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Continuous solutions of a second order iterative equation

By XIAO TANG (Sichuan) and WEINIAN ZHANG (Sichuan)

Abstract. In this paper, we study the existence of continuous solutions and their
constructions for a second order iterative functional equation which involves iterates of
the unknown function and a nonlinear term. Imposing Lipschitz conditions to those
given functions, we prove the existence of Lipschitzian solutions on the whole R by
applying the Banach Contraction Principle. In the case without Lipschitz conditions,
we hardly use the Banach Contraction Principle, but we construct continuous solutions
on R recursively with a partition of R.

1. Introduction

In the problem session of the 38th ISFE held in 2000 in Hungary, N. BRIL-
LOUET-BELLUOT ([3]) proposed the second order iterative equation

P2(z) = p(z+a) -z, wER, (1.1)

and asked: What are its solutions? Three years later, K. BARON ([2]) emphasized
it again. This equation was reduced from the multi-variable equation

T+ oy + () =y + e+ o)),

an important functional equation which has been attractive to many researchers
([9], [6], [1]). For the case a = 0, equation (1.1) has no continuous solutions
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by [8, Theorem 11] or [10, Theorem 5] or ([5, Corollary 3.8]). For the case a # 0,
by [11, Theorem 1], equation (1.1) also has no continuous solutions.
In 2010, N. BRILLOUET-BELLUOT and W. ZHANG ([4]) investigated a more
general form
©*(x) = Ap(x + a) + p, (1.2)

where A, a and p are all real such that a\ # 0. They used the Banach Contraction
Principle to prove the existence of a continuous solution under the condition

[A] > max{2,2y/2|u|} or 142yl <A <2, (1.3)

and employed the technique of piecewise construction to obtain piecewise contin-
uous solutions in the case that 0 < p < 1 and A > 2(1 — ). Later Y. ZENG and
W. ZHANG ([11]) proved that equation (1.2) has no continuous solutions on R if
A =1and pu < —1, which is the source result that implies the nonexistence stated
in the end of the last paragraph. They also gave existence of continuous solutions
on R in the case that

Al € (2,+00) and p € [-A\*/4,\*/4], (1.4)
and the case that
Al € (1,2] and pe (1—|A,N=-1). (1.5)
In this paper, we generally consider the iterative equation

¢*(2) = h(p(f(2))) +g(2), z€R, (1.6)

where h, f and g : R — R are given continuous functions, and ¢ : R — R is the
unknown one. This equation includes equation (1.2) as a special case with the
choice that f(z) = x 4+ a, h(z) = Az and g(z) = pxz. In Section 2, we consider
bounded g, and prove the existence of a bounded continuous solution on R (The-
orem 2.1) under Lipschitz conditions to those given functions or their inverses
by applying the Banach Contraction Principle. Section 3 is devoted to the case
of unbounded g. We give a result of the existence (Theorem 3.1) on compact
intervals by modifying Theorem 2.1, and obtain another result of the existence
(Theorem 3.5) on the whole R with additional assumptions of bounded nonlin-
earities by applying the Banach Contraction Principle. In Section 4, we discuss
equation (1.6) in the case without Lipschitz conditions, where we hardly apply
the Banach Contraction Principle again. We construct continuous solutions re-
cursively with a partition of R in some cases (Theorem 4.1). We finish this paper
in Section 5 with some remarks.
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2. The case of bounded g

We need the following hypotheses:
(C1): h:R — R is continuous, and there is a constant K > 1 such that

[h(z) = h(y)| = K|z —yl, Yo,y eR; (2.1)
(C2): f:R — R is continuous, and there is a constant « > 0 such that
[f(@) = fW) = alz —yl, Yo,y eR; (2.2)

(C3): g: R — R is bounded and Lipschitzian with Lipschitz constant 3.

Theorem 2.1. Suppose that functions h, f and g fulfill conditions (C1),
(C2) and (C3), respectively, where constants K, « and 3 satisfy

1 1
< ~a?K? - = .
2574041{, Wbena<2<1 K)’ (2.3)
1
B<(K-1)(aK—-K+1), WhenaZQ(l—K). (2.4)

Then equation (1.6) has a bounded Lipschitzian solution ¢ : R — R.

