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Real hypersurfaces with commuting Jacobi operator
in the complex quadric

By YOUNG JIN SUH (Daegu), HYUNJIN LEE (Daegu) and CHANGHWA WOO (Jeonbuk)

Abstract. In this paper, first we introduce a new notion of commuting normal

Jacobi operator R̄Nφ = φR̄N or commuting structure Jacobi operator Rξφ = φRξ for

real hypersurfaces in the complex quadrics Qm = SOm+2/SOmSO2. Next, we give

a complete classification for real hypersurfaces in Qm satisfying commuting normal Ja-

cobi operator or structure Jacobi operator, respectively.

1. Introduction

It is known that complex two-plane Grassmannians SUm+2/S(U2Um) and

complex hyperbolic two-plane Grassmannians SU2,m/S(U2Um) are Hermitian

symmetric spaces of rank 2 (see [Kl09], [Suh13], [Suh13-02] and [Suh15]). These

are viewed as Hermitian symmetric spaces and quaternionic Kähler symmetric

spaces equipped with the Kähler structure J and the quaternionic Kähler struc-

ture J. There are exactly two types of singular tangent vectors W of complex

2-plane Grassmannians SUm+2/S(U2Um) and complex hyperbolic 2-plane Grass-

mannians SU2,m/S(U2Um) which are characterized by the geometric properties

JW ∈ JW and JW ⊥ JW , respectively.

As another kind of Hermitian symmetric space with rank 2 of compact type

different from the above ones, we can give the example of complex quadric Qm =
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SOm+2/SOmSO2, which is a complex hypersurface in complex projective space

CPm (see [Re96], [Ro86], [Ro86-02], [Smy67] and [Suh14]). The complex quadric

also can be regarded as a kind of real Grassmann manifold of compact type with

rank 2 (see [He01] and [KO96]). Accordingly, the complex quadric admits both

a complex conjugation structure A and a Kähler structure J , which anti-commute

with each other, that is, AJ = −JA. Then, for m ≥ 2, the triple (Qm, J, g) is

a Hermitian symmetric space of compact type with rank 2, and its maximal

sectional curvature is equal to 4 (see [Kl08] and [Re96]).

In addition to the complex structure J , there is another distinguished geo-

metric structure on Qm, namely a parallel rank 2 vector bundle A which contains

an S1-bundle of real structures on the tangent spaces of Qm. This geometric

structure determines a maximal A-invariant subbundle Q of the tangent bundle

TM of a real hypersurface M in Qm as follows:

Q = {X ∈ T[z]M | AX ∈ T[z]M for all A ∈ A}.

Moreover, the derivative of the complex conjugation A on Qm is defined by

(∇̄UA)W = q(U)JAW, (1.1)

for any vector fields U and W on Qm, where ∇̄ and q denote the Levi–Civita

connection and a certain 1-form defined on T[z]Q
m, [z] ∈ Qm, respectively (see

[Smy67]).

Recall that a nonzero tangent vector W ∈ T[z]Qm is called singular if it is

tangent to more than one maximal flat in Qm. There are two types of singular

tangent vectors for the complex quadric Qm:

• If there exists a conjugation A ∈ A such that W ∈ V (A) := Eig(A, 1), then

W is singular. Such a singular tangent vector is called A-principal.

• If there exist a conjugation A ∈ A and orthonormal vectors Z1, Z2 ∈ V (A)

such that W/||W || = (Z1 + JZ2)/
√

2, then W is singular. Such a singular

tangent vector is called A-isotropic.

The Reeb flow on a real hypersurface M in a Kähler manifold (M̃, J, g) is

isometric if M satisfies the property of Lξg = 0, where Lξ is the Lie derivative

along the flow of ξ. Okumura [Ok75] proved that the Reeb flow on a real

hypersurface in CPm = SUm+1/S(U1Um) is isometric if and only if M is an open

part of a tube around a totally geodesic CP k in CPm for some k ∈ {0, . . . , m− 1}.
For the complex two-plane Grassmannian G2(Cm+2) = SUm+2/S(U2Um), the

following result is known: the Reeb flow on a real hypersurface in G2(Cm+2) is

isometric if and only if M is an open part of a tube around a totally geodesic
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G2(Cm+1) ⊂ G2(Cm+2). Moreover, in [Suh13-02], the second author proved

that the Reeb flow on a real hypersurface in G∗2(Cm+2) = SU2,m/S(U2Um) is

isometric if and only if M is an open part of a tube around a totally geodesic

SU2,m−1/S(U2Um−1) in SU2,m/S(U2Um) or a horosphere whose center at infinity

is singular. Moreover, in a paper due to Berndt and Suh [BS13], we introduced

the following result for the complex quadric Qm = SOm+2/SO2SOm:

Theorem A. Let M be a real hypersurface of the complex quadric Qm,

m ≥ 3. Then the Reeb flow on M is isometric if and only if m is even, say

m = 2k, and M is an open part of a tube around a totally geodesic CP k ⊂ Q2k.

