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The cut locus of a Randers rotational 2-sphere of revolution

By RATTANASAK HAMA (Ladkrabang), JAIPONG KASEMSUWAN (Ladkrabang)
and SORIN V. SABAU (Sapporo)

Abstract. In the present paper, we study the structure of the cut locus of a Ran-
ders rotational 2-sphere of revolution (M, F = a + 3). We show that in the case when
the Gaussian curvature of the Randers surface is monotone along a meridian, the cut
locus of a point ¢ € M is a point on a subarc of the opposite half bending meridian or
of the antipodal parallel (Theorem 1.1). More generally, in the case when the Gaussian
curvature is not monotone along the meridian, but the cut locus of a point g on the
equator is a subarc of the same equator, the cut locus of any point ¢ € M different from
poles is a subarc of the antipodal parallel (Theorem 1.2). Some examples are also given
in the last section and some differences with the Riemannian case are pointed out.

1. Introduction

The study of the global behaviour of geodesics, conjugate points and cut locus
is a fundamental problem in modern differential geometry. In the Riemannian
case, an extensive literature is available (see [1], [13], [14]), but in the more
general case of a Finsler manifold, the results are not so easily obtained. The
main difficulty is that the dependence of the metric on the direction implies the
non-symmetry of the distance function and the non-reversibility of the geodesics.

We recall (see [2] for details) that Finsler manifolds (M, F') generalize the
Riemannian ones in the sense that they are defined by a norm F : TM — [0, 00)
with the properties

(i) F is positive and differentiable on TM :=TM \ {0};
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(ii) F is 1-positive homogeneous, i.e., F(z,Ay) = A - F(z,y) for any A > 0 and
for all (x,y) € TM;

(iii) the Hessian matrix g;;(z,y) :=
nite on TM.

Here T'M denotes the tangent bundle of an mn-dimensional smooth mani-

O’ F?(z,y)

% ayay 0 bJ € {1,...,n}, is positive defi-

fold M, and (z,y) the canonical coordinates on T'M. The Finsler structure
is called absolute homogeneous if the homogeneity condition (ii) is replaced by
F(z,\y) =|A| - F(z,y) for any A € R.

A Finsler norm F' determines and it is determined by its indicatrix bundle
SM :=Uyep S M, where S;M :={y € T,M : F(z,y) = 1}.

Obviously, the simplest Finsler manifolds are the Riemannian cases, but this
is the trivial case for us. Less trivial examples are deformations of Riemannian
metrics by linear forms 3 = b;(x)y® defined on T'M. This type of Finsler manifolds
include Randers, Kropina and Matsumoto metrics ([9]).

A Finsler norm can be used for defining the integral length L of a C* curve
v :la,b] = M by

b
Lo ) = [ FO.A0)E

where 4(t) = Z—Z is the tangent vector of . This definition easily extends to the
integral length of any piecewise C'*° curve on M.

A smooth curve v on a Finsler manifold that minimizes the integral length £z
over the set of all piecewise C°° curves with fixed end points is called
an F-geodesic.

Any F-geodesic v emanating from a point p in a compact Finslerian (or
Riemannian) manifold is losing its global minimizing property of a point ¢ on ~.
Such point is called an F'-cut point of p along . The F-cut locus of a point
p € M is the set of all cut points along all geodesics emanating from p on a Finsler
manifold. This is an important geometrical object related to the topology of the
manifold and to the global geometrical properties of the Finsler manifold.

Even though in general the cut locus may have a very complicated structure,
it is known that the F-cut locus Cf of a point p on a Finsler surface is a local
tree, and that any two points on the same connected component of Cf can be
joined by a rectifiable Jordan arc in CF (see [11] for details).

Based on this theoretical result, we have studied in [7] the actual structure
of the cut locus of a point on a Randers rotational surface of revolution homeo-

morphic to R2.
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The main aim of the present paper is to explicitly determine the structure
of the cut locus of a point of a 2-sphere of revolution endowed with a Randers
rotational metric.

Randers metrics are special Finsler metrics whose indicatrices are obtained
by rigid translations of the Riemannian unit sphere. It was SHEN [12] who pointed
out for the first time that Randers metrics give solutions to the classical Zermelo
navigation problem (see also [15], and the references herein), namely, find the
paths of shortest time travel between two points under the influence of a wind or
a current when we travel by a boat capable of a certain maximum speed.

Formally, if we consider the background landscape to be a Riemannian man-
ifold (M, h), endowed with a vector field W on M, |[W||, < 1, then the shortest
time travel paths are precisely the geodesics of a Finsler metric of Randers type

VAl +Ws W
A A
uniquely induced by the navigation data (h, W). Here W = W*. 8% is the velocity
vector field of the wind, A = 1 — |[W|2, Wy = h(W, y).
The corresponding Riemannian metric @ = /a;;(z)y’y’ and 1-form g =
b;(x)y® are given by

F(r,y) = a(z,y) + B(z,y) =

aig(w) = 2L+ Wil h”;WiWJ’ and b; = —%
where Wz = hij Wj.
This Randers metric satisfies all three conditions in the definition of a Finsler
metric provided ||[W ||, <1 (see [2], [3], [10], [12] for details).
Our main theorems on the structure of the F-cut locus of a surface of revo-
lution endowed with a Randers rotational metric are the following.

