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Oscillation of even-order advanced functional
differential equations

By JOHN R. GRAEF (Chattanooga), SAID R. GRACE (Giza)
and ERCAN TUNC (Tokat)

Abstract. This paper is concerned with the oscillatory behavior of solutions of
n-th-order nonlinear differential equations with advanced arguments. New sufficient
conditions for the oscillation of all solutions are given that essentially improve all previ-
ously known results. An example is provided to illustrate the theorems.

1. Introduction

This paper deals with the oscillatory behavior of all solutions of the nonlinear
even-order differential equation with an advanced argument

2™ (t) +q(t)a M g(t) =0, t =19 >0, (1.1)

where n > 2 is an even integer, A\ > 1 is the ratio of positive odd integers, ¢,
g € C ([to,©),R), ¢(t) > 0 with ¢(¢) is not identically zero for large ¢, g(t) > t,
and ¢'(t) > 0 for ¢t > to.

By a solution of (1.1) we mean a function x : [t;,00) — R such that
x € C™([ty,0),R) and x satisfies equation (1.1) on [t;,00). Without further
mention, we will assume throughout that every solution x(¢) of (1.1) under con-
sideration here is continuable to the right and nontrivial, i.e., 2(¢) is defined on
some ray [t,,00), for some t, > to, and sup {|z(¢)| : ¢ > T} > 0 for every T > t,.
Moreover, we tacitly assume that (1.1) possesses such solutions. Such a solution
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is said to be oscillatory if it has arbitrarily large zeros on [t,, 00); otherwise it is
called nonoscillatory. Equation (1.1) is called oscillatory if all its solutions are
oscillatory.

Advanced differential equations can find use in many applied problems whose
evolution rate depends not only on the present, but also on the future. Therefore,
an advance could be introduced into the equation to highlight the influence of
potential future actions that are available at the present and should be beneficial
in the process of decision making. For instance, population dynamics, economics,
and mechanical control engineering are typical fields where such phenomena are
believed to occur (see [6] for details).

A great deal of effort has been made by many researchers to further advance
what is known in this area; for a summary of many essential contributions on
this subject, see, for example, the monographs [3]-[4], [11], and the references
cited therein. The main goal of this paper is to establish some new criteria for
the oscillation of the n-th-order advanced nonlinear equation (1.1). To obtain
our results in this paper, we use a comparison technique that has been applied
in a number of places in the literature; see, for example, [5], [7]-[9], [14]-[15],
[18]-[19], and the references contained therein. We would like to point out that
our results can be easily extended to the more general equations (see Remark 2.3
below).

2. Results

We begin with the following lemmas that are essential in the proofs of our
theorems. The first one is a well-known result that is due to KIGURADZE [13].

Lemma 2.1. Let f € C™ ([to, 00), (0,00)). If the derivative f(™)(t) is eventu-
ally of one sign for all large t, then there exist t,, > to and an integer [, 0 <1 < n,
with n + [ even for f("™)(t) >0, or n+1 odd for £ (t) < 0 such that

1>0 implies f®(t) >0, fort>t,, k=0,1,..,1—1,
and

I <n—1 implies (—1)!"T*f® 1) >0, fort >t,, k=101+1,...,n—1.

Since n > 2 is even, we just need the following lemma, which is a special case
of a result attributed to PHILOS [16] (also see [1, Lemma 2.2.3], [2, Lemma 2.2],
and [17, Equation (4)]).
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Lemma 2.2. Let f be as in Lemma 2.1, and ™ (t)f("=1(t) < 0 for t > t,.
Then for any constant § € (0, 1), there exists tg > t, such that

0

ft) > o 1)'15”’1]’(”’1)(15), for all t > tg, (2.1)
and
n—2
f(6t) > %t”—Q f=U@),  for all t > ty. (2.2)

Our first oscillation result is the following.

Theorem 2.3. If

lim sup (mtn_i)l /too q(s)ds) = o0, (2.3)

then equation (1.1) is oscillatory.

PRrROOF. Let z(t) be a nonoscillatory solution of (1.1), say z(t) > 0 and
x(g(t)) > 0 for t > t1, for some t; > to. (If 2(¢) is eventually negative, the proof
is similar, so we omit the details of that case here, as well as in the remaining
proofs in this paper.) It follows from (1.1) that

M (t) = —q(t)z*(g(t)) <0, fort>t;. (2.4)
Then, in view of Lemma 2.1, there exists a to > t1 such that
2'(t) >0 and =™ V(t) >0, fort>ts. (2.5)

By Lemma 2.2, there exist 6, with 0 < 6 < 1, and t3 > t5 such that

0

n—1,.(n—1)

x(t) >

Integrating (1.1) from ¢ > ¢3 to u and letting u — oo, we see that

SIOE / " g(s)2 (g(s)) ds. (27)

Using the fact that 2(t) is increasing and g(¢) is nondecreasing, (2.7) yields

2D () > 2 (1) /t " (s)ds. (2.8)
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Using (2.8) in (2.6) gives

or

If A = 1, then we immediately have a contradiction to (2.3). If A > 1, then in
view of (2.3), we contradict the fact that x(t) is bounded from below away from
zero. This completes the proof. O

To obtain our next comparison result, we let

9t s A
Q.(t) = <1+c/t u”72/ q(s)dsdu) , (2.9)

for every constant ¢ > 0.

