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Real hypersurfaces with commuting Jacobi operator
in the complex quadric

By YOUNG JIN SUH (Daegu), HYUNJIN LEE (Daegu) and CHANGHWA WOO (Jeonbuk)

Abstract. In this paper, first we introduce a new notion of commuting normal
Jacobi operator Ry¢ = ¢Ry or commuting structure Jacobi operator Re¢¢ = ¢pRe for
real hypersurfaces in the complex quadrics @™ = SOp12/50,502. Next, we give
a complete classification for real hypersurfaces in Q™ satisfying commuting normal Ja-
cobi operator or structure Jacobi operator, respectively.

1. Introduction

It is known that complex two-plane Grassmannians SU,,2/S(UsU,,) and
complex hyperbolic two-plane Grassmannians SUs ,/S(U2Up,) are Hermitian
symmetric spaces of rank 2 (see [KI109], [Suh13], [Suh13-02] and [Suh15]). These
are viewed as Hermitian symmetric spaces and quaternionic Kéhler symmetric
spaces equipped with the Kéhler structure J and the quaternionic Kéahler struc-
ture J. There are exactly two types of singular tangent vectors W of complex
2-plane Grassmannians SU,,12/S(UsUp,) and complex hyperbolic 2-plane Grass-
mannians SUs ,,,/S(UzU,,) which are characterized by the geometric properties
JW € JW and JW L JW, respectively.

As another kind of Hermitian symmetric space with rank 2 of compact type
different from the above ones, we can give the example of complex quadric Q™ =
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SOpm+2/50, 504, which is a complex hypersurface in complex projective space
CP™ (see [Re96], [Ro86], [Ro86-02], [Smy67] and [Suh14]). The complex quadric
also can be regarded as a kind of real Grassmann manifold of compact type with
rank 2 (see [He01] and [KO96]). Accordingly, the complex quadric admits both
a complex conjugation structure A and a Kéhler structure J, which anti-commute
with each other, that is, AJ = —JA. Then, for m > 2, the triple (Q™, J,g) is
a Hermitian symmetric space of compact type with rank 2, and its maximal
sectional curvature is equal to 4 (see [K108] and [Re96]).

In addition to the complex structure J, there is another distinguished geo-
metric structure on @™, namely a parallel rank 2 vector bundle 2 which contains
an S'-bundle of real structures on the tangent spaces of Q™. This geometric
structure determines a maximal 2-invariant subbundle Q of the tangent bundle
TM of a real hypersurface M in Q™ as follows:

Q:{XET[Z]Ml AXETMM for all AEQ[}
Moreover, the derivative of the complex conjugation A on Q™ is defined by
(Vo AW = q(U)JAW, (1.1)

for any vector fields U and W on Q™, where V and ¢ denote the Levi-Civita
connection and a certain 1-form defined on T7,;Q™, [2] € Q™, respectively (see
[Smy67]).

Recall that a nonzero tangent vector W € T, ;Q™ is called singular if it is
tangent to more than one maximal flat in Q™. There are two types of singular
tangent vectors for the complex quadric Q™:

o If there exists a conjugation A € 2 such that W € V(A4) := Eig(A4,1), then
W is singular. Such a singular tangent vector is called A-principal.

o If there exist a conjugation A € 2 and orthonormal vectors Z1, Z5 € V(A)
such that W/||W|| = (Z1 + JZ5)/+/2, then W is singular. Such a singular
tangent vector is called 2A-isotropic.