Theorem 1.1. Let (M, F) be a Randers rotational 2-sphere of revolution
with navigation data (h, W), where W = p - % is the wind blowing along par-

allels, u < {
satisfying:

:r €0, 2a]}, with a pair of poles p,q, dn(p,q) = 2a, and

1
max{m(r)}

* M is symmetric with respect to {r = a};
e the flag curvature K is monotone along a meridian.
Then the F-cut locus C' of a point z € M \ {p, q} with {§(x) = 0} is
(1) The subarc of the opposite half bending meridian,
Cr =w(d(z,7(t),7(1), tele2a—d,

where ¢ is the flow of the wind, when K is monotone non-increasing.
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(2) The following subarc of the antipodal parallel {r = 2a — r(x)} to x:

C; =11 (2a —r(x)) N~ H{H(m) + ¥(x),2m — (H(m) — 9 ())},
where ¥(x) = p - dp(z, do), Go is the h-first conjugate point of x with respect
to h, m := m(r(z)), when K is monotone non-decreasing.

(3) A single point on the antipodal parallel Cf' = (2a — r(x), m(1 + uR)), where
R is radius of sphere, when K = # is constant.

(4) If the cut locus of x € M \ {p, q} is a single point, then K is constant.

More generally, if the Gaussian curvature of h, or of F', is not monotone, the
following characterization of the cut locus is possible.

Theorem 1.2. Let (M,F = « + ) be the Randers rotational 2-sphere of
revolution constructed from the navigation data (h, W) of a 2-sphere of revolution
(M, h).

If the F-cut locus of a point x on the equator {r = a} is a subarc of the
equator {r = a}, then the F-cut locus of any point T with r(Z) € (0,2a) \ {a} is
a subarc of the antipodal parallel {r = 2a — r(Z)}.

This is a generalization of [6, Theorem 3.5] to the Randers case.

Here it is the structure of our paper.

We start by recalling the geometry of a Riemannian 2-sphere of revolution
and the structure of its cut locus (Section 2.1). This section is an excerpt from [14].

By using the navigation data (h, W), where h is the induced Riemannian
metric on the 2-sphere of revolution M, and W := p - % a mild wind blowing
along the parallels, we construct in Section 2.2 a Randers rotational metric F' =
« + B on the 2-sphere of revolution M. We determine the F-geodesic equations
in Proposition 2 and extend the Clairaut relation to F-geodesics. The conjugate
and cut points along F'-geodesics are obtained by mapping the conjugate and cut
points along h-geodesics by means of the flow ¢, Propositions 3 and 4, respectively.

Moreover, we show here that the flag curvature of this Randers metric coin-
cides with the Gaussian curvature of h (Lemma 2.4). Even though some of these
results were proved already in [7], for a surface of revolution homeomorphic to R?,
we show here how they extend to a 2-sphere of revolution.

Section 3 is where we prove Theorem 1.1, by using a certain number
of lemmas. Finally, in Section 4, we prove Theorem 1.2 and give some exam-
ples of Randers rotational metrics whose Gaussian curvature is not monotone
(Subsection 4.2).
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We show that the convexity of the second derivative of the F-half period
function is different from the convexity of the h-half period function.

In a forthcoming research, we will study the convexity of the injectivity
domain and other related topics of Randers rotational surface of revolution.

2. The 2-sphere of revolution

2.1. The Riemannian 2-sphere of revolution. A compact Riemannian man-
ifold (M, h) homeomorphic to a 2-sphere is called a 2-sphere of revolution if M
admits a point p, called pole, such that, for any two points ¢1,q2 on M with
dn(p,q1) = dr(p, q2), there exists an h-isometry f on M satisfying f(q1) = ¢2 and
f(p) = p, where dj(+,-) denotes the h-Riemannian distance function on M.

Let (r,6) denote geodesic polar coordinates around a pole p of (M, h). The
Riemannian metric can be expressed as h = dr? + m?(r)d6* on M \ {p, ¢}, where
q denotes the unique h-cut point of p and

i = (3 (3))

for any point « € M \ {p, ¢} with coordinates (r(z),0(z)) (see [14]).
It is known that each pole of a 2-sphere of revolution M has a unique cut

point (see [14, Lemma 2.1]). A pole and its unique cut point are called a pair of
poles.

From now, for the rest of the paper, we fix a pair of poles p, ¢ and the
geodesic polar coordinates (r, ) around p.

Remark 2.1. We always assume about (M, h) the following conditions (as
in [14]):
(1) M is symmetric with respect to the equator, i.e., reflection fixing {r = a},
where dj,(p, q) = 2a. In other words, we assume

m(r) =m(2a —r), Vre€(0,2a).

(2) The Gaussian curvature G(z) = —% of (M, h) is monotone along the

meridian from pole to the equator.

We observe that both functions m(r) and m(2a — r) are extensible to a C'*°
odd function around {r = 0} and m/(0) = 1 = —m/(2a).
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Any periodic h-geodesic passing through a pair of poles is called a meridian,
i.e., we have v(t) = y(t + 4a), for any t € R, and p = v(0).

Any curve r = ¢ € (0,2a) is called a parallel. The parallel {r = a} is called
the equator of (M, h).

Remark 2.2. For the sake of simplicity, we will often make use in the following
of the Riemannian universal covering of (M \ {p, q}, dr? + m(r)?df?), namely

(M, h) = ((0,2a) x R, di? + m(F)2d6?),

with the covering projection II : M — M \ {p, ¢}
Recall that the equations of an h-unit speed geodesic v(s) := (r(s),0(s)) of

(M, h) are

o —mm’ ()" =0,

£+ 2% () (#) =0

ds? m \ds ds

(1)

where s is the arclength parameter of v with the h-unit speed parametrization

() on (2

It follows that every profile curve, or meridian, is an h-geodesic, and that

condition

a parallel {r = ro} is geodesic, r¢ is constant, if and only if m/(r¢) = 0.
We observe that (1) implies

do(s)
ds

m?(r(s)) = v, where v is constant, (3)

that is, the quantity Z—ZmQ is conserved along the h-geodesics.