On the other hand, by the Kähler structure J of a Kähler manifold M̃ , we can

decompose its action on any tangent vector field X on M in M̃ as follows:

JX = φX + η(X)N, (1.2)

where φX denotes the tangential component of JX, η denote the 1-form defined

by η(X) = g(JX,N) = g(X, ξ) and the Reeb vector field ξ = −JN , where N

is a unit normal vector field on M in M̃ . We say that a real hypersurface M is

a Hopf hypersurface if the Reeb vector field ξ of M is principal, that is, Sξ =

g(Sξ, ξ)ξ = αξ, where S denotes the shape operator of M . It is known that

the Reeb flow on M is geodesic if and only if ξ is a principal curvature vector

of M everywhere (see [BS02]). In particular, when the Reeb curvature function

α = g(Sξ, ξ) is identically vanishing, we say that M has a vanishing geodesic Reeb

flow. Otherwise, a real hypersurface M has a non-vanishing geodesic Reeb flow.

Jacobi fields along geodesics of a given Riemannian manifold (M̃, g̃) satisfy

a well-known differential equation (see [Car92]). This equation naturally inspires

the so-called Jacobi operator. That is, if R̃ denotes the curvature operator of M̃ ,

and X is a vector field tangent to M̃ , then the Jacobi operator R̃X ∈ End(TpM̃)

with respect to X at p ∈ M̃ , defined by (R̃XY )(p) = (R̃(Y,X)X)(p) for any

Y ∈ TpM̃ , is a self-adjoint endomorphism of the tangent bundle TM̃ of M̃ . Thus,

a vector field N normal to a real hypersurface M in Qm induces the Jacobi

operator R̄N ∈ End(TM) called by normal Jacobi operator. Moreover, for the

Reeb vector field ξ ∈ T[z]M ⊂ T[z]Q
m, [z] ∈ M ⊂ Qm, the Jacobi operator

Rξ ∈ End(TM) is said to be a structure Jacobi operator. Here R̄ and R are the

Riemannian curvature tensors for Qm and its real hypersurface M , respectively.

When the Ricci tensor Ric of M in M̃ commutes with the structure tensor φ,

that is, Ricφ = φRic, we say that M has Ricci commuting or commuting Ricci

tensor. Pérez and Suh [PS07] proved the non-existence of Hopf real hypersur-

faces in complex two-plane Grassmannians G2(Cm+2), m ≥ 3, with parallel and
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commuting Ricci tensor, that is, Ric satisfies the following two conditions:

(∇X Ric)Y = 0 and Ric φX = φ RicX,

for all X,Y ∈ TpM , p ∈ M . Moreover, the first author strengthened this result

to Hopf real hypersurfaces in G2(Cm+2) and its dual spaces G∗2(Cm+2) with com-

muting Ricci tensor, respectively (see [Suh10] and [Suh15]). Recently, in [SH16],

the authors gave another classification for Hopf real hypersurfaces in complex

quadric Qm with commuting Ricci tensor.

Motivated by these studies, in this paper we consider the commutative prop-

erties for the normal Jacobi operator and structure Jacobi operator, respectively.

When the normal Jacobi operator R̄N of M in Qm satisfies R̄NφX = φR̄NX for

any tangent vector field X on M , it is said to have commuting normal Jacobi

operator. First we want to prove the following.

Theorem 1.1. Let M be a real hypersurface in the complex quadric Qm,

m ≥ 3. Then M has commuting normal Jacobi operator if and only if its normal

vector field is A-isotropic.

On the other hand, the second author [Suh17] considered the notion of parallel

structure Jacobi operator Rξ for a real hypersurface M in Qm, that is, ∇XRξ = 0

for any tangent vector fields X, and proved a non-existence property. Motivated

by this result, and using Theorem A, we give another classification for Hopf real

hypersurfaces in Qm with respect to the structure Jacobi operator Rξ as follows:

Theorem 1.2. There does not exist any Hopf real hypersurface in the com-

plex quadric Qm, m ≥ 3, with commuting structure Jacobi operator and with

A-principal unit normal vector field.

Theorem 1.3. LetM be a Hopf real hypersurface in the complex quadricQm,

m ≥ 3, with non-vanishing geodesic Reeb flow and with A-isotropic unit normal

vector field. Then M has the commuting structure Jacobi operator if and only if

M is locally congruent to a tube of radius r ∈ (0, π4 ) ∪ (π4 ,
π
2 ) around the totally

geodesic CP k ⊂ Q2k.

2. The complex quadric

For more background to this section, we refer to [BS13], [Kl08], [Kl09], [KO96]

and [Re96]. The complex quadric Qm is the complex hypersurface in CPm+1

which is defined by the equation z21 + · · · + z2m+2 = 0, where z1, . . . , zm+2 are
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homogeneous coordinates on CPm+1. We equip Qm with the Riemannian metric

which is induced from the Fubini Study metric on CPm+1 with constant holomor-

phic sectional curvature 4. The Kähler structure on CPm+1 induces canonically

a Kähler structure J on the complex quadric Qm. For a nonzero vector z ∈ Cm+1,

we denote by [z] the complex line spanned by z, that is, [z] = Cz = {λz |λ ∈ C}.
Note that by the definition, [z] is a point in CPm+1. For each [z] ∈ CPm+1, we

identify T[z]CPm+1 with the orthogonal complement Cm+2 	 [z] of [z] in Cm+2

(see Kobayashi and Nomizu [KO96]). For [z] ∈ Qm the tangent space T[z]Q
m

can be identified canonically with the orthogonal complement Cm+2 	 ([z]⊕ [z̄])

of [z]⊕ [z̄] in Cm+2, where −z̄ ∈ ν[z]Qm is a unit normal vector of Qm in CPm+1

at the point [z](=: x).