PROOF. From assumption (C2), we get f : R — R is a homeomorphism.
In fact, it is clear that f is injective. This, jointly with the assumed continuity,
implies that f is strictly monotone. Then, choosing y = 0 and letting x —
+oo in (2.2), we get lim, 100 |f(2)] = 400, which shows that f is surjective.
Moreover, assumption (C1) implies that h is bijective and its inverse h~! is
contractive. Actually, the method to prove bijection of h is the same as that
for f. Since K > 1, inequality (2.1) yields that h~! is contractive. Thus, under
conditions (C1) and (C2), equation (1.6) is equivalent to the form

p(z) =hH*(f (@) —9(f ' (@), zeR (2.5)

In the case @ > 2 (1 — %), we have 48 < a®K?, since

1
= ZOZQK2.

K1+aKK+1>2

(Kl)(aKK+1)§< 5

Thus, the first inequality in (2.4) is equivalent to the following:

1 1
oK — SV K? 4B < K -1, (2.6)

2
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from which we can insert a positive constant L such that
I’ +B<KLa and L<K—1. (2.7)

On the other hand, in the case o < 2 (1 — %), we also have (2.6), and therefore
(2.7) holds. It is now easy to check that if ¢ : R — R is bounded and satisfies the
Lipschitz condition with the constant L, then so is defined on R the function

h™lo(p?o fh—gof™h), (2.8)

and the operator which assigns this function to a bounded function ¢ : R — R
satisfying the Lipschitz condition with the constant L is Lipschitzian in the sup-
metric with a Lipschitz constant (L 4+ 1)/K. Applying the Banach Contraction
Principle, we obtain a bounded and Lipschitzian solution ¢ : R — R of (1.6).
The proof is completed. O

As shown in Figure 1, for each given K > 1, conditions (2.3) and (2.4) hold
in the left shadowed region and the right shadowed region of the dashed line
a=2 (1 — %) in the (a, 8)-plane, respectively, from which we easily choose two
examples: one is that K =2, a = %, 8= %, and the other is that K = a = 8 = 2,
which satisfy (2.3) and (2.4), respectively.

_ 1. 2.2
6—4(XK

(K —1)2

2(1 — %)

d=(K-1(aK - K+1)

Figure 1. The region of (o, ) for (2.3) and (2.4).
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Ezample 1. Our Theorem 2.1 is applicable to the equation
0% (x) = 2p(2z) +sinz, = €R, (2.9)

which is of the form (1.6), where f(z) = h(z) = 2z and g(z) = sinz. One can
check that f, g and h satisfy conditions (C1)—(C3) with constants K = a = 2,
B = 1. Further, 2(1 — 1/K) =1 < .. Thus, we can verify that

(K —1)(aK — K +1)=3> 8,

i.e., condition (2.4) is fulfilled. By our Theorem 2.1, equation (2.9) has a bounded
Lipschitzian solution on R.

3. The case of unbounded g

Theorem 2.1 requires that g is a bounded function. With a modification,
we can obtain the following Theorem for unbounded g but the solution is not
defined on the whole R.

Theorem 3.1. Suppose that functions h and f satisfy conditions (C1) and
(C2), respectively, and g is Lipschitzian on R with Lipschitz constant 3, where
B satisfies (2.4) and

1 1
B < ZoﬂKQ, when a < 2 (1 - K) : (3.1)

Then for any compact interval I C R, there exists a Lipschitzian ¢ : R — R such
that equation (1.6) holds for x € I.

Before proving Theorem 3.1, we make a truncation to the function g. For
a given compact interval I = [a,b] and a number w > 0, consider the function

1, rxel,
ly4+1-— 2, z € (a—w,a),
ou(x) =< ¢ v ( ) (3.2)
—%SL‘-}-I—}—%, x € (b,b+w),
0, x € (—00,a —w]U [b+ w, +00),

as shown in Figure 2, which is Lipschitzian with Lip(o,,) = 1/w. Let

g(x) :=glo,(x)x), =zeR. (3.3)
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a—w a O b btw T

Figure 2. Graph of o,,.