The Reeb flow on a real hypersurface M in a K&hler manifold (M ,J,9) is
isometric if M satisfies the property of L¢g = 0, where L¢ is the Lie derivative
along the flow of &, OKUMURA [Ok75] proved that the Reeb flow on a real
hypersurface in CP™ = SU,,,4+1/S(U1Uy,) is isometric if and only if M is an open
part of a tube around a totally geodesic CP* in CP™ for some k € {0,..., m — 1}.
For the complex two-plane Grassmannian Go(C™"2) = SU,,12/S(UsU,,), the
following result is known: the Reeb flow on a real hypersurface in G5(C™*+?) is
isometric if and only if M is an open part of a tube around a totally geodesic



Commuting Jacobi operator 427

Go(C™H) € Go(C™*+2). Moreover, in [Suh13-02], the second author proved
that the Reeb flow on a real hypersurface in G3(C™*?) = SUs,,,/S(U2Uy,) is
isometric if and only if M is an open part of a tube around a totally geodesic
SUz,m—1/S(UsU,,—1) in SUs 4,/ S(U2Up,) or a horosphere whose center at infinity
is singular. Moreover, in a paper due to BERNDT and SUH [BS13], we introduced
the following result for the complex quadric Q™ = SOp,42/S0250,,:

Theorem A. Let M be a real hypersurface of the complex quadric Q™,
m > 3. Then the Reeb flow on M is isometric if and only if m is even, say
m = 2k, and M is an open part of a tube around a totally geodesic CP* C Q?*.

On the other hand, by the Kéhler structure J of a Kéhler manifold M , we can
decompose its action on any tangent vector field X on M in M as follows:

JX = ¢X + n(X)N, (1.2)

where ¢X denotes the tangential component of JX, n denote the 1-form defined
by n(X) = g(JX,N) = ¢g(X,€£) and the Reeb vector field £ = —JN, where N
is a unit normal vector field on M in M. We say that a real hypersurface M is
a Hopf hypersurface if the Reeb vector field £ of M is principal, that is, S¢ =
9(5¢,8)¢ = af, where S denotes the shape operator of M. It is known that
the Reeb flow on M is geodesic if and only if £ is a principal curvature vector
of M everywhere (see [BS02]). In particular, when the Reeb curvature function
a = g(S¢, ) is identically vanishing, we say that M has a vanishing geodesic Reeb
flow. Otherwise, a real hypersurface M has a non-vanishing geodesic Reeb flow.
Jacobi fields along geodesics of a given Riemannian manifold (]Téf ,g) satisfy
a well-known differential equation (see [Car92]). This equation naturally inspires
the so-called Jacobi operator. That is, if R denotes the curvature operator of M ,
and X is a vector field tangent to M, then the Jacobi operator EX € End(TpM)
with respect to X at p € M, defined by (RxY)(p) = (R(Y,X)X)(p) for any
Y € TPM , is a self-adjoint endomorphism of the tangent bundle TM of M. Thus,
a vector field N normal to a real hypersurface M in Q™ induces the Jacobi
operator Ry € End(T'M) called by normal Jacobi operator. Moreover, for the
Reeb vector field £ € Ti,)M C Tp,Q™, [2] € M C Q™, the Jacobi operator
Re € End(TM) is said to be a structure Jacobi operator. Here R and R are the
Riemannian curvature tensors for Q™ and its real hypersurface M, respectively.
When the Ricci tensor Ric of M in M commutes with the structure tensor o,
that is, Ric¢ = ¢ Ric, we say that M has Ricci commuting or commuting Ricci
tensor. PEREZ and SUH [PS07] proved the non-existence of Hopf real hypersur-
faces in complex two-plane Grassmannians Ga(C™%2), m > 3, with parallel and
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commuting Ricci tensor, that is, Ric satisfies the following two conditions:
(VxRic)Y =0 and Ric ¢X = ¢ RicX,

for all X,Y € T,M, p € M. Moreover, the first author strengthened this result
to Hopf real hypersurfaces in Go(C™*2) and its dual spaces G (C™*?) with com-
muting Ricci tensor, respectively (see [Suhl10] and [Suhl5]). Recently, in [SH16],
the authors gave another classification for Hopf real hypersurfaces in complex
quadric Q™ with commuting Ricci tensor.

Motivated by these studies, in this paper we consider the commutative prop-
erties for the normal Jacobi operator and structure Jacobi operator, respectively.
When the normal Jacobi operator Ry of M in Q™ satisfies Ry¢X = ¢RyX for
any tangent vector field X on M, it is said to have commuting normal Jacobi
operator. First we want to prove the following.