Lemma 2.1 (The Clairaut relation). Let 5(s) = (7(s),6(s)) be an h-unit
speed geodesic on (M, h). There exists a constant v such that

m?(7(s))0'(s) = m(7(s)) cos d(s) = v (4)

holds for any s, where ¢(s) denotes the angle between the tangent vector of ¥(s)
and %h(s) (see Figure 1). The constant v is called the Clairaut constant of 7.
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0 >0
Py T 2

Figure 1. The angle ¢ between the tangent vector of 7 and %h(s,).

Remark 2.35.

(1) Usually, a geodesic 7 : [0,1] — M, I > 0, is determined by its starting point
Po € M and initial velocity v := 5(0) € T;, M. However, from the Clairaut
relation above, one can see that this is equivalent to characterizing geodesics
by the initial point py and Clairaut constant v. It is customary to use the
notation 32°.

(2) Let py € {7 = a} be a point on the equator, and let 72°(s) = (7(s), 6(s)) be
the ﬁ—geodesic from py with Clairaut constant v. Observe that

dg(s) =0:

(a) if v =0, then ¢ = +£7 and ﬁg‘) is a meridian, i.e., =

(b) if v = m(a), then ¢ = 0 and ng’(a) is a parallel, namely, the equator in
this case, i.e., %(;) =0;
(c) if v € (0,m(a)), then ¢ € (=%, Z)\{0}, and hence the geodesic 72°(s) =

~ Y . . cqe db(s
(7(s),0(s)) is neither a meridian nor a parallel, and d(s) > 0.

By combining the Clairaut relation with (2), it follows that the tangent vector
along the unit h-geodesic 770 has the components

dr(s) v dh(s) _ v
is S\ meee)y ds  m2G0))

If we assume dz(ss) # 0, for all s in some interval (s1,s2), i.e., our geodesic
AP0 is not tangent to a parallel, then it follows that
~ ~ A7 7(s2)
B(s5) — (s1) = sign ) / Y dr, (5)
ds  Jis)) m(r)\/m2(r) — 12
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dr(s) .

where sign =g s the sign of the component dr(s)

of the tangent vector. Indeed,
if the h- geodesic is not a parallel, then the theorem of implicit functions allows
us to write locally 720 as 0 = 0(7), for 7 € (7(s1), 7(s2)), with the tangent vector

g dF
— =sign () v . (6)
dr ds m(7)\/m2(7) — v2

Likewise, the ﬁ—length of such an ?foksl,sz) is given by

= Cdi(s) [T(s2) m(T
Eﬁ(750|(31,52)) = sign ( ) /( ( ) dT, (7)

ds Jrwy \/m?(r) — 12

and taking into account the obvious identity
m(7) _/mA(T) =2 v

m2(r)—2  m(7) m(r)\/m?(r) — 12

it follows that

LH(;\Y/II:)ORSLSQ)) Slgn dS /( ) m(T
T(S1

7(s2) \/27_2 ~
M) T e () — (s (®)
Let us assume that 379 (s) = (7(s), 6(s)) is an h-unit speed geodesic from py,
{7(po) = a}, {#(po) = 0}, such that v € (0,m(a)), and d;(ss)|s:o < 0. From the
Clairaut relation it follows that ¥2° must be tangent to the parallel {7 = £(v)} at

a point 720 (¢;) and return to the equator at p; = 72 (to), where
v v
to =min{t >0 : 7(t) =a}.

Observe that here £ : (0, m(a)) — R is the inverse function of m : [0,0) — R
where b is the smallest value such that m/[j 3y > 0.
On the universal covering, we can see that

6(to) — 6(0) = 2(6(to) — B(t)). (9)
By integrating (6) with condition (9), it follows (see [6]):

Lemma 2.2 (Half-period function of Riemannian two-sphere of revolution).
Let 320 be a h-unit speed geodesic, where Py € { = a} and v € (0,m(a)),
i.e., po is a point on equator, and 3£ is neither meridian nor parallel (equator)
(see Figure 2). The h-distance from Py to 370 (to) is given by the h-half period
function

H:(0,m(a)) =R,  H(v) :2/a Y _dr, (10)

ey m()y/m(7)? —v

where 7 = £(v) is the parallel tangent to 72 (to).
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’7;'

Figure 2. The Riemannian half period function H(v).

Let po € M and f,(s) and 7,(s), for any v € (0,m(7(py))), denote the
geodesic emanating from py with (7o B:)’(O) >0 and (F07,)(0) <0.

Since both geodesics B, (s) and 7,(s) depend smoothly on v € (0,m(a)),
we obtain two geodesic variations such that all curves in the variation are geodesics.

We obtain the h-Jacobi fields X, () and Y, (¢):

X0) = oGl Yolt) = o Gul®)

along f,(t) and 7, (t). We can see that X, (0) = Y, (0) = 0.

Let us denote by p, the point of coordinates (7(pu), g(ﬁu)) = (u,0), where
u € (0,2a) and v € (0,m(a)). Similarly to the case u = a, discussed above,
for any v € (0,m(u)), we consider the h-geodesic 7 emanating from p,, with
Clairaut constant v and (7o 5%)'(0) < 0.

The geodesic 7% tangent to the parallel {¥ = £(u)} at a point F%(sg), will
intersect the equator, and then will be tangent to the parallel {7 = 2a — {(u)}
at a point ¥%(s1). Clearly, the parameter values sy and s; are solutions of the
equation (7o74%)'(s) = 0. Then it is known from the proof of [14, Lemma 2.9], or

[13, Proposition 7.2.3], that the Jacobi vector field Y, along ¥¥ is given by

Yo(s) = gfms),u, v) l‘m (;i)() ; (;)W] T

Pay attention to the fact that we are using here the parametrization 0 =
0(7(s),u,v) explained above. Some straightforward computations show that
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0(7,u,v) is given by

_ 2a—u v
0T, u,v) =HW) — /~ ) dr, (12)

m2(7) — v?

where H is the Riemannian half-period function in Lemma 2.2.