One can check that g is bounded and
g(z) =g(x), VYxel. (3.4)

For the estimation of the Lipschitzian constant of g, we have the following lemma.

Lemma 3.2. Suppose that function g is Lipschitzian on R with Lipschitz
constant 3. Then

Lip(g) < 8 (1 + W)

, (3.5)

where the function § is defined as (3.3).

PrOOF. The function 7 : R — R given by 7(z) := o,(z)z is absolutely
continuous (on every compact interval), 7/(xz) = 0 for € (—o0,a — w) U (b +
w, +00), 7'(x) =1 for z € (a,b), and

7(z) = ol,(z)x + o,(x), forzx € (a—w,a)U(bb+w).
Fix z € (a — w,a). If 7/(x) > 0, then

2r—a
[T ()] =1+

b
<1+£<1+g§1+max{|a‘v| |},
w w w

and if 7/(z) < 0, then

|T/($)|=H507_%<%<$§1+M.
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Suppose now z € (b, b+ w). If 7/(z) > 0, then

20— b b b
(@) =1-= <1—§<1—f§1+w,
w w w
and if 7/'(z) < 0, then
) = Hmw=b o btw o max{lal o}
w w w w
The proof of the lemma is completed. O

PROOF OF THEOREM 3.1. For a given compact interval I = [a, b], consider
the function § defined as (3.3). From the above discussion and Lemma 3.2,
it follows that g satisfies (C3) with the Lipschitz condition

Lip(9) < B(w) = 8 (1 N W) .

Since a, b are finite, we see that
B(w) = B as w — 4oo.

Hence, when o > 2 (1 — %), by condition (2.4), we can choose an ¢; > 0 and
a sufficiently large w; such that B(w;) < B+ e < (K —1)(aK — K + 1), ie.,
B(wr) satisfies condition (2.4) with 8 replaced by S(wi); when o < 2 (1— L),
by condition (3.1), there exist an e > 0 and a sufficiently large ws such that
Blws) < B+er < 102K? e, B(ws) satisfies condition (2.3) with 3 replaced by
B (w2). Therefore, Theorem 2.1 is available to the functional equation

©*(x) = h(p(f(2))) + g(2), (3.6)

guaranteeing that there exists a bounded Lipschitzian function ¢ on R satisfying
(3.6). Restricting equation (3.6) on I, we get that ¢ satisfies equation (1.6) on I.
The proof is completed. O

In what follows, we further find Lipschitzian solutions of equation (1.6) on
the whole R in the case of unbounded g. We need the following hypotheses:

(C1’): h satisfies (C1) and sup|h(z) — kpz| < 400 for a real kp;
z€R
C2'): f satisfies (C2) and sup|f(z) — kx| < +00 for a real k¢;
f f
z€R
(C3): g : R — R is Lipschitzian with Lipschitz constant 8 and sup|g(x) —

z€R
Kgx| < 400 for a real K, # 0.
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For a given constant x € R, consider
X(R; k) := {gp ‘R = R | sup|p(z) — kx| < —I—OO} ,
rz€eR

which is clearly a complete metric space equipped with the distance d(¢1, ¢2) :=
Sup,er|@1(x) — @a(x)| for ¢i1, 92 € X(R; k). For a constant L > 0, let

X(R;k,L):=XR;k)N{p:R—R| Lip(p) < L}.
Clearly, X(R; x, L) is a closed subset of X'(R; ).
Lemma 3.3. The set X(R;k, L) is non-empty if and only if |k| < L.

PROOF. Lemma 3.3 is true for k = 0, obviously, because X(R;k,L) =
CP(R,L) as k = 0. We only need to discuss the case that x # 0. The suffi-
ciency is clear because the fact |x| < L implies that the function f(z) = kz is
contained in X'(R; x, L). The necessity will be proved by a reduction to absurdity.
Suppose that || > L. Then for every ¢ € X(R; &, L),
< || + L

2
Write {b\(.ﬁ) = (x) — kx. We have sup,cp |1Z)\(x)| < 400, i.e., 1 is bounded,
because ¥ € X(R;k,L). If 1Z is monotone, then lim, 12(;10) exists by the
boundedness of 12)\ This implies that there exists a sufficiently large constant
N > 0 such that |$(z) - J(y)| < (k] = L)/2 for all z,y > N. Then for z,y > N
satisfying |z — y| = 1, we have