The complex projective space CPm+1 is a Hermitian symmetric space of

rank 1, which is defined by CPm+1 = SUm+2/S(Um+1U1). We denote by o =

[0, . . . , 0, 1] ∈ CPm+1 the fixed point of the action of the stabilizer S(Um+1U1).

The special orthogonal group SOm+2 ⊂ SUm+2 acts on CPm+1 with cohomo-

geneity one. The orbit containing o is a totally geodesic real projective space

RPm+1 ⊂ CPm+1. The second singular orbit of this action is the complex quadric

Qm = SOm+2/SOmSO2. This homogeneous space model leads to the geometric

interpretation of the complex quadric Qm as the Grassmann manifold G+
2 (Rm+2)

of oriented 2-planes in Rm+2, which is a Hermitian symmetric space of rank 2.

The complex quadric Q1 is isometric to a sphere S2 with constant curvature,

and Q2 is isometric to the Riemannian product of two 2-spheres with constant

curvature. For this reason, we will assume m ≥ 3 from now on.

For a unit normal vector ρ := −z̄ of Qm, at a point x ∈ Qm, we denote by

A = Aρ the shape operator of Qm in CPm+1 with respect to ρ. Then, by virtue

of the Weingarten formula, it is defined by Aρw = −∇̄wρ = w̄ for a complex

Euclidean connection ∇̄ induced from Cm+2 and all w ∈ TxQ
m. That is, Aρ

is a just complex conjugation restricted to TxQ
m. The shape operator Aρ is

an antilinear involution on the complex vector space TxQ
m and

TxQ
m = V (Aρ)⊕ JV (Aρ),

where V (Aρ) is the (+1)-eigenspace and JV (Aρ) is the (−1)-eigenspace of Aρ.

Geometrically this means that the shape operator Aρ defines a real structure

on the complex vector space TxQ
m, or equivalently, is a complex conjugation

on TxQ
m. Since the normal space νxQ

m of Qm in CPm+1 at x is a complex

subspace of TxCPm+1 of complex dimension one, every normal vector in νxQ
m

can be written as λρ with some λ ∈ C. The shape operators Aλρ of Qm define

a rank 2 vector subbundle A of the endomorphism bundle End(TQm). Since
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the second fundamental form of the embedding Qm ⊂ CPm+1 is parallel, A is

a parallel subbundle of End(TQm). For λ ∈ S1 ⊂ C, we again get a real structure

Aλρ on TxQ
m, and we have V (Aλρ) = λV (Aρ). Thus we have an S1-subbundle

of A consisting of real structures on the tangent spaces of Qm.

The Gauss equation for Qm ⊂ CPm+1 implies that the Riemannian curva-

ture tensor R̄ of Qm can be described in terms of the complex structure J and

an arbitrary complex conjugation A ∈ A:

R̄(X,Y )Z = g(Y,Z)X − g(X,Z)Y + g(JY, Z)JX

− g(JX,Z)JY − 2g(JX, Y )JZ + g(AY,Z)AX

− g(AX,Z)AY + g(JAY,Z)JAX − g(JAX,Z)JAY. (2.1)

By using the Gauss and Wingarten formulas, the left-hand side of (2.1) becomes

R̄(X,Y )Z = R(X,Y )Z − g(SY,Z)SX + g(SX,Z)SY

+
{
g((∇XS)Y, Z)− g((∇Y S)X,Z)

}
N,

where R and S denote the Riemannian curvature tensor and the shape operator

of a real hypersurface M in Qm, respectively.

From this, taking tangent and normal components respectively, we have

g(R(X,Y )Z,W )− g(SY,Z)g(SX,W ) + g(SX,Z)g(SY,W )

= g(Y, Z)g(X,W )− g(X,Z)g(Y,W ) + g(JY, Z)g(JX,W )

− g(JX,Z)g(JY,W )− 2g(JX, Y )g(JZ,W ) + g(AY,Z)g(AX,W )

− g(AX,Z)g(AY,W )+g(JAY,Z)g(JAX,W )−g(JAX,Z)g(JAY,W ), (2.2)

and

g((∇XS)Y,Z)− g((∇Y S)X,Z)

= η(X)g(JY, Z)− η(Y )g(JX,Z)− 2η(Z)g(JX, Y ) + g(AY,Z)g(AX,N)

− g(AX,Z)g(AY,N) + η(AX)g(JAY,Z)− η(AY )g(JAX,Z). (2.3)

It is well known that for every unit tangent vector W ∈ TxQm, there exist

a conjugation A ∈ A and orthonormal vectors Z1, Z2 ∈ V (A) such that

W = cos(t)Z1 + sin(t)JZ2, (2.4)

for some t ∈ [0, π/4] (see [Re96]). Here t is uniquely determined by W . The

singular tangent vectors correspond to the values t = 0 and t = π/4. If W is

regular, i.e., 0 < t < π
4 holds, then also A and Z1, Z2 are uniquely determined

by W .