A point qo = ,(I), where v € (—m(7(po)), m(7(po))) and I > 0, is h-
conjugate to py along 7, (t) if and only if Y, (I) = 0, and taking into account that
(é%) . 0@5 o) are linear independent vectors on T5.(5) M, one obtains the
differential equation

a0

il =0 13

(7 u,) (13
along 7%(s).

It can be shown that this differential equation has a unique solution 7(s., v, u),
which is the 7 coordinate of the h-first conjugate point of p, on F%(s).

The 0 coordinate of the h-first conjugate point is obtained by substituting
0(5C7u7 V) = (;F/(SC’ u) V)7u7 V)'

Definition 2.1. Let v : [0,tg] — M be a minimal h-geodesic segment on
a complete Riemannian manifold (M, h). The endpoint y(tg) of the geodesic
segment is called a h-cut point of p := «(0) along ~ if any extended geodesic
segment v* : [0,t1] — M of v, where t; > tg, is not a minimizing arc joining p to
~*(t1) anymore. The h-cut locus C;,L of the point p is defined by the set of the cut
points along all geodesics segments emanating from p.

The structure of the h-cut locus C;} of (M, h) was obtained in [14].

Theorem 2.3 ([14]). Let (M,dr? + m(r)?d6?) be a 2-sphere of revolution
with a pair of poles p,q and satisfying properties in Remark 2.1. Then the h-cut
locus of a point x € M \ {p, q} with {6(z) =0} is
(1) the antipodal point C! = (2a — r(x), ), when G(z) is a positive constant;
(2) a subarc of the opposite half meridian C* C {6 = 7}, when G(z) is monotone

non-increasing along meridian from the pole p to the point on {r = a};

(3) a subarc of the antipodal parallel {r = 2a — r(x)}, that is C* = r=1(2a —

r(z)) N O~ Y (H(m(r(z))),2r — H(m(r(z)))), when G(z) is monotone non-

decreasing along meridian from the pole p to the point on {r = a}.

2.2. Randers rotational metrics. In a previous paper [7], we have constructed
a Randers rotational metric on a surface of revolution homeomorphic to R2.
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We will construct a Randers rotational metric on a 2-sphere of revolution in
a similar manner in the following.
Let (M, h) be the 2-sphere of revolution considered in the previous section.

Observe that there exists a constant p < { irE€ [0,2&]}, such that

[ S
max{m(r)}

p< % for any r € [0, 2a].

Proposition 1. If (M, h) is a surface of revolution, and W = ,u-% is a breeze
on M blowing along parallels, then the Randers metric (M, F = «a + ) obtained
by Zermelo’s navigation process with data (h, W) is a Finsler metric on M, where

a = +/a;i;(x)y'yl, B = bi(x)y" are defined by

1 0 0
(ai) = e . b= o |, Bi=12 (14)
=2m?)? —

Indeed, observe that due to our condition p < % for all r € [0,a], W in
the canonical basis (2, Z) of T, M, reads W = (W', W?) = (0, ), and hence
(W, W) = b2 = (um)® < 1, where b2 := a'b;b; is the Riemannian a-norm of the
covariant vector b = (b1, bo). This condition guarantees the strong convexity of
the Randers metric F' = a+ 3 (see [2]).

It is trivial to see that W is a Killing vector field of (M, h), and taking into
account that the flow of W is p(s;7(s),0(s)) = (r(s),0(s) + i - ), we obtain the
global characterization of F-geodesics.

Proposition 2. Let (M, F = a + 3) be the Randers rotational metric con-
structed from the navigation data (h, W), where (M, h) is a Riemannian 2-sphere

11 e 0, Za]}, is the breeze on M
blowing along parallels, then the F-unit speed geodesics P : (—e,€) — M are

of revolution, and W = p - %, n < {

1
max{m(r)}

given by
P(s) = (r(s),0(s) + ps), (15)

where y(s) = (r(s),0(s)) is an h-unit speed geodesic.
Indeed, taking into account that Zermelo’s navigation gives

h(5(s),4(s)) =1 ifand only if F(P(s),P(s)) = 1. (16)

It follows that we can use the same arclength parameter s on both Riemann-
ian and Randers geodesics, and since W is an h-Killing vector field, the conclusion
follows from [10], or can be verified by straightforward computation.
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Corollary 1. The pair (M, F') is a forward complete Finsler surface of Ran-
ders type.

We recall from our previous work [7] the Finsler version of Clairaut’s relation.
For an F-unit geodesic P(s) = ¢(s,v(s)) obtained by deviating an h-geodesic v(s)
with Clairaut constant v by means of the W-flow ¢, the following relation holds:

v+ pm?(r(s))

, 17
m(r(s)y/1+ 2uv + 12m2 (1 (5)) ()

cos(s) =

where 1)(s) is the angle between the vectors P(s) and 2 |p(s) (see Figure 3).
We have proved this formula for a surface of revolution homeomorphic to R?
in [7], but the proof carries out on any kind of surface of revolution.

y P
¢ /
/
v o)
/
=2 d
W=p- 3 55

Figure 3. The angle ¢ between P and a parallel.

Remark 2.4.

(1) We have seen in Remark 2.3 that an h-geodesic is characterised by its initial
point and Clairaut constant (pg, ), which is equivalent to the usual initial
conditions (po,v) € TM. Since the corresponding Finsler geodesic is also
determined by its starting point pg and initial velocity y := v+ pu- % €Ty M,
where p is constant, we can see that this F-geodesic is uniquely determined
by its initial point and Clairaut constant v. We have to pay attention though
that v is the Clairaut constant of the original h-Riemannian geodesic.