() = ()] = Ikz — Ky + (@) = d(y)| = |slle = y| = [d(z) = (y)]

|k| — L |k| + L
Ty =l

[v(x) —P(y)| < Llz -y lz —yl, Va,yeR. (3.7)

> |rllz =yl =

which contradicts to (3.7). If ¢ is non-monotonic, then there are z and y with
x # y such that 12)\(13) = &(y) It means that |[¢(x) — ¥ (y)| = |kx —ky| = |k||z—yl,
which also contradicts to (3.7). This proves necessity and completes the proof of
Lemma 3.3. (|

Lemma 3.4. Suppose that function p : R — R satisfies sup,cp [p(z) —kpz| <
+oo for a real k,, and ¢ : R — R satisfies sup,¢cg |q(z) — kqz| < 400 for a real
kq. Then

sup |(p =+ ¢)(@) — (p & kig)| < +o0, (3-8)
e

sug Ip(q(z)) — Kprqx| < +00. (3.9)
€
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Furthermore, if p is bijective, then

1
pHz) — —z| < +o0. (3.10)
Fp

sup
zeR

PRroOOF. It is easy to compute that

sup [(p £ ¢)(x) — (kp £ Kq)z| < sup |p(z) — Kpz| + sup |g(x) — Kex| < +00,
z€R z€R z€R

sup [p(q(x)) = rprq| < sup [p(x) — rp| + [rp| sup [g(e) — rgz| < +o00.
z€R zeR z€R

Hence, (3.8) and (3.9) are proved. If p is bijective, then k, # 0; otherwise
Sup,eg |P(x)] < 400, which is a contradiction to the invertibility of p. Thus,

1 -1
Kpsup |—z —p~ (z)| = sup [p(y) — kpy| < +o0.
zeR | Kp y€ER
This proves (3.10) and completes the proof of Lemma 3.4. O

Theorem 3.5. Suppose that h, f and g satisty conditions (C1’), (C2’) and
(C3’), where constants K, « and § satisfy (2.3) and (2.4). Then equation (1.6)
has an unbounded Lipschitzian solution ¢ : R — R satisfying sup,cp |p(x) —
KeX| < 400, where

nhanr,/n}%ﬁchrélmg KhEf— //1,21/-@?+4/@g
(3.11)

Ro 1= s

HW = K1 =

2 2
as kpky < 0 (Kpky > 0).
ProOF. Consider quadratic equation
K? — Kpkipk — kg = 0. (3.12)
By Lemma 3.3, we obtain that
K <[rnl, a<lrfl, |rgl <5, (3.13)

which implies
A= kKT 44Ky > o°K? — 48, (3.14)
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Under condition (2.3) or (2.4), as shown in the second paragraph of proof of
Theorem 2.1, a?K? — 43 > 0. Hence, by (3.14), A > 0, and equation (3.12) has
two real roots 1 and k3, which are defined in (3.11). By (3.13) and (3.14), as
kpky < 0, we see that

2K
|Hl| = = 9

2 Kpkf — ,//ﬁiﬁ}—i—élmg

< 20 - 28 oK - \Ja?KZ 45
" lmng 4\ Judnd om0+ Va2KE—45 2

Similarly, as kpk¢ > 0, we can show that

aK —\/a2K?2 — 43
‘K:Q‘ S .

2

Thus, by condition (2.3) or (2.4), we can choose a positive constant

1 1
Le |k — 3 a2K2—4B,K—1>

to fulfill |k1| < L as kpkry < 0 (k| < L, as kpky > 0) and (2.7).