Commuting Jacobi operator 431

3. Some general equations

Let M be a real hypersurface in Qm, and denote by (φ, ξ, η, g) the induced

almost contact metric structure. Note that JX = φX + η(X)N and JN = −ξ,
where φX is the tangential component of JX, and N is a (local) unit normal

vector field of M . The tangent bundle TM of M splits orthogonally into TM =

C⊕Rξ, where C = ker η is the maximal complex subbundle of TM . The structure

tensor field φ restricted to C coincides with the complex structure J restricted

to C, and φξ = 0. Moreover, since Qm has also a real structure A, we decompose

AX into its tangential and normal components for a fixed A ∈ A[z] := {Aλρ | λ ∈
S1 ⊂ C} and X ∈ T[z]M , [z](=: x) ∈ Qm:

AX = BX + ρ(X)N, (3.1)

where BX is the tangential component of AX and

ρ(X) = g(AX,N) = g(X,AN) = g(X,AJξ) = g(JX,Aξ).

At each point x ∈ M , we define the maximal A-invariant subspace of TxM

as follows:

Qx = {X ∈ TxM | AX ∈ TxM for all A ∈ Ax}.

Lemma 3.1 ([Suh14]). For each x ∈M , we have:

(i) If Nx is A-principal, then Qx = Cx.

(ii) If Nx is not A-principal, there exist a conjugation A ∈ A and orthonormal

vectors Z1, Z2 ∈ V (A) such that Nx = cos(t)Z1 + sin(t)JZ2 for some t ∈
(0, π/4]. Then we have Qx = Cx 	 C(JX + Y ).

Moreover, at each point x ∈M , we can choose A ∈ Ax such that

N = cos(t)Z1 + sin(t)JZ2,

for some orthonormal vectors Z1, Z2 ∈ V (A) and 0 ≤ t ≤ π
4 (see [Re96, Proposi-

tion 3]). Note that t is a function on M . First of all, since ξ = −JN , we have
ξ = sin(t)Z2 − cos(t)JZ1,

AN = cos(t)Z1 − sin(t)JZ2,

Aξ = sin(t)Z2 + cos(t)JZ1.

(3.2)

This implies g(ξ, AN) = 0 and g(Aξ, ξ) = −g(AN,N) = − cos(2t) on M .

We now assume that M is a Hopf real hypersurface. Then the shape opera-

tor S of M in Qm satisfies Sξ = αξ with the Reeb function α = g(Sξ, ξ) on M .

By virtue of the Codazzi equation, we obtain the following lemma.
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Lemma 3.2 ([Suh17]). Let M be a Hopf real hypersurface in Qm, m ≥ 3.

Then we obtain

dα(X) = dα(ξ)η(X) + 2g(Aξ, ξ)g(X,AN), (3.3)

and

2g(SφSX, Y )− αg((φS + Sφ)X,Y )− 2g(φX, Y ) + g(X,AN)g(Y,Aξ)

− g(Y,AN)g(X,Aξ)− g(X,Aξ)g(JY,Aξ) + g(Y,Aξ)g(JX,Aξ)

− 2g(X,AN)g(ξ, Aξ)η(Y ) + 2g(Y,AN)g(ξ, Aξ)η(X) = 0, (3.4)

for any tangent vector fields X and Y on M .

Lemma 3.3 ([Suh14]). Let M be a Hopf real hypersurface in Qm such

that the normal vector field N is A-principal everywhere. Then α is constant.

Moreover, if X ∈ C is a principal curvature vector of M with principal curvature λ,

then 2λ 6= α and its corresponding vector φX is a principal curvature vector of M

with principal curvature αλ+2
2λ−α .

Lemma 3.4 ([Suh14]). Let M be a Hopf real hypersurface in Qm, m ≥ 3,

such that the normal vector field N is A-isotropic everywhere. Then α is constant.

On the other hand, from the property of g(Aξ,N) = 0 on a real hypersur-

face M in Qm, we see that the non-zero vector field Aξ is tangent to M . Hence

by the Gauss formula and (1.1), we get

q(X)g(Aξ, ξ) = −g(AN,∇Xξ) + g(SX, ξ)g(Aξ, ξ) + g(SX,Aξ)

(see [LS18]).

4. The commuting normal Jacobi operator

– Proof of Theorem 1.1 –

In this section, we consider the commuting condition for normal Jacobi oper-

ator R̄N on real hypersurface M in complex quadrics Qm, m ≥ 3. In order to do

this, we want to derive the fundamental formula with respect to the commuting

normal Jacobi operator of M in Qm.