Theorem 1.1. Let M be a real hypersurface in the complex quadric Q™,
m > 3. Then M has commuting normal Jacobi operator if and only if its normal
vector field is QA-isotropic.

On the other hand, the second author [Suh17] considered the notion of parallel
structure Jacobi operator R for a real hypersurface M in Q™, that is, VxR =0
for any tangent vector fields X, and proved a non-existence property. Motivated
by this result, and using Theorem A, we give another classification for Hopf real
hypersurfaces in Q™ with respect to the structure Jacobi operator R, as follows:

Theorem 1.2. There does not exist any Hopf real hypersurface in the com-
plex quadric @™, m > 3, with commuting structure Jacobi operator and with
QA-principal unit normal vector field.

Theorem 1.3. Let M be a Hopf real hypersurface in the complex quadric Q™
m > 3, with non-vanishing geodesic Reeb flow and with 2l-isotropic unit normal
vector field. Then M has the commuting structure Jacobi operator if and only if
M is locally congruent to a tube of radius v € (0, %) U (%, ) around the totally
geodesic CP* ¢ %k,

2. The complex quadric

For more background to this section, we refer to [BS13], [K108], [K109], [KO96]
and [Re96]. The complex quadric Q™ is the complex hypersurface in CP™*!
which is defined by the equation 27 + .- + zfn+2 = 0, where z1,...,2,42 are
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homogeneous coordinates on CP™*!. We equip Q™ with the Riemannian metric
which is induced from the Fubini Study metric on CP™*! with constant holomor-
phic sectional curvature 4. The Kihler structure on CP™*! induces canonically
a Kéhler structure J on the complex quadric Q™. For a nonzero vector z € C™+1,
we denote by [z] the complex line spanned by z, that is, [2] = Cz = {A\z| X € C}.
Note that by the definition, [2] is a point in CP™*1. For each [2] € CP™ !, we
identify Tp,;CP™*! with the orthogonal complement C™*2 & [2] of [z] in C™2
(see KoBayasHI and Nowmizu [KO96]). For [z] € Q™ the tangent space T1,;Q™
can be identified canonically with the orthogonal complement C™+2 & ([z] @ [2])
of [z] @ [z] in C™2, where —% € v[,;Q™ is a unit normal vector of Q™ in CP™*!
at the point [z](=: x).

The complex projective space CP™*! is a Hermitian symmetric space of
rank 1, which is defined by CP™*! = SU,,12/S(Uy,11U1). We denote by o =
[0,...,0,1] € CP™*! the fixed point of the action of the stabilizer S(Up,+1U1).
The special orthogonal group SO,, 12 C SUp,42 acts on CP™*! with cohomo-
geneity one. The orbit containing o is a totally geodesic real projective space
RP™*L c CP™*!. The second singular orbit of this action is the complex quadric
Q™ = 50,,42/50,,505. This homogeneous space model leads to the geometric
interpretation of the complex quadric Q™ as the Grassmann manifold G (R™+2)
of oriented 2-planes in R™%2, which is a Hermitian symmetric space of rank 2.
The complex quadric Q! is isometric to a sphere S? with constant curvature,
and @Q? is isometric to the Riemannian product of two 2-spheres with constant
curvature. For this reason, we will assume m > 3 from now on.

For a unit normal vector p := —Z of Q™, at a point x € Q™, we denote by
A = A, the shape operator of @™ in CP™! with respect to p. Then, by virtue
of the Weingarten formula, it is defined by A,w = —Vyp = w for a complex

Euclidean connection V induced from C™*2 and all w € T,Q™. That is, 4,
is a just complex conjugation restricted to T,Q™. The shape operator A, is
an antilinear involution on the complex vector space T,Q" and