(2) Let pg € {r = a} be a point on the equator, let v2(s) = (r(s),0(s)) be the
h-geodesic from py with Clairaut constant v, and let P(s) = (r(s), 0(s) + us)
be the corresponding F-geodesic. Observe that
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(a) P is a meridian, that is ¢» = +%, if and only if v = —um?(a).
Indeed, 9 = £5 means costy = 0, and from Finslerian Clairaut rela-
tion (17), we obtain the desired value.

(b) P is a parallel, namely, it is the equator in this case, that is ¢ = 0,
if and only if v = m(a).

(¢) if v € (—pm?(a),0)U(0,m(a)), then ¢ € (=%, %)\ {0}, and the geodesic
Pro(s) = (r(s),0(s) + ps) is neither a meridian nor a parallel with

do(s)
) > 0.

We have the following important result.

Lemma 2.4. The flag curvature K of the Randers rotational metric (M, F =
o+ ) given by (14) lives on the base manifold M. Moreover, we have K(z,y) =
K(x) = G(x), for any (x,y) € TM, where G is the Gaussian curvature of (M, h).

PROOF. Even though similar with the proof of [7, Lemma 4.3], we sketch it
here for the sake of completeness. We can see that our Randers rotational surface
of revolution is Finsler-Einstein with Ricci scalar Ric") = K(z), where K(z) is
the sectional curvature of (M, F)).

From [3], we know that (M, F) is Finsler-Einstein with Ricci scalar Ric") =
K(x) if and only if (M, h) is Einstein with Ricci scalar Ric™ = K(z) and W is
a Killing vector field for (M, h).

Next, we recall that any Riemannian surface (M, h) is an Einstein manifold
with Ricci scalar Ric™ = G(x), which completes the proof. O

We turn now to the study of the conjugate points of F-geodesics.

Proposition 3. Let (M,F = «a + ) be a Randers rotational surface of
revolution with navigation data (h,W), where W = pu - % is the breeze on M
blowing along parallels p < % for any r. Suppose that v : [0,]] — M is
an h-geodesic and P(s) = ¢(s,7v(s)) is the corresponding F'-geodesic, t € [0,1].
Then P(l) is conjugate to p = P(0) along P (with respect to metric F') if and
only if ¥(I) is conjugate to p = (0) along v (with respect to metric h).

PROOF. Let 7 : [0,I] — M be an h-unit speed geodesic. Suppose I'(t,s) :
(—¢€,e) x [0,]] = M be an h-geodesic variation of v(s) := I'(0, s) with variation
vector field

t=0
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Observe that this J is actually given by (11), for any v € (0,m(a)). If we
assume that (1) is h-conjugate to v(0), it follows that

JO)=J(1)=0 and J(s)#0, se€(0,).

By using the wind W, blowing up on M, with the flow ¢, by deviating ~
we obtain the corresponding F-geodesic P(s) = ¢(s,7(s)).
Let us consider the F-geodesic variation

P(t’ 3) = @(v(t)sa F(tv S))7

where v(t) is the constant h-speed of the geodesic variation I'(¢, s).
We obtain the F-Jacobi field

J(s)) =dp- J(s).
If we consider the flow ¢ = (¢1,¢2) = (r,0 + us), it follows that
9p1  Dp1 1 0
dp= ( ) - (0 1>, (18)
or 90

which is the identity matrix.
We obtain that J vanishes if and only if J does, hence

JO)=J(0)=0 and J(s)£0, se (0,1,

that is, P(l) is conjugate to p = P(0) along P, whenever (I) is conjugate to
p = ~v(0) along ~. O

3. The proof of Theorem 1.1

Let (M,F = a + ) be a Randers rotational 2-sphere of revolution ob-
tained from the navigation data (h, W), where h is the Riemannian metric of the
2-sphere of revolution M, and W := p- a% is the wind blowing along the parallels,
21 €0, 2a]}.

Extending by analogy the definitions of poles from Riemannian setting (see
Section 2.1), we obtain

where p < {

1
max{m(r)

Lemma 3.1. The F-cut point of the pole p on (M, F) is the other pole q.



The cut locus of a Randers 2-sphere 401

PROOF. Recall that a pair of poles p,q on (M,h) are invariant under the
flow acting along parallels, i.e., p(s,p) = p and ¢(s,q) = g, for any s € R.

Since the h-geodesics joining p and ¢ are meridians and all of them have
the same h-length, it follows that the F-geodesics joining p and ¢ are bending
meridians with the same F-length by (16). Hence we get that ¢ is the cut point
of pon (M, F). O

Remark 8.1. In [7], the curve P(s) = ¢(s,v(s)) is called a twisted meridian,
where ~(s) is a meridian. However, since a pair of poles on 2-sphere of revolu-
tion M are invariant under the wind, we prefer to use the words bending meridian
for P(s) = ¢(s,7(s)), where v(s) is a meridian on (M, h).

Corollary 2. The points p, q are a pair of poles on (M, F).

Remark 3.2. In the Finslerian universal covering manifold (]Tj JEF=a+ B),
with the covering projection II : M~ M \ {p, ¢}, we use the notation ﬁ*‘(s) =
(s,73(s)) for an F-geodesic obtained from 7(s) in the wind blowing direction, and
P~ (s) = (—s,7(s)) for an F-geodesic advancing against the wind.

Lemma 3.2. Let 3(s) = (7(s),0(s)) be an h-unit speed geodesic on M with
Clairaut constant v = m(a) joining the points py := (a,0) and qo := (a,7), ie.,
3(s) is an equator, and 0(py) = 0, 6(go) = 7 or Go is an antipodal point of Py
along 7.

Then the F-unit speed geodesic P*(s) = o(s,7(s)) will | join the point py =
P(0) with §; = P (n) = (a,m(1+p)). On the other hand, P~ (s) = ¢(—s,7(s))
will join Py = P~ (0) to the point G = P~ (x) = (a, 7(1 — ).