By virtue of the definition given in Section 1, the Jacobi operator R̄N with

respect to the unit tangent vector field N is given by

R̄N : TxQ
m → TxQ

m, U 7→ R̄(U,N)N,
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for any point x of Qm. From the curvature tensor R̄ of Qm given in Section 2,

R̄N ∈ End(TQm) becomes as follows:

R̄NU = R̄(U,N)N = U − g(U,N)N + 3η(U)ξ + g(AN,N)AU

− g(AN,U)AN − g(Aξ,U)Aξ, (4.1)

for all vector field U ∈ TxQm, x ∈ Qm. Since TxQ
m = TxM ⊕ TxM⊥, we obtain

R̄NY = (R̄NY )> + (R̄NY )⊥ for any tangent vector field Y ∈ TxM ⊂ TxQ
m.

Moreover, from (4.1) we see that the normal part (R̄NY )⊥ of R̄NY is vanishing.

Hence, the Jacobi operator R̄N becomes a self-adjoint endomorphism of TM ,

that is, R̄N ∈ End(TM), which is called the normal Jacobi operator of M and

is given by

R̄NY = Y + 3η(Y )ξ + g(AN,N)AY − g(AN, Y )AN − g(Aξ, Y )A

= Y + 3η(Y )ξ + g(AN,N)BY + g(AN, Y )φAξ − g(Aξ, Y )Aξ. (4.2)

From this, we obtain

φ(R̄NY ) = J(R̄NY )− η(R̄NY )N

= JY + 3η(Y )Jξ + g(AN,N)JAY − g(AN, Y )JAN

− g(Aξ, Y )JAξ − 4η(Y )N − 2g(AN,N)g(AY, ξ)N. (4.3)

Since JA = −AJ and Y ∈ TxM , x ∈M , this equation can be written as

φ(R̄NY ) = φY − g(AN,N)AφY − η(Y )g(AN,N)AN − g(AN, Y )Aξ

+ g(Aξ, Y )AN − 2g(AN,N)g(AY, ξ)N.

Therefore the commuting condition, φR̄N = R̄Nφ, for normal Jacobi operator is

equal to

η(Y )g(AN,N)AN + g(AN, Y )Aξ − g(Aξ, Y )AN + 2g(AN,N)g(AY, ξ)N

= −2g(AN,N)AφY + g(AN,φY )AN + g(Aξ, φY )Aξ, (4.4)

together with R̄N (φY ) = φY + g(AN,N)AφY − g(AN,φY )AN − g(Aξ, φY )Aξ.

Hereafter, unless otherwise noted in this section, M stands for a real hy-

persurface with commuting normal Jacobi operator in the complex quadric Qm,

m ≥ 3.

Lemma 4.1. Let M be a real hypersurface in the complex quadric Qm,

m ≥ 3, with commuting normal Jacobi operator. Then the unit normal vector

field N is singular, that is, N is A-isotropic or A-principal.
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Proof. Let us prove that the unit normal vector field N is singular: N is

A-principal or A-isotropic.

By virtue of the result of Reckziegel [Re96], we obtain that g(ξ, AN) = 0

and

g(Aξ, ξ) = −g(AN,N) = − cos(2t), t ∈ [0, π/4]

on M (see (3.2) in Section 3). Taking the structure tensor φ for the commuting

condition, we obtain φR̄NφY = −R̄NY + η(R̄NY )ξ. Since R̄N is symmetric and

R̄Nξ = 4ξ − 2g(Aξ, ξ)Aξ, this equation gives us

g(Aξ, ξ)Aξ = g2(Aξ, ξ)ξ (4.5)

when Y = ξ. It implies that N is singular. Indeed, if g(Aξ, ξ) = 0 (i.e., t =
π
4 ), then N is A-isotropic. And if we assume g(Aξ, ξ) 6= 0, equation (4.5) is

rewritten as Aξ = g(Aξ, ξ)ξ, which means that N is A-principal. Thus the proof

is completed. �

Lemma 4.2. There does not exist any real hypersurface in the complex

quadric Qm, m ≥ 3, with commuting normal Jacobi operator and with A-

principal normal vector field.

Proof. Suppose that the normal vector field N of M is A-principal. This

assumption gives us

AN = N and Aξ = −ξ

from (3.2). From this, we see that AY is also tangent on M for all Y ∈ TxM ,

x ∈M , since g(AY,N) = g(Y,AN) = 0. Hence equation (4.3) gives us φ(R̄NY ) =

φY +φAY . Therefore the commuting condition, φR̄N = R̄Nφ, for normal Jacobi

operator implies φAY = AφY . From (3.1) and AN = N , it is equal to

φBY = BφY (4.6)

for all tangent vector field Y on M .