With such L, define X(R; Ky, L) as above, where &, is defined as in (3.11).
For ¢ € X(R; Ky, L), define T as in (2.8). Then we show that 7 is a contraction
on X(R;ky, L). By Lemma 3.4 and the fact that k, is a real root of equation
(3.12), for any ¢ € X(R;k,, L),

/@i Kg
sup|Tp(x) — ———x| = sup|T ¢(x) — Kyx| < 400,
TER RhK§f TER

which shows that 7 maps X (R; s, L) into X(R; k). By (2.7), it is easy to verify
that Lip(T) < L for any ¢ € X(R;k,, L), and that Lip(7) < (L +1)/K < 1.
This proves that 7 is a contraction on X' (R; k, L). Consequently, by the Banach
Contraction Principle, 7 has a unique fixed point ¢, in X(R;k,, L), which is
a solution of equation (1.6). The solution ¢, is actually unbounded, because
o € X(R;ky) and Ky, # 0 as kg # 0. This completes the proof. O
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Ezxample 2. Theorem 3.5 can be applied to the following equation:
©*(x) = —2¢(2z) + x +sinz, z€R,

which is of the form (1.6), where h(x) = —2z, f(r) = 2z and g(x) = = + sinz.
One can verify conditions (C1')-(C3') with K = a = = k5 =2, k;, = —2 and
kg = 1. It is the same as in Example 1 that constants K, a and 8 satisfy (2.4).
By Theorem 3.5, the equation has an unbounded Lipschitzian solution ¢ : R = R
such that sup{|¢(z) — kx| : z € R} < 0o, where x € R satisfies x% + 4k = 1.

4. The case without Lipschitz conditions

In this section we consider the case where we do not impose the Lipschitz
condition to g and the inverses of h and f. In this case we hardly use a fixed
point theorem, but more solutions of equation (1.6) can be constructed piecewise
as follows. This construction method can be found in [7] by M. Kuczma.

The following theorem is devoted to the increasing case, that is, functions
h, f and g are all strictly increasing and continuous.

Theorem 4.1. Suppose that functions h, f and g are all strictly increasing
and continuous on R, h : R — R is surjective, f(x) < x for all z € R, and g has
a fixed point x1 such that

& <z < f &%), (4.1)

where & is the unique zero of h, and g(x) > x as > x1. Then any strictly
increasing and continuous surjection ¢g : [To,x2] — [x1, 23] with po(z1) = x9,
where xo := f(x1), x3 := h(x1) + 1, and xs, Is chosen arbitrarily such that

1 < T2 < h(xl) + 21 (42)

can be extended uniquely to a continuous solution of (1.6) on R.

The relationship among f, g and h required in Theorem 4.1 can be shown
intuitively in Figure 3. It is easy to find such functions f, g and h, for example,
f(z) = x —1, g(z) = 2z and h(z) = = + 1/2. Clearly, they are all strictly
increasing and continuous, h(R) = R, f(z) < z for all z € R, and ¢ has a fixed
point z; = 0, i.e., g(0) = 0. Moreover, h has a unique zero § = —1/2. One
can check that f=1(&) = 1/2 > z1 > &, and that g(z) = 2z > z for all x > 0.
Hence, f, g and h satisfy the conditions of Theorem 4.1.
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AY

Figure 3. The graphs of f, g and h.

PROOF OF THEOREM 4.1. First, we construct a solution of (1.6) on [z, +00).
Since f(x) < x for all x € R, it is clear that xg = f(z1) < x1. Because h is strictly
increasing, we see from condition (4.1) that 1 = h(&) + 1 < h(xy) + 1 = 3,
which implies that the choice of x5 in (4.2) is reasonable.

Having given zp < 1 < x2 < x3 above, we know that there are infinitely
many increasing homeomorphisms ¢ : [zg, 2] — [x1, 23] such that po(x1) = xa.
By the assumption of f, we get that f o ¢y '(x) € [xo, 2] as € [29,x3], i.e.,
f 0wyt ([2, x3]) is a subset of the domain of ¢y, implying that the formula

pir(x) :=hogoo fopyt(x)+gopy (z), forae [za,a3),  (43)
defines a continuous and strictly increasing function ¢1 : [x2, 23] — R. Let
x4 := 1(x3). (4.4)

Then ¢ : [x2, 3] = [z3, 24] is an increasing homeomorphism.
Assume that for integer k > 1, a strictly increasing sequence {x; fig and
k increasing homeomorphisms ¢; : [Z;11,Zit2] = [Tit2, Tits],t = 1,2,...,k, are

well defined such that

pi(x) =ho@i_10fop (x)+gop(x), =€ [it1,Tital, (4.5)
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where
wo(x), x € [0, 22),

901(1:)7 T e (172’1:3}7

vi—1(x), x € (2, ip1].

