n,« < F(Ol-l- 1)

N —+oc0

which justifies the main result of Theorem 4.4 concerning Theorem 1.8.

The general problem of finding the norm of the weighted Bergman projection
P, : L?>(B,d7) — BY seems to be more complicated in a technical way of meaning.

Clearly, the method of finding the required norm would be analogous to the
previous one.

The main difficulty in the proof is caused by the fact that the set of all finite
linear combinations of functions of the form z™2! is dense in L?(B, dv).
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More precisely, we should consider the supremum of the following quotient
HPag”BéV
||g||L2(]B3,d-r) ’

where g(z) = p(z)(1 — |2[2)"%", and

is a finite sum.
For instance, in the case when m—I! = d—s = p if we denote a,,,; = ai1p1 = @
and aq,s = as, then

aas(p+1+s)!
P2l 225,47y = 7!
FABar) ;;:HZ (n =+ Ipl + [I[ + [s])!”

and

n+1 o n N I
Po(pp)(2) = Ly +atl) ZZI + |p| + @+ 1)(1 + p)!

I'(a+1) (I + |p| + 3% + o+ 1)p!

Since the finitely many coefficients a,,; are different from zero, the above
series expansion reduces to a finite sum.

5. The LP-norm growth of the derivatives in Besov space

In this section, we will study certain LP-norm quantities for derivatives of
functions in Besov space. According to Definition (1.2), the Besov LF-norm ||| g
for a function f € B, depends on the degree of its derivative (V). The fact that
any two norms from the family {]| - || BY } N>z are equivalent, raises a question of
estimating the quotient

1 £llsy
sup  ————
reBy.i20 [fll g
where integers N, N1 > % are fixed.

In this section, under certain conditions, we aim to find the LP-norm inequal-
ities for a function in B, depending on a choice of N (Theorem 5.2).

By the L2- norm of the function f defined on B we mean

If1e = ( [ If(Z)Ipdva(Z)f, P> 1.

Before we start to prove the main result of this section let us state the next
known result (see [5, Lemma 3.3]).
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Lemma 5.1. For n-tulpe m = (mq,...,my) € Ni}, we have
m (= DL TA+5)
[1emidote) = Sth 2} (1)

Here w™ = [[i, w™ and |m| = Y"1, |m;]|.

Theorem 5.2. Let g € B,(B), p > 2n, and
olklg
el URREE

Then, for & > —1 and any n-tulpe k = (k1,...,ky), such that |k|+n < N,
the next inequality holds:

0) = 0. (5.2)

8n+\k|g
ozm

— n,p,x
p
La

)

H alklg
Lp

0zk

where m = (k1 +1,...,k, + 1). Here,

(1 — 22)\" /e Dn+a g
Cn,p,a=< (3 2p)> < I (1+ 2)I(n+ +1)) | (5.3)

Fn+ P +a+1)

PROOF. We may suppose that z; 0, i € {1,2,...,n}.
According to condition (5.2), we have

BILd z1 Zn gn+|k|
azkg(z):/() /0 bt ta)dE (5.4)

where m = (k1 + 1,...,k, + 1).
By using the subharmonicity of the function [0"F*lg/92(¢)| in the ball
B: = {w € C"||jw — t|]| < 1 — |t|} and Jensen’s inequality, we obtain

oFg
92+ )
21 Zn 6n+|k\
g/o /0 6zmg(t1,...7ti7...7tn) dlty] ... dlt,|
_ z1.” Zn U(B) . an+|k‘g( 4 d dlt dlt
< t 5o Wy ey Wiy Wy )| do(w)d]t1] ... d|ty]
0 0 By Z

P

n-+|k| P
"y dv(w)) dlty] ... d|ta] <

oz

(w1, .y Wy, . Wy)
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anJr\klg
N
I'(n+1) z ontiklg odxn
B < " ) 0z™ H ‘ZZ|/ / NN 2
z 1 |Z1‘ €T3 )
_ (F(ni_l))p 8n+\7:|g /|Z1 /znl da; n7 R
™ 0z (1—l|z|)7

On the other hand,

/Z1 /Z" dxy - dl‘n
(1—|a)¥
R . [lal ol
/ / +|$| 21 --dmnSZ%/ / dzxy - -dey,
S (- |x|
n [21] lzn—1] 2 (é’Qn’g;%>
:22?|Zn|\/ .../ p | | da:, dxn )

1 2n 3 21 |an'd codx,
QPVMﬂq(,n )/’ /“ dry - den (5.5)
(1—|a']2) %

Here, 2’ = (x1,...,Zpn_1).
The last inequality in (5.5) follows from the fact that the function
oFY (% 2n, §'x2) is increasing for x € [0, 1] (property (2.1)).

ﬂg%
Q.

»p 12

So, for p > 2n, we have

an—i—\k\g
|52, < Cooe | %]
T(n+a+1)\7
Cn,p,oz == T o 1N
7T (a4 1)

(fomstr ([ ) o)

From inequality (5.5) and by using the induction with respect to n, we obtain
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22'T(n+a+1)\7 1 2n 3 "
< (=250
””’—< (o + 1) i\2 Y
1
» (1 —-22)\" /1 D\ 7
Ja-1a) dev (IR p)) (Hetaty
B 40(3 = ) Fla+1)

1
2n/ p2ntne=l dr/|£\pda )
0

X

X

(T =2\ (14 BT a+ 1)\ P (5.6)
B 490(5 - 22) Pn+ 2 +a+1) ’ '
which completes the proof. [l
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