On the other hand, the property JAX = −AJX, for any tangent vector

field X ∈ TxM , x ∈M , gives us

BφX + φBX = η(X)φBξ + ρ(X)ξ,

together with (3.1) and AN = AJξ = −JAξ = −J(Bξ + ρ(ξ)N) = −φBξ −
η(Bξ)N .
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From (4.6) it follows that BφY = 0 with AN = N and Aξ = Bξ = −ξ.
Moreover, since A2 = I, we have

Y = η(Y )ξ (4.7)

for all Y ∈ TxM , x ∈ M . In fact, BφY = AφY − ρ(φY )N = AφY . It implies

that

dimTxM = 1,

for a basis {e1, e2, . . . , e2m−1 := ξ} for TxM , x ∈ M , which proves our assertion

in Lemma 4.2. �

Remark 4.3. Assume that the unit normal vector field N of M is A-isotropic,

that is, g(AN,N) = −g(Aξ, ξ) = 0. It implies that two unit vectors AN and Aξ

are tangent to M . Hence we obtain that{
φAN = JAN − η(AN)N = JAN = −AJN = Aξ,

φAξ = JAξ − η(Aξ)N = JAξ = −AJξ = −AN,

together with JA = −AJ and g(AN, ξ) = 0 = g(Aξ, ξ). From this and (4.4),

we see that if N is A-isotropic, then the commutative property R̄Nφ = φR̄N
holds on M .

5. The commuting structure Jacobi operator

– Proof of Theorems 1.2 and 1.3 –

In this section, we assume thatM is a Hopf real hypersurface with commuting

structure Jacobi operator in complex quadrics Qm, m ≥ 3. It means that Rξ of M

satisfies

φ ◦Rξ = Rξ ◦ φ. (*)

The structure Jacobi operator Rξ from (2.2) can be rewritten as follows:

g(RξY,W ) = g(R(Y, ξ)ξ,W )

= g(Y,W )− η(Y )η(W ) + βg(AY,W )− g(AY, ξ)g(Aξ,W )

− g(AY,N)g(AN,W ) + αg(SY,W )− α2η(Y )η(W ), (5.1)

where α = g(Sξ, ξ) and β = g(Aξ, ξ). The anti-commuting property AJ = −JA
gives β = −g(AN,N). When β = g(Aξ, ξ) identically vanishes, we say that a real

hypersurface M in Qm is A-isotropic as in Section 1.
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From (3.1), AX = BX + ρ(X)N ∈ TxM ⊕ (TxM)⊥ = TxQ
m, equation (5.1)

gives us the structure Jacobi operator Rξ of M as follows:

RξY = Y − η(Y )ξ + g(Aξ, ξ)BY − g(Aξ, Y )Aξ

+ g(AY,N)φAξ + αSY − α2η(Y )ξ.

Here we have used that Aξ = Bξ ∈ TxM (i.e., ρ(ξ) = g(AN, ξ) = 0) and AN =

AJξ = −JAξ = −φAξ − η(Aξ)N .

From this, the commuting condition (*) for Rξ is equal to

η(Aξ)φBY + η(Aξ)g(AY,N)ξ + αφSY

= η(Aξ)BφY + η(Aξ)η(Y )φAξ + αSφY. (5.2)

Lemma 5.1. Let M be a Hopf real hypersurface of the complex quadric Qm,

m ≥ 3, with commuting structure Jacobi operator. If the unit normal vector field

is A-principal, then M should be a contact hypersurface with constant mean

curvature. Moreover, M is locally congruent to an open part of the tube of radius

0 < r < π
2
√
2

around the m-dimensional sphere Sm which is embedded in Qm as

a real form of Qm.

Proof. Let us consider a Hopf real hypersurfaceM inQm with a A-principal

unit normal vector field N . Then N satisfies AN = N for a complex conjuga-

tion A ∈ A. It implies that AY is tangent to M for all Y ∈ TxM , x ∈ M

(in particular, Aξ = −AJN = JAN = JN = −ξ ∈ TxM). Then the structure

Jacobi operator Rξ on M is given by

RξY = Y − 2η(Y )ξ −AY + αSY − α2η(Y )ξ.

Now let us introduce the Gauss formula. For any vector fields X and Y tangent

to M , its formula is given by

∇̄XY = ∇XY + σ(X,Y ),

where ∇XY and σ(X,Y ), respectively, denote the tangent and normal part of

∇̄XY . Actually, the normal vector field σ(X,Y ) on M is symmetric and bilinear,

which is said to be the second fundamental form of M . From this and (1.1), the

covariant derivative of a section A in A is given by

∇X(AY ) = ∇̄X(AY )− σ(X,AY ) = (∇̄XA)Y +A∇̄XY − σ(X,AY )

= q(X)JAY +A(∇XY ) + g(SX, Y )AN − g(SX,AY )N,
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and taking the normal part of this equation, it follows that

0 = q(X)g(JAY,N) + g(SX, Y )g(AN,N)− g(SX,AY )g(N,N)

= −q(X)g(JY,N) + g(SX, Y )− g(SX,AY )

= −q(X)η(Y ) + g(SX, Y )− g(SX,AY ). (5.3)

By using this equation, the covariant derivative of Rξ is given by

(∇XRξ)Y
= ∇X(RξY )−Rξ(∇XY )

= ∇X(Y − 2η(Y )ξ −AY + αSY − α2η(Y )ξ)−Rξ(∇XY )