T,Q" =V (A, ® JV(A,),

where V(A,) is the (41)-eigenspace and JV(A,) is the (—1)-eigenspace of A,.
Geometrically this means that the shape operator A, defines a real structure
on the complex vector space T,Q™, or equivalently, is a complex conjugation
on T,Q™. Since the normal space v,Q™ of Q™ in CP™t! at z is a complex
subspace of T,CP™*! of complex dimension one, every normal vector in v,Q™
can be written as Ap with some A € C. The shape operators A,, of Q™ define
a rank 2 vector subbundle 2 of the endomorphism bundle End(7'Q™). Since
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the second fundamental form of the embedding Q™ C CP™*! is parallel, 2 is
a parallel subbundle of End(7'Q™). For A € S! C C, we again get a real structure
Ay, on T,Q™, and we have V(A,,) = AV (A,). Thus we have an S'-subbundle
of 2 consisting of real structures on the tangent spaces of Q™.

The Gauss equation for Q™ C CP™*! implies that the Riemannian curva-
ture tensor R of Q™ can be described in terms of the complex structure J and
an arbitrary complex conjugation A € 2:

R(X,Y)Z = g(Y,2)X — g(X, 2)Y + g(JY, Z)J X
—g(JX,2)JY —29(JX,Y)JZ + g(AY, Z)AX
— g(AX, Z2)AY + g(JAY, Z)JAX — g(JAX, Z)JAY.  (2.1)

By using the Gauss and Wingarten formulas, the left-hand side of (2.1) becomes

R(X,Y)Z =R(X,Y)Z — g(SY,Z2)SX + g(SX, Z)SY
+{9((VxS)Y,Z) — g((VyS)X,Z)} N,

where R and S denote the Riemannian curvature tensor and the shape operator
of a real hypersurface M in Q™, respectively.

From this, taking tangent and normal components respectively, we have

=g9(Y, Z)g(X, W) — g(X, Z)g(Y, W) + g(JY, Z)g(J X, W)

—9(JX, Z)g(JY, W) = 29(JX,Y)g(JZ,W) + g(AY, Z)g(AX, W)

= 9(AX, Z)g(AY, W) +g(JAY, Z)g(JAX, W) —g(JAX, Z)g(JAY, W), (2.2)
and

=n(X)g(JY,2) —n(Y)g(JX,Z) = 2n(Z)g(JX,Y) + g(AY, Z)g(AX,N)
— 9(AX, Z)g(AY, N) +n(AX)g(JAY, Z) — n(AY)g(JAX, Z). (2.3)

It is well known that for every unit tangent vector W € T,Q™, there exist
a conjugation A € 2l and orthonormal vectors Z;, Zs € V(A) such that

W = cos(t)Z1 + sin(t)J Zs, (2.4)

for some t € [0,7/4] (see [Re96]). Here ¢ is uniquely determined by W. The
singular tangent vectors correspond to the values t = 0 and ¢t = /4. If W is

regular, i.e., 0 <t < 7 holds, then also A and Z;, Z are uniquely determined
by W.
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3. Some general equations

Let M be a real hypersurface in @™, and denote by (¢,&,7,g) the induced
almost contact metric structure. Note that JX = ¢X + n(X)N and JN = —¢,
where ¢X is the tangential component of JX, and N is a (local) unit normal
vector field of M. The tangent bundle TM of M splits orthogonally into T'M =
C@RE, where C = kern is the maximal complex subbundle of TM. The structure
tensor field ¢ restricted to C coincides with the complex structure J restricted
to C, and ¢& = 0. Moreover, since Q™ has also a real structure A, we decompose
AX into its tangential and normal components for a fixed A € Ap,; := {Ax, | A €
St C C}and X € T M, [2)(=: ) € Q™:

AX = BX + p(X)N, (3.1)
where BX is the tangential component of AX and
p(X) = g(AX,N) = g(X, AN) = g(X, AJ§) = g(J X, AS).