By the inductive assumption, function @ : [z, Tr42] — [€1,Zk+3] given by

wo(z), x € [wo,22],

901(1')7 T e ($2,$3],

@k(fﬂ), T e (xk+17xk+2]7

is a well-defined increasing homeomorphism. Since f is strictly increasing and
satisfies f(z) < z for all z € R, we have

2o = f(21) < f(r41) < foop () < f(@rt2) < Tpt2 a8 T € [Ty, Trgs),

ie., f ooy ([Th+2,2r43]) is a subset of the domain of (@, implying that the
formula

pri1(z) :==hogro fopt(z) +gop, (x), forx € [wpo, 243,  (46)

is well defined. Letting

Thts = Prt1(Th3), (4.7)
we claim that @gi1 @ [Tgto, T3] — [Tk43, Trra] 18 an increasing homeomor-
phism. In fact, g1 is strictly increasing continuous, because all functions on
the right hand side of (4.6) are strictly increasing continuous. Moreover, @1 is
surjective, because we have (4.7) and

Prt1(@rr2) = ho@ro fopy (Trya) + 90wy (Th42)
=ho@ko f(wr1) + g(Tr41) = ho Pr—10 f(Tr+1) + g(Trt1)
=ho@r10fopt (zrya) + 90w (Thia) = Pr(@hra) = Thys,
which is deduced from (4.6) and the inductive assumption. This proves the claim.
Hence, we have proved by induction that there is a strictly increasing sequence

{z;};55, and a sequence of functions {; };>0, where ¢; : [x;, Ti11] = [Tit1, Tita),
defined by (4.5), is an increasing homeomorphism for each ¢ > 1.
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We further claim that
T = +oo  as  k — +oo. (4.8)

If it is not true, let z — x., as k — +0o0 by the monotonicity. Putting © = z42
in (4.6), we get

Qi1 (Trr2) = ho @ro f oy (wre2) + g0 ¢; (Trta), (4.9)

where ¢pi1(Trt2) = s and ¢ (Thi2) = Tgy1. Since xg = f(zy) < fo
¢ (@hya) = f(xr41) < Tppr, we have 11 = @x(x0) < @x o f o (whya) <
Pr(Tk41) = Tr42. It follows by the strictly increasing monotonicity that @y o
fopr (zr42) — 7 as k — +oo, where & € (x1,2,]. Letting k — +o0 in (4.9),
by continuity we obtain

e = h(Z) + g(zx). (4.10)

On the other hand, h is strictly increasing, h(z1) > 0, and g(z) > = as ¢ > xy,
which imply that h(Z) + g(z.) > h(z1) + z. > z., a contradiction to (4.10).
The claimed (4.8) implies that

[z, +00) = UZo[ms, Tit1)-
Then, define
x), TE|Ty,T
o) = #o(@) [0, 22), ‘ (4.11)
pi(z), € [Tiy1,Tiy2), 1> 1.
The above discussion shows that the function ¢, is well defined and strictly in-
creasing continuous on [zg,4+00). Furthermore, for an arbitrary = € [z, +00),

there exists an integer ¢ > 1 such that « € [z, z;4+1). By the definition (4.5) of ¢;
and the definition (4.6) of ¢;_1,

P2(x) = piopi-1(z) = hogim1 0 f o (pim1(2)) + g0 ¢y (pi-1(x))
— ho i1 0 f(@) +g(x) = hop. o f(x) + g(x), (4.12)
implying that function ¢, is a solution of equation (1.6) on [z1,400).
Next, we extend ¢, from [zg,+00) to the whole real line. Let z_; :=

fi(z0),i =1,2,3,.... Then the sequence {z_;};>1 is strictly decreasing and sat-
isfies z_; — —00 as i = +o0, since f(z) < x for all z € R. Tt gives the partition

(=00, 20) = UZp[r—im1, 7).
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For each integer k > 1, define

oor(@) = h " pu o ppiro @) —go @), @€ o wppl, (413)

recursively with ¢g being ¢, on [zg, x2], where ¢, is defined by (4.11). We claim
that every o_y, is well defined and continuous on [£_j,z_j+1] such that