= −2g(Y,∇Xξ)ξ − q(X)JAY − g(SX, Y )N + g(SX,AY )N

+ (Xα)SY + α(∇XS)Y − α2η(Y )∇Xξ − 2α(Xα)η(Y )ξ − α2g(Y,∇Xξ)ξ
= −2g(Y,∇Xξ)ξ − q(X)JAY − q(X)η(Y )N + (Xα)SY

+ α(∇XS)Y − α2η(Y )∇Xξ − 2α(Xα)η(Y )ξ − α2g(Y,∇Xξ)ξ. (5.4)

Moreover, by virtue of Lemma 3.3 and JAY = φAY +η(AY )N = φAY −η(Y )N ,

equation (5.4) becomes

(∇XRξ)Y = −2g(Y,∇Xξ)ξ − q(X)φAY + α(∇XS)Y − α2g(Y,∇Xξ)ξ, (5.5)

for any vector field X ∈ TxM and Y ∈ C, where C denotes the distribution on M

orthogonal to the Reeb vector field ξ.

On the other hand, differentiating φRξ = Rξφ with respect to X, we get

(∇Xφ)(RξZ)+φ(∇XRξ)Z+φRξ(∇XZ) = (∇XRξ)φZ+Rξ(∇Xφ)Z+Rξφ(∇XZ).

Since Rξ ◦ φ = φ ◦Rξ, it becomes

(∇Xφ)(RξZ) + φ(∇XRξ)Z = (∇XRξ)φZ +Rξ(∇Xφ)Z.

By using (∇Xφ)Z = η(Z)SX − g(SX,Z)ξ, it follows

−g(SX,RξY )ξ + φ(∇XRξ)Y = (∇Xφ)(RξY ) + φ(∇XRξ)Y
= (∇XRξ)φY +Rξ(∇Xφ)Y = (∇XRξ)φY,

for any X ∈ TxM and Y ∈ C. From this, let us take the inner product with the

Reeb vector field ξ. Then it follows that
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−αg(SX,SY ) = −g(SX, Y −AY + αSY )

= −g(SX,RξY ) = g((∇XRξ)φY, ξ)

= −2g(φY,∇Xξ) + αg((∇XS)φY, ξ)− α2g(φY,∇Xξ)
= −2g(Y, SX)− α(φY, SφSX),

where in the first equality we have used formula (5.3), and in the fifth equality

(∇XS)ξ = (Xα)ξ + αφSX − SφSX. Then both sides become

g(αS2Y − 2SY + αSφSφY,X) = 0,

for any X ∈ TxM and Y ∈ C, x ∈ M . From this, we obtain that the tensor field

αS2 − 2S + αSφSφ is identically zero on C, that is,

αS2Y − 2SY + αSφSφY = 0, for Y ∈ C. (5.6)

By virtue of Lemma 3.3, for some unit tangent vector Y0 ∈ C such that

SY0 = λY0, we see that the principal curvature λ satisfies λ 6= α
2 and the vector

φY0 is also principal, that is,

SφY0 = µφY0, where µ =
αλ+ 2

2λ− α
. (5.7)

Putting Y = Y0 in (5.6), we get

λ(αλ− αµ− 2) = 0. (5.8)

Assume that λ 6= 0, that is, α(λ − µ) = 2. It follows that α 6= 0. Moreover,

it gives us

λ =
α2 + 2

α
and µ = α,

together with (5.7). Since α is constant, we see that λ and µ are also constant.

On the other hand, since φY0 belongs to C, (5.6) induces µ(αµ − αλ − 2) = 0.

By assumption, α(λ− µ) = 2, we get µ = 0, which makes a contradiction. Thus

the principal curvature λ should be vanishing. Hence equation (5.7) implies that

µ = − 2

α
.
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Since the shape operator S is symmetric and the Reeb vector field ξ is prin-

cipal, there is an orthonormal basis {ei, φei | i = 1, 2, . . . ,m− 1} on C such that{
Sei = δiei,

Sφei = σiφei.

These principal curvatures δi and σi for all i = 1, 2, . . . ,m− 1 satisfy (5.8). Since

δi and σi are independent of i and constant for all i, we consequently obtain that{
Sei = δiei := λei, where λ = δi = 0,

Sφei = σiφei := µei, where µ = σi = − 2
α .

That is, the shape operator S of M becomes

S = diag(α, µ1, µ2, . . . , µm−1, λ1, λ2, . . . , λm−1)

= diag(α,− 2

α
,− 2

α
, . . . ,− 2

α︸ ︷︷ ︸
(m−1)

, 0, 0, . . . , 0︸ ︷︷ ︸
(m−1)

).

Here diag(a1, . . . , an) denotes a diagonal matrix whose diagonal entries starting

in the upper left corner are a1, . . . , an.

In this case, the shape operator S satisfies a contact condition such that

Sφ + φS = kφ, kα = −2. Moreover, by Lemma 3.4, the trace of the shape

operator should be constant. This satisfies the assumption of constant mean

curvature. Then by the result in [BS15], M is locally congruent to a tube over

an m-dimensional unit sphere Sm, which is a totally real and totally geodesic

submanifold in the complex quadric Qm. Hereafter, such model space is denoted

by TB . �

Let us consider the converse problem

whether the structure Jacobi operator Rξ of TB satisfies the con-

dition (*) or not?