Remark 3.3. Observe that II(q;) = II(g2) € M.

PROOF. Let py be an arbitrary point on the equator and go be an antipodal
point to po. Let F(s) = (F(s),g(s)) be an h-unit speed geodesic joining py to qo,
that is

po =7(0) = (a,0), qo =(m) = (a,m).

We recall that the wind is blowmg along the parallels (see [7]). Since
dn(PosGo) = m, we know that the F-unit speed geodesic P*(s) = ¢(s,7(s)) ob-
tained by J(s) is joining pp to the point

PH(m) = o(m,7(r)) = (a,7(1 + p)),

therefore the point go will change the position to g1 = (a,7(1 4 4)), hence
dF(ﬁo,Zﬁ) =Tm. _
On the other hand, P~ (s) will join py to go = (a, (1 — p)). O
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Remark 3.4. Let PEo(s) = (7(s),0(s) + pus) be an F-unit speed geodesic
emanating from pg € {r = a} and v € (0,m(a)). One can see that

— ~ () s
PR~ BRPe@) = [ (5 ug ) i

We know that P, (s) := PPo must be tangent to the parallel £(v) at P, (t1),
and then return to the equator at P,(to) (see Figure 4). Then, by a similar
computation as in the Riemannian case, the F-distance from pg to 5V(t0) in the
wind direction is given by the following F-half period function

Hp(v) = Hv) +¥(v), (19)

where (v) := 2u(a — £(v)), and H is the h-half period function (see (10)). For
the direction against the wind, we obtain

Hp(v) =Hv) =9 (v), (20)

see [8] for computational details.

A A
X
—~
S

Hp(v)
Figure 4. The h-half period function and F-half period function.

If m/[[g,q) # 0, then we can assume m’ > 0 on (0, a), in this case, taking into
account that &(v) = (m|(,q)) "', observe that the function ¢(v) = 2u(a —£(v)) is
a decreasing function when £(v) € (0,a) and an increasing one when £(v) €
(a,2a).

Proposition 4. Let x € M\{p, q} be an arbitrary point. Then qq is an F-cut
point to x on P if and only if Gy is an h-cut point to x on vy, where P(s) = (s, 7v(s))
is the corresponding F-geodesic obtained from v, P(0) = v(0) = x.
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PROOF. Let v : [0,]] — M be an h-unit minimizing geodesic from z to
Go = (1), and Go be an h-cut point of x, i.e., gy € CI.

Let P(s) be the F-unit geodesic obtained from 7(s), and let gy := P(l).

Assume ¢q is not an F-cut point of z on P, that is, there exists a shorter
minimizing F-geodesic Py : [0,lo] — M from x = Py(0) to qo = Po(lp), where
dp(x,qo) =1y < L.

From Py, we construct the corresponding h-geodesic

Yo :[0,00] = M, yo(s) = @(—s,P(s)),

where v5(0) = Po(0) = z, and vo(lo) = ©(—lo, Po(lo)) = ¢(—lo, o) = g, (lo)-
Let us denote by ¢ the curve

¢: [_l07 _l] — M, C(S) = @(quo)a

see Figure 5.

the flow direction

Figure 5. The proof of Proposition 4.

Then, from the triangle inequality, we have

Lp(¢) = Ln(v) — Ln(yo)- (21)

On the other hand, we compute £, (¢) as follows:
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ICE)IE = Weos,an 17 = llde(Wao) 17 = Waolli, = (um(r(0)))* < 1,

where dyp is the identity from (18).
It follows that

—lo | —lo
Ln(¢) = -/_l IC(s)|lnds < /_1 ds=1—1y=Lp(y) — Lr(). (22)

From (21) and (22), we get a contradiction, hence gg is an F-cut point of x
along P. |

Here is the proof of our Theorem 1.1

PROOF OF THEOREM 1.1. Let z € M \ {p,q}. We recall that the flow for
navigation data is ¢(s;7(s),0(s)) = (r(s), 0(s) + ps). Propositions 3 and 4 imply
that the F-cut locus is corresponding to the h-cut locus.

Case 1. When K is monotone non-increasing.

In the Riemannian case, the h-cut locus C? of z, when the Gaussian curvature
is monotone non-increasing, is a subarc of the opposite half meridian {6 = 7},
which are denoted by 7|[c 24—], Where 7;(c) is the h-first conjugate point of x
along 7.

Therefore, by taking into account Propositions 3 and 4, the F-cut locus is
the following subarc of the opposite half bending meridian of x:

CE = p(d(z,7(t),7(t)), tE€][c,2a—].

Case 2. When K is monotone non-decreasing.

In the Riemannian case (see [14]), if the Gaussian curvature G is monotone
non-decreasing, then the h-cut locus C* of x is a subarc of the antipodal parallel
{r =2a — r(x)}, that is

Ch =r71(2a — r(z)) N O HH(m),2r — H(m)},

where H is the h-half period function defined in (10) and m := m(r(x)).
Next, let gy be the h-first conjugate point of x on the front side, i.e.,

Go = (2a —r(x), H(m)),
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and recall that our wind is blowing along the parallels, therefore, the F-first
conjugate point to x is

r1(2a —r(z)) NOTHH(m) + ¥(z)},

where () = p-d(z,do). On the other hand, the F-first conjugate point to z on
the back side is

rH(2a —r(x)) N6 {2 — (H(m) — (2))},
hence we obtain
Cr =r7'(2a—r(z)) N0~ {H(m) + ¥(x),2m — (H(m) — ¢(z))}.

Case 3. When K is constant.