At each point x € M, we define the maximal 2A-invariant subspace of T, M
as follows:
Q. ={XeT,M|AX € T,M forall Ae,}.
Lemma 3.1 ([Suhl4]). For each x € M, we have:
(i) If N, is ™U-principal, then Q, = C,.
(ii) If N, is not -principal, there exist a conjugation A € 2 and orthonormal
vectors Zy, Zy € V(A) such that N, = cos(t)Z1 + sin(t)JZy for some t €
(0,7/4]. Then we have Q, =C, ©C(JX +7Y).

Moreover, at each point x € M, we can choose A € 2, such that
N = cos(t)Z1 + sin(t)J Za,
for some orthonormal vectors Z, Z» € V(A) and 0 <t < T (see [Re96, Proposi-
tion 3]). Note that ¢ is a function on M. First of all, since £ = —JN, we have
& = sin(t)Zy — cos(t)JJ Zy,
AN = cos(t)Z; — sin(t)J Za, (3.2)
A& = sin(t) Zs + cos(t)JJ Z;.
This implies g(§, AN) = 0 and g(AE, &) = —g(AN, N) = — cos(2t) on M.
We now assume that M is a Hopf real hypersurface. Then the shape opera-

tor S of M in Q™ satisfies S§ = o€ with the Reeb function oo = ¢(S¢,€) on M.
By virtue of the Codazzi equation, we obtain the following lemma.
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Lemma 3.2 ([Suhl7]). Let M be a Hopf real hypersurface in Q™, m > 3.
Then we obtain

da(X) = da(§n(X) + 29(AE, ) g(X, AN), (33)
and

29(SpSX,Y) —ag((¢S + 9¢)X,Y) — 2g(¢X,Y) + g(X, AN)g(Y, AE)
- g(Y7 AN)g(X’ Ag) - g(Xa Af)g(JK Aﬁ) + g(Ya Af)g(JXv Aﬁ)
—29(X, AN)g(&, An(Y) +29(Y, AN)g(§, A§n(X) = 0, (3.4)

for any tangent vector fields X and 'Y on M.

Lemma 3.3 ([Suhl4]). Let M be a Hopf real hypersurface in Q™ such
that the normal vector field N is -principal everywhere. Then « is constant.
Moreover, if X € C is a principal curvature vector of M with principal curvature X,

then 2\ # « and its corresponding vector ¢ X is a principal curvature vector of M

al+2
22—’

with principal curvature

Lemma 3.4 ([Suhl4]). Let M be a Hopf real hypersurface in Q™, m > 3,
such that the normal vector field N is 2l-isotropic everywhere. Then « is constant.

On the other hand, from the property of g(A{, N) = 0 on a real hypersur-
face M in Q™, we see that the non-zero vector field A is tangent to M. Hence
by the Gauss formula and (1.1), we get

q(X)g(AE, &) = —g(AN, V&) + g(SX,§)g(AE, &) + g(SX, Af)

(see [LS18]).

4. The commuting normal Jacobi operator
— Proof of Theorem 1.1 —

In this section, we consider the commuting condition for normal Jacobi oper-
ator Ry on real hypersurface M in complex quadrics Q™, m > 3. In order to do
this, we want to derive the fundamental formula with respect to the commuting
normal Jacobi operator of M in Q™.

By virtue of the definition given in Section 1, the Jacobi operator Ry with
respect to the unit tangent vector field N is given by

Ry :T,Q™ = T,Q™, Uw R(U,N)N,
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for any point  of Q™. From the curvature tensor R of Q™ given in Section 2,
Ry € End(TQ™) becomes as follows:

RyU = R(U,N)N =U — g(U,N)N + 3n(U)¢ + g(AN, N) AU
for all vector field U € T,Q™, x € Q™. Since T,Q™ = T, M & T, M=+, we obtain
RyY = (RNY)T + (RyY)* for any tangent vector field Y € T,M C T,Q™.
Moreover, from (4.1) we see that the normal part (RyY)® of RyY is vanishing.
Hence, the Jacobi operator Ry becomes a self-adjoint endomorphism of T'M,
that is, Ry € End(TM), which is called the normal Jacobi operator of M and
is given by