In order to do this, we introduce one proposition due to Berndt and Suh [BS15].

They proved that the model space of TB has three distinct constant principal

curvatures as follows.

Proposition A. Let TB be the tube of radius 0 < r < π
2
√
2

around the

m-dimensional sphere Sm which is embedded in Qm as a real form of Qm. Then

the following hold:
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(i) TB is a Hopf hypersurface.

(ii) The normal bundle of TB consists of A-principal singular vector fields.

(iii) TB has three distinct constant principal curvatures.

principal curvature eigenspace multiplicity

λ = 0 Tλ = JV (A) ∩ C m− 1

µ =
√

2 tan(
√

2r) Tµ = V (A) ∩ C m− 1

α = −
√

2 cot(
√

2r) Tα = F 1

(iv) Sφ+ φS = τφ, τ = − 2

α
( TB : contact hypersurface).

From now on, to check our question for TB , let us assume that the structure

Jacobi operator Rξ of TB satisfies the commuting condition (*), that is,

φRξY = RξφY ⇐⇒ (φA−Aφ)Y = α(φS − Sφ)Y

⇐⇒ 2φAY = 2αφSY − 2φY,

where we have used φAY = −AφY and SφY + φSY = −ρφY
(
ρ = − 2

α

)
. There-

fore, it holds that for all Y ∈ TxTB = Tα ⊕ Tλ ⊕ Tµ,

AY = αSY − α2η(Y )ξ − Y, (5.9)

together with Aξ = −ξ and Sξ = αξ.

If we restrict Y to Z ∈ Tµ in (5.9), we obtain

2Z = αµZ = (−
√

2 cot(
√

2r))(
√

2 tan(
√

2r))Z = −2Z,

where Tµ = V (A) ∩ C = {Z |Z⊥ξ and AZ = Z}. This gives a contradiction. So,

we can assert that the model space of TB does not have the commuting structure

Jacobi operator.

From the above observations, we can get Theorem 1.2 given in Section 1.

Now, we consider that M has the A-isotropic unit normal vector field.

Lemma 5.2. Let M be a Hopf real hypersurface of the complex quadric Qm,

m ≥ 3, with non-vanishing geodesic Reeb flow and commuting structure Jacobi

operator. Then, the unit normal N is A-isotropic if and only if the Reeb flow of

M is isometric.

Proof. Assume that the unit normal vector field N is A-isotropic and M is

a Hopf real hypersurface in complex quadric Qm with non-vanishing geodesic

Reeb flow. Then the normal vector field N can be written as

N =
1√
2

(Z1 + JZ2)
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for Z1, Z2 ∈ V (A), where V (A) denotes a (+1)-eigenspace of the complex conju-

gation A ∈ A. Then it follows that

AN =
1√
2

(Z1− JZ2), AJN = − 1√
2

(JZ1 +Z2), and JN =
1√
2

(JZ1−Z2).

Then it gives that

g(ξ, Aξ) = g(JN,AJN) = 0, g(ξ, AN) = 0, and g(AN,N) = 0,

which means that these vector fields AN and Aξ are tangent to M . By virtue

of these formulas for A-isotropic unit normal and g(JAX, ξ) = −g(AX, Jξ) =

−g(AX,N), the structure Jacobi operator Rξ can be rearranged as follows:

RξX = X − η(X)ξ − g(AX, ξ)Aξ − g(X,AN)AN + αSX − α2η(X)ξ. (5.10)

Then, by using φAξ = −AN and φAN = Aξ, we see that

0 = φRξX −RξφX = α(φS − Sφ)X − g(AX, ξ)φAξ + g(AφX, ξ)Aξ

− g(AX,N)φAN + g(AφX,N)AN

= α(φS − Sφ)X, (5.11)

which gives that the shape operator S commutes with the structure tensor φ.

So, we assert that the Reeb flow of M should be isometric. �

From this and by Theorem A, we conclude that M is locally congruent to

a tube of radius r over a totally geodesic CP k in Q2k. In Theorem A, the expres-

sion of the shape operator of a tube over a totally geodesic CP k in Q2k is given

by

S = diag(2 cot(2r), 0, 0,− tan(r), . . . ,− tan(r)︸ ︷︷ ︸
(2k−2)

, cot(r), . . . , cot(r)︸ ︷︷ ︸
(2k−2)

),

where r ∈ (0, π/2) and the multiplicities of eigenspaces are given m(T2 cot(2r)) = 1,

m(T0) = 2 and m(T− tan(r)) = m(Tcot(r)) = 2k − 2, respectively. Thus the proof

of Theorem 1.3 is completed.

Remark 5.3. According to equation (5.11), we see that the structure Jacobi

operator Rξ of a Hopf real hypersurface with A-isotropic normal vector field

and vanishing geodesic Reeb flow in the complex quadric Qm, m ≥ 3, naturally

satisfies our commuting condition (*).
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