Let M be the round sphere of radius R. Recall that in the Riemannian case
when G = # is constant, the cut locus of any point « € M\ {p, ¢} is its antipodal
point, i.e., C! = Gy = (2a — r(z), ), where §(x) = 0. Since dj(z,qo) is equal to
the half of circumference, i.e., d(z,§o) = 7 - R, from Proposition 4, we obtain
that the F-cut locus of x is

Cl = p(dp(z,do) = ¢(TR, o) = (2a — r(z), 7(1 + pR),

where R is the radius of round sphere.

Case 4. If the F-cut locus of x € M \ {p,q} is a single point, say ¢ € M,
then ¢ := p(—1,q) is a h-cut point, where dp(x,q) = I. Obviously, ¢ is the only
h-cut point of h due to Proposition 4.

Since the h-cut locus of x € M{p,q} is made of a single point ¢, we know
from [14] that G = % must be a positive constant, and hence (M, h) is actually
the round sphere of radius R.

Taking now into account that (M, h) is a constant Gaussian curvature Rie-
mannian surface, and W a Killing field on (M, h), it follows from [4] that the
corresponding Randers metric by the Zermelo navigation must be of constant
flag curvature.

Remark 3.5. We recall that in order to obtain all F-geodesics P(s) with
% > 0 emanating from a point p = P(0), 6(p) = 0, we need to consider the
Riemannian geodesics 72 with Clairaut constant v € (—u - m?(a), m(a)).

On the other hand, we have determined the F-cut point ¢ of a point p = P(0)
by mapping the h-cut point ¢ of the same point p = v2(0) along the corresponding
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h-geodesic v2 = ¢(—s,P(s)), and by using the structure of the h-cut locus for
such h-geodesics determined in [14], for v € (0,m(a)). Hence, strictly speaking,
we have determined only the F-cut locus of a point p along the F-geodesics
corresponding to the h-geodesics having v € (0, m(a)), having out the h-geodesics
corresponding to v € (—u - m?(a),0).

However, in the Riemannian case, due to the reversibility of h-geodesics and
the symmetry of the distance function dy, it is easy to observe that the cut locus of
apoint p € M made of h-cut points along the h-geodesics 72, v € (—u-m?(a),0) is
actually a subset of the h-cut locus of p made of h-cut points along all h-geodesics
b, v € (0,m(a)), hence we are not missing any points in C; . O

v

4. The behaviour of the cut locus when the cut locus of a point on
the equator is the subarc of the equator

4.1. The cut locus. From the previous section, we can see that, if the Gaussian
curvature is monotone non-decreasing (increasing), then the h-half period function
is monotone non-increasing (decreasing), but the inverse is not true, i.e., if the
h-half period function is monotone non-increasing, it does not imply the Gaussian
curvature is monotone non-decreasing.

In this section, we will consider the more general case by extending the results
in [6] to the Randers case.

Let (M, h) be the Riemannian 2-sphere of revolution considered previously,
but in this section, we do not assume the second condition in Remark 2.1. Let
:r e 0, Qa]}.
If we denote by (M, F = a+ 3) the Randers rotational constructed from naviga-
tion data (h, W) in Section 2.2, then we have

1
max m(r)

W =pu- 8% the wind blowing along the parallels, p < {

PROOF OF THEOREM 1.2. If the cut locus of a point ¢ on {r = a} is a sub-
arc of {r = a}, since the equator is invariant under the flow action, then by
Proposition 4, it follows that the h-cut locus of the point ¢ is a subarc of {r = a}.
Hence, by using [6, Theorem 3.5], it results that the h-cut locus of the point § is
a subarc of the antipodal parallel {r = 2a — r(q)}.

Taking now into account that any parallel is flow-invariant by Proposition 4,
it follows that the F-cut locus of ¢ must be a subarc in the antipodal parallel
{r =2a —r(q)}. Clearly, the F-cut locus is obtained by rotating the h-cut locus
by flow action on the parallel {r = 2a — r(q)}. O
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4.2. Examples.

Ezxample 1. Let us consider the Riemannian 2-sphere of revolution M) :=
(S?, hy), introduced in [6], where

hy = dr? + m3(r)do?, (23)

and

VAT s
ma(r) = YAELSIT ) (24)

V1+ Acos2r’ -

It is clear that the function r — m(r) is symmetric with respect to the
equator {r = 7}, and a straightforward computation shows that the Gaussian
curvature of (S?,hy) is

(A+1)(1 — 2\ cos?r)

Ga(r) = (1+ Acos?r)?

For A = 0, one obtains the round sphere S? with the canonical Riemannian
metric, and for A — oo, the metric

heo = dr? + tan? rd6?,

which is singular along the equator {r = 7 }.
By taking the derivative of G, one can see that G is not monotone along
the meridian from a pole to the equator. Indeed, we have
2A(A+ 1) sin2r

VN _ 2
G\(r) = (5 hcos? 1) (2 — Acos™r).

On the other hand, more computations lead to

ATV

) =m- VAT IO+ 1+ a2

A>0, ve(0,VA+1),

where we use £(v) = 2, and from here

—TAVA+ 1

H/(V) = 3 A> 0,
A+14+X?)2
moreover,
NvV/A+1
7.[//(,/) = SWV—"_ A >0,

A+ 14M12)3

see [6] for detailed computations.
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Then [6, Lemma 3.3] implies that the h-cut locus of a point ¢ on {r = 5}
is a subarc in {r = 7}, and hence, by [6, Theorem 3.5] it results that for this
2-sphere of revolution, the cut locus of any point ¢ € S2, r(q) € (0,7) \ {5} is
a subarc of the antipodal parallel {r = 2a — (q)} (see [6] for details).