Theorem 2.4. If for every ¢ > 0 the inequality
v () + q()Qc(t)y (1/2) <0 (2.10)

has no positive solutions, then equation (1.1) is oscillatory.

PROOF. Let z(t) be a nonoscillatory solution of (1.1), say z(t) > 0 and
x(g(t)) > 0 for t > tq, for some t1 > tg. As in the proof of Theorem 2.3, we again
arrive at (2.5) and (2.7). By Lemma 2.2, we have

24—2n

2 (t)2) > A2l (1), (2.11)

(n—2)
for t > t3. Next, using (2.7) in (2.11), we obtain

4—2n

(n —2)!

2(t/2) > 2 / " g(s)2 (9(s)) ds, (2.12)

from which we see that

4—2n

o012 = ( gyt [ ato)ds) o ato)

<(7214—22n)1tn2 /too ‘J(S)ds) 2 (t/2). (2.13)

v
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Integrating (2.13) from ¢ to g(t), we have

3—2n g(t) oo
o) = a(9(0)/2) > 2(0/2) + g ( [ q(s)dsdu> (1/2)

= z(t/2)

3—2n g(t) 00
1+ ﬁxk_l(t/2)\/t u"—2/ q(s)dsdul . (214)

Since z(t) > 0 and z'(¢) > 0, there exist a t3 > t2 and a constant co > 0 such
that

z(t) > co, fort >ts. (2.15)
Using (2.15) in (2.14) gives
3-2n A-1  rg(t) o
ro) 2 a(t/2) 1+ =2 [ [ q(s)dsdu] = QY (1) (1/2),

for t > t3, where ¢ = 237 2"¢y ™1 /(n — 2)I.

From the last inequality, we see that
a(t)z* (g(t) = a(t)Qe(t)2™(t/2),  for t > t5. (2.16)
Using (2.16) in (1.1) gives
2 (1) + q(1)Qe ()2 (t/2) < 0.
That is, (2.10) has a positive solution, which is a contradiction. This completes
the proof of the theorem. O

Remark 2.1. In the cases n = 2 and A = 1, this problem was studied in
a recent paper by JADLOVSKA [12]. In her result [12, Theorem 2.3], the constant ¢
in (2.9) is 1, whereas in our case it has the form ¢ = 2372"k*~1 /(n — 2)! for any
constant k, which we see reduces to 1/2 for n = 2 and A = 1. This difference is
caused by the fact that if n = 2, we would not need to use Lemma 2.2 above, and
hence our condition would agree with the one in [12]. We should also mention
that we do a comparison to a delay inequality rather than an ordinary (non-delay)
equation as in [12].

we now Se(

for s > t and for every constant ¢ > 0. We have the following comparison result.
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Theorem 2.5. If, for every ¢ > 0, the first-order advanced differential in-
equality

2—n [e’]
20~ gt ([ 00 b)) A 20 (21

has no positive solutions, then equation (1.1) is oscillatory.

PROOF. Let z(t) be a nonoscillatory solution of (1.1), say z(t) > 0 and
z(g(t)) > 0fort > tq, for some t; > tg. Proceeding as in the proof of Theorem 2.4,
we again arrive at (2.12), (2.13) and (2.15). From (2.13) and (2.15), we see that

x/ 3—2n o]
222//221 - ((Z o q“)ds) w2)

2372n

> (n_2)!c§\_1t"2/t q(s)ds:ct”d/t q(s)ds.

For s > t, we see that 2¢g(s) > 2¢(t), so integrating the last inequality from 2g(t)
to 2g(s), we obtain

2g(s) ) A
zMg(s)) > 2 exp | ¢ un? T)dTdu
(9(s)) = (g(t»[ p< /M |t )]

= 2™(g(1))Qe (9(s), 9(2)) - (2.19)
Using (2.19) in (2.12), we obtain

4—2n

2022 B ([T a0 o s as) ey :20)

Replacing ¢/2 by t in (2.20) and using the fact that z(¢) is increasing implies

202 2t ([0 (alo).0(20) ds) ¥ o20)

22—n

Y

i ([ a0 00,20 d5) 00

Thus, z(t) = x(t) is a positive solution of (2.18), which contradicts our assump-
tion. This completes the proof of the theorem. O

Corollary 2.1. Let A=1. If

o gU)QQ—nun—Q [} 1
htrglolgf/t W /2u q(s)Qc (9(s), 9(2u)) dsdu > 2’ (2.21)

then equation (1.1) is oscillatory.
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PROOF. By [4, Lemma 1.4.2], condition (2.21) guarantees that (2.18) has no
positive solutions if A = 1. The conclusion then follows from Theorem 2.5. (I

Finally, we will give two interesting oscillation results for equation (1.1) in
the case n = 2 and for which we do not need Lemma 2.2.