(p_k(l') > &y, Vre [x_k,x_k+1], (414)
O—k(T—t1) = Ppr1(T—kt1)- (4.15)

In fact, for £ = 1 we can see that ¢_1, defined by

o_1(x) =h" plo fH(x)—gof T (x), =€ [r_1,m0], (4.16)

as in (4.13) is well defined, because f~([z_1,z0]) = [0, 21] C [z0,+00), i.e.,
fY([w_1,20]) is contained in the domain of ¢,. The continuity of ¢_; comes
from the fact that functions on the right hand side of (4.16) are all continuous.
In order to prove (4.14) with the index —1 in place of —k, we note that

gpzof_l(x)Z(piof_l(x,l):xg, Vz € [.%',173;‘0],
gofHx) < go fH(wo) =g(z1) =x1, Vo€ [r_1,m),

since functions ., f~! and g are all strictly increasing and g(z1) = z1. It follows
from (4.16) that

p1(z) =h7H(Zo fTH(2) —go f(2))
> h71($2 — $1) > hil(O) =&y, Vx € [1'71,1'0], (417)

by the definition of & and the monotonicity of h. This proves (4.14) for k = 1.
Further, from (4.16) we have

by the choice of x3, which proves (4.15) for k = 1.

Generally assume that for an integer k£ > 1, function ¢_j is well defined
by (4.13) and continuous on [x_, _j+1] satisfying (4.14) and (4.15). By (4.14)
and (4.1), we see that

o pofHx)> & > flxy) =x0, forzelr_p1,2 4], (4.18)
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which implies that the formula
pok1(@) = h N peop w0 f @) —go f(w)), forz € fo g 1,24, (419)

defines a continuous function ¢_j_1:[r_x_1,2_;] — R. Note that go f~1(z) <2,
for all x € [x_g_1,x_g], because g(x1) = x1 and g is strictly increasing. It follows
from (4.19) and (4.18) that

@ r1(x) =h " (paop o f(x)—gof T (z))
> h7 N pu(x) — 1) = 7 H0) = &, Vo € [2_p_1,7 1),

by the monotonicity of functions h and .. This proves (4.14) for the index —k—1.
Furthermore, by (4.19), (4.15) and the definition (4.13) of ¢_j, we obtain

uop_po fH k) —go fH (z_k))
Y0 k(T gr1) — 9(T—k11))
s 0P pr1(Topr1) — 9(T_k41))

Qe 10 f Haok) —go f (k) = o_r(z_p),

pk-1(T-k) =

which proves (4.15) for the index —k — 1, and completes the proof of the claim.
Finally, define a function ¢ on R by

@i(fﬁ), YIS [l‘i,l‘i+1)7 ) S _17
p(r) == po(z), € [20,2),

ei(z), € [Tig1,Tiy2), 1> 1.

Then, ¢ is continuous on R by (4.15), because p(x) = ¢.(z) for all © € [zg, +00),
as defined in (4.11). We have checked that ¢ satisfies equation (1.6) for all x €
[x1,+00) in (4.12). For an arbitrary x € (—o0, 1), without loss of generality,
X € [T_g+1,T—g42) for a certain integer k£ > 1, by (4.14) and (4.13), we have

p*(2) = ps 0 p_j1(z) = hop_ro f(z) +g(x) = hopo f(z) + g(x),

i.e., function ¢ satisfies equation (1.6) for all z € (—o0,x1). Thus, ¢ is a contin-
uous solution of (1.6) on R.
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In order to prove the uniqueness, assume that another function ¢, which is
defined on R and coincides with g on [zg, z2], also satisfies equation (1.6) for all
z € R. Then

@owo(z) =howpoo f(z) +g(z), asw € [z1,22],
or equivalently say,
p(x) =howyo fopy () +gopy'(x), asa€ [ ws).
It follows from (4.3) that @|(z, 2,] = ¢1. Further, by induction we can prove that