Let us consider the associated Randers rotational metric F' = a+ 8 obtained
by Zermelo’s navigation method ([7], [10]) from the navigation data (hyx, W),

_ 9 1 . _ 1 _ 1 :
where W=y 55, 1t <\ oy T € [0,7] ¢ = (D) = VAT From Proposi-
tion 1, it follows that

14+Acos?r 0
o 1+Acos2 r—pu2(A+1)sin? r
(aij) - ( 0 ((A+1) sin2 r) (14X cos? r) ) ’
(1+Acos2 r—p2(A+1) sin? r)?2

0
bi = —u(A+1) sin? r .
1+Acos?2 r—p2(A+1)sin? r

For the sake of simplicity, let us consider

1 1
P AET
Then (19) implies
ATY 1 T
HEWw) =7 — + ——2), A>0,
#) VAFIVAF T+ M2 ¢A+1(2 )
and therefore,
AV A+ 1 2
MY )= — 2T 2 s,

A+1+x02)3F VAT

and

22 A+1 2
M) () = STAVVATL a0 (25)
O+1+n2 Voarl

We observe that if H(v) is monotone non-increasing, then H 1 (v) is decreasing
onv e (0,V/A+1).

Moreover, observe that the F-cut locus of any point ¢ in {r = 7} is a subarc
of {r = §}, as well as, that the F-cut locus of any point ¢ € M), such that
r(q) € (0,7) \ {5} is a subarc of the antipodal parallel {r = 7 —r(q)}. Indeed,
taking into account the h-cut locus of the points ¢ and g, respectively and the

fact that the equator and parallels are invariant under the flow, the F-cut locus
can be obtained from Proposition 4.
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Therefore, we obtain

Proposition 5. Let (S?, F\x = a + 3) be the Randers rotational metric
induced from the navigation data (hy, W) on S? given by (23), (24). If A > 0,
then

(i) the cut locus of a point q € S? on the equator is a subarc of the equator.

(ii) the cut locus of a point ¢ € S?, distinct from the pair of poles, is a subarc of
the antipodal parallel {r =7 —r(q)}.

This is the generalization of the first part of [6, Theorem 4.4] to the Randers
case. Observe that due to Lemma 2.4 and the formula for G, it follows that the
Randers rotational metric constructed in this example is not of monotone flag
curvature along the meridian.

Remark 4.1. The Riemannian 2-sphere of revolution (S%, hy) given
by (23), (24), A > 0, gives an example for [6, Theorem 3.6] due to the fact
that the h-half period function satisfies

H(v) <0< H'(v), forany \>0.

However, this type of relation is not true in the Randers case. Indeed, even
though the h- and F-half period function #(v) and H 1 () have the same mono-
tonicity, respectively, they do not share the same convexity. Formula (25) implies
that (#})”(v) is not always positive. For instance, numerical simulations show
that (H})”(v) < 0, for A < 1.5, while for A > 1.5, the function (H})"(v) can
take both, positive and negative values, where v € (0,y/\ + 1), see Figure 6.

1.2 1.2
1 1
0.8 0.8
0.6 0.6
0.4 A= 1.5 0.4 A=1.6
- -
0.2 0.2

-0.2 0 1.2 1.4 1.6 1.8 -0.2 0 1.2 1.4 1.6 1.8

Figure 6. The graphs of H”(v) and (H})”(v), where A = 1.5 and
A = 1.6, respectively.
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Ezxample 2. Another example is obtained from the Riemannian 2-sphere of
revolution (S?, hy) given in [5], where hy is given by (23) and

mA(r) = ——————, rel0,x], Ae(0,1).
V1= Asin?r
By straightforward computation, one can see that
(1—X) —2X\cos?r

Galr) = (1 — Asin®r)2

)

and

4)\sinrcosr(2(1 — A) — Acos?7)
(1 — \sin®r)3 ’
It is clear that for XA € (0,1), G\ vanishes at the pair of poles and the equator,

GA(r) =

and the Gaussian curvature, G is monotone for A € (0, 2) with a local extremum
of A = Z (see [5] for details).
A similar computation with [6] shows that

Ho)=m——A e (o,l),
V14 M2 VvV1=X\

_ 2
H'(V) _ TA _ 7—[”(1/) _ 3Ty _
(14 Mv?)2 (1+ A2)2

(compare with the form in [5] obtained in Hamiltonian formalism).

and hence

One can easily see that
H(v) <0< H'(v), (26)

and hence the h-cut locus of a point g on the equator is a subarc of the equator
([6, Lemma 3.3]), and the h-cut locus of a point ¢, distinct from equator of (S2, hy)
is a subarc of the opposite parallel ([6, Lemma 3.4]).

If we consider again the Randers rotational metric (S?, F) = a + ) obtained
by Zermelo’s navigation method ([7], [10]) from navigation data (hy, W), W =
e %, i< +/1— X\, then (19) gives

Hi(v) = VI=A(5-17), veOVI-N,

\/ 1+ )\y2
where we consider for simplicity u = %\/ 1 — ), and hence
—TTA 3Ty
Hi — —2(V1 =)y, HE)' (v) = ——— —2V1 -\
' 0) = ey 2T ) @) = s Y
By a similar argument with Example 1, it follows that Proposition 5 is true
for this example as well.
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Remark 4.2. When we consider the second derivative of the F-half period
function Hp(v), we observe that, even though the Riemannian counter part sat-
isfies (26), in the Finsler case we have (H 1) (v) < 0, however, (H})"(v) <0, for

A < 0.6, while for A > 0.6, the function (H})”(v) can take both, positive and
1
R4
convexity of the half period function in the Riemannian and Finsler case are quite

different.

negative values, where v € (0 ), see Figure 7. That is, in this case also the

1.4 1.4
1.2 1.2
1 1
0.8 0.8

0.6

A = 0.65
0.4 ®
2 .4 0.6 0.8 1.2 1.4 1.6 1.8 2

Figure 7. The graphs of H”(v) and (H})”(v), where A = 0.6 and
A = 0.65, respectively.
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