We let \
g(t) poo
W) = Al dsdu | .
Qa(t) (1 +a /t /u q(s)ds u) (2.22)

for every constant a > 0. We then have the following comparison result.

Theorem 2.6. If the equation

y'(8) + a()Qa()y (t) = 0 (223)
is oscillatory, then equation (1.1) with n = 2 is oscillatory.

PROOF. Let z(t) be a nonoscillatory solution of (1.1), say z(t) > 0 and
x(g(t)) > 0 for t > ¢1, for some t; > to. It follows from (1.1) that

2" (t) = —q(t)z*(g(t)) <0, fort>t. (2.24)

Then, it is easy to see that there exists to > t; such that x/(t) > 0 for t > ts.
Integrating (2.24) from ¢ to u and letting u — oo, we obtain

0= [ o) ds. (2.25)
Since x(t) is increasing and ¢(t) is nondecreasing, (2.25) yields
2(8) > 2 (g(t)) /f " (s)ds > 2 (1) /t ~ o(s)ds. (2.26)

Integrating (2.26) from ¢ to g(t), we obtain

g(t) poo
x(g(t)) > z(t) + </t / q(s)dsdu) M (t)
14+ 22 1(¢) /g(f) /OO q(s)dsdu] . (2.27)

Since z(t) is positive and increasing, there exist a t3 > t5 and a constant a; > 0
such that

= (1)

z(t) > ay, fort > ts, (2.28)



452 J. R. Graef, S. R. Grace and E. Tung

g(t)
1+4a} / / dsdu] = QY t)x(t),
for t > t3.

From the last inequality, we see that

SO

z (g(t)) > o(

q(t)z (g(t) > q(t)Qa () (t), for t > ts. (2.29)

Using (2.29) in (2.24) gives

2" (t) + q(t)Qa(t)z(t) < 0.

By [10, Theorem 1], we arrive at a contradiction to equation (2.23) being oscilla-
tory. This completes the proof of the theorem. O

For our final result, we let

a(s) oo A
Qa (9(8),9(t)) = [exp (a*l/m / q(T)deUN ; (2.30)

for s > t and for every constant a > 0.

Theorem 2.7. If for every a > 0, the first-order advanced differential in-
equality

20~ ([ a1 (00900 ) oo >0 (2.31)
t
has no positive solution, then equation (1.1) with n = 2 is oscillatory.

PROOF. Let z(t) be a nonoscillatory solution of (1.1), say z(t) > 0 and
x(g(t)) > 0 for ¢t > t;, for some t; > ty. Proceeding as in the proof of Theorem 2.6,
we again arrive at (2.25), (2.26) and (2.28). From (2.26) and (2.28), we see that

z'(0) z( >z*%wzarﬂlm«g@. (2:32)
>

For s > t, we have g(s)

wm@»Zmet[wp< A“”/ mmar

2 (9(1))Qa (9(s). 9 (2.33)

g(t), so integrating (2.32) from g(¢) to g(s) gives
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Using (2.33) in (2.25), we obtain

202 ([ 610 (9,90 d5) a0,

or
20 - ([ a9 o6 g) s ) Ao(0) = 0 (2.3)

t
Letting z(t) = 2(¢) in (2.34), we see that z(¢) is a positive solution of (2.31). This
contradicts our assumption and completes the proof of the theorem. ([l

Remark 2.2. If A = 1, Theorem 2.6 reduces to [12, Theorem 2.3], and Theo-
rem 2.7 reduces to [12, Theorem 2.10].

Corollary 2.2. Let A=1. If

g(t) poo 1
lim inf / q(5)Qc (g(s), g(u)) dsdu > —, (2.35)
t—o0 t w e

then equation (1.1) is oscillatory.

PRrROOF. By [4, Lemma 1.4.2], condition (2.35) guarantees that (2.31) has no
positive solutions if A = 1. The conclusion then follows from Theorem 2.7. (]

We conclude this paper with the following example to illustrate the above
results.

Ezxample 2.1. Consider the differential equation with an advanced argument
k
™ () + alt+a) =0,  t>1>0, (2.36)

where £ > 0 is a constant and 1 < a < n. Here ¢(t) = k/t*, A = 1, and
g(t) =t + a with a > 0. Since

tn_l o tn—l [e°) k
7/ q(s)ds:i/ —ds » 00 as t— o0,
(n—=1)!J, m=11J, so

equation (2.36) is oscillatory by Theorem 2.3.

Remark 2.3. The results of this paper can be easily extended to the neutral
differential equation

() 4 qt)x M g(t) =0,  t >t >0,

where z(t) = xz(t) + p(t)z(7(¥)), p € C([to,0),RT), 7 € C([tp,o0),R) with
7(t) < t, im0 7() = 00, and ¢(t), g(t), and X are defined as in this paper.
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