Ollzisr,mive] = Pis Vi > 1 (4.20)
On the other hand, restricting equation (1.6) to the interval [z, x1], we obtain
pi(x) =hogo f(z)+g(z) asx € [zo,21],
or equivalently say,
p(x)=h"(plo f~H(x) —gofH(z)) asz € [z_1,20].
By (4.16) we get ¢|[171,10] = ¢_1. By induction one can prove that
Pliw_sw_ipa) =P—ir Vi1 (4.21)

It follows from (4.20) and (4.21) that ¢ = ¢, implying the uniqueness of ¢. This
completes the proof. O

As shown in the sentence just after (4.11), the constructed continuous so-
lution ¢ is strictly increasing on [zg,+00) because ¢ coincides with ¢, on the
interval [xg,+00), but we do not know if the constructed solution is strictly in-
creasing on the whole R, because with the negative sign in (4.13) we are not able
to give strictly increasing monotonicity for ¢ on (—oo, zp).

Theorem 4.1 has some overlaps with Theorem 3.5. Like Theorem 3.5, it also
deals with unbounded g, since it requires g(x) > x for all > zy. Theorems 3.5
and 4.1 are both applicable to given functions h(z) = 3z + 1, f(z) = z — 1 and
g(x) = x, but Theorem 4.1 gives more solutions. On the other hand, Theorem 3
gives a Lipschitzian solution ¢ : R — R such that sup{|p(z) — kx| : © € R} < 00
for some k € R. However, Theorem 4.1 can be applied to functions h(z) =
x+1/2, f(z) = z — 1 and g(z) = 2z, as illustrated just below Theorem 4.1,
but Theorem 3.5 cannot, because Theorem 3.5 requires h to be expansive. This
does not mean that the conditions of Theorem 4.1 are weaker. For example,
Theorem 4.1 cannot be applied to the given functions h(x) = —2z, f(x) = 2z
and g(z) = z + sinz, which were considered with Theorem 3.5 in Example 2,
because Theorem 4.1 requires that h is strictly increasing.
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5. Some remarks

In the proof of Theorem 4.1, we used two methods in the construction of
solutions. One is the usual method of “first locate points, then define functions”
as used on (—oo,zp). The other is the method of “locate a point and define
a function alternately” as done on [z, +00). If we use the method of “first locate
points, then define functions” on [zg, +00) and, similarly to our construction on
(=00, xg), locate

€Tr; = f_i(l'o), Vi > 1,

we have the partition [zo, +00) = U [#;, 2i4+1), provided that f is a homeomor-
phism additionally. In the routine of construction, for arbitrarily chosen strictly
increasing homeomorphisms g : [xg, 1] = [z1,22] and @1 : [x1, 23] — [22, 23],
we define

pi(z) :=hop; a0 fop ! (x)+gopi(z), V€ lmyTis), (5.1)

for all integers ¢ > 2 inductively, and connect them to make a continuous solution.
We can prove that ¢; : [z;, i+1] = [Ti+1, Tite] 1S an increasing homeomorphism if

hxi—1) + g(xim1) =41 and  h(z;) + g(x;) = Ti42,

which actually impose a strong condition on h and g at each point of the sequence
{witiz1.

Theorem 3.1 also makes some advances even if we apply it to (1.2), a special
case of equation (1.6) with

hz) =z, f(z):=z+4+a, g(x):=pz. (5.2)

Since functions given in (5.2) satisfy (C1) and (C2) with constants K = |A| and
a =1 and Lip(g) = 8 = |p|, applying Theorem 3.1 to equation (1.2), we obtain
from (2.4) and (3.1) that equation (1.2) has a Lipschitzian solution if

Al > max{2,2/Jal} or 1+ |ul < A <2,

which obviously is weaker than (1.3), a condition obtained in [4]. Besides, Theo-
rem 3.5 generalizes [11, Theorem 2] from the case of linear f, g and h to a nonlinear
case. In fact, since functions given in (5.2) also satisfy assumptions (C1)—(C3’)
with kK, = X\, kf = o =1, kg = p, K = |\ and § = |u|, we can also ap-
ply Theorem 3.5 to equation (1.2), and conditions (2.3) and (2.4) become (1.4)
and (1.5), respectively. It means that Theorem 3.5 gives the same conditions as
[11, Theorem 2]. Example 2 illustrates Theorem 3.5 with a nonlinear g.
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