RNY =Y +3n(Y)é+ g(AN,N)AY — g(AN,Y)AN — g(AL,Y)A
=Y +3n(Y),+ g(AN,N)BY + g(AN,Y)pAE — g(AL,Y) A¢. (4.2)

From this, we obtain

¢(RNY) = J(RNY) —n(RNY)N
— JY 1 39(Y)JE + g(AN,N)JAY — g(AN,Y)JAN
— g(A&,Y)JAE — 4n(Y)N — 2g(AN, N)g(AY,§)N. (4.3)

Since JA=—-AJ and Y € T, M, x € M, this equation can be written as
O(RNY) = 6Y — g(AN, N)AGY — 5(Y)g(AN, N)AN — g(AN,Y)A¢

Therefore the commuting condition, Ry = Ry¢, for normal Jacobi operator is
equal to

n(Y)g(AN,N)AN + g(AN,Y)A¢ — g(AE,Y)AN + 29(AN, N)g(AY,{)N
= —29(AN,N)A®Y + g(AN,¢Y)AN + g(AE, 9Y) AE, (4.4)

together with Ry (oY) = @Y + g(AN, N)A¢Y — g(AN,¢Y)AN — g(AE, ¢Y) AE.

Hereafter, unless otherwise noted in this section, M stands for a real hy-
persurface with commuting normal Jacobi operator in the complex quadric @™,
m > 3.

Lemma 4.1. Let M be a real hypersurface in the complex quadric Q™,
m > 3, with commuting normal Jacobi operator. Then the unit normal vector
field N is singular, that is, N is 2A-isotropic or -principal.
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PROOF. Let us prove that the unit normal vector field IV is singular: N is
LA-principal or 2-isotropic.

By virtue of the result of RECKZIEGEL [Re96], we obtain that g(&, AN) =0
and

9(AE, §) = —g(AN, N) = —cos(2t), te€[0,7/4]

on M (see (3.2) in Section 3). Taking the structure tensor ¢ for the commuting
condition, we obtain Ry@Y = —RyY + n(RyY)E. Since Ry is symmetric and
RNE = 4€ — 2g( A€, €) A€, this equation gives us

9(AE, )AL = g*(AE, )¢ (4.5)

when Y = £. Tt implies that N is singular. Indeed, if g(A£, &) = 0 (ie, t =
T), then N is A-isotropic. And if we assume g(A£, &) # 0, equation (4.5) is
rewritten as AL = g(Ag, £)&, which means that N is 2-principal. Thus the proof
is completed. O

Lemma 4.2. There does not exist any real hypersurface in the complex
quadric Q™, m > 3, with commuting normal Jacobi operator and with 2A-
principal normal vector field.

PROOF. Suppose that the normal vector field N of M is 2A-principal. This
assumption gives us

AN =N and A= -¢

from (3.2). From this, we see that AY is also tangent on M for all Y € T, M,
x € M, since g(AY, N) = g(Y, AN) = 0. Hence equation (4.3) gives us ¢(RnY) =
Y + ¢AY . Therefore the commuting condition, ¢ Ry = Rx¢, for normal Jacobi
operator implies pAY = A¢Y. From (3.1) and AN = N, it is equal to

¢BY = BopY (4.6)
for all tangent vector field Y on M.
On the other hand, the property JAX = —AJX, for any tangent vector
field X e T,M, x € M, gives us

BoX + ¢BX = n(X)¢BE + p(X)E,

together with (3.1) and AN = AJ¢ = —JAE = —J(BE + p(§)N) = —¢pBE —
n(BE)N.
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From (4.6) it follows that B¢Y = 0 with AN = N and A = B¢ = —¢.
Moreover, since A2 = I, we have

Y =n(Y)e (4.7)

foral Y € T,M, x € M. In fact, B¢Y = ApY — p(¢Y )N = A¢Y. It implies
that
dimT, M =1,

for a basis {e1,ea,...,eam—1 := &} for T, M, x € M, which proves our assertion
in Lemma 4.2. [l

Remark 4.3. Assume that the unit normal vector field NV of M is 2l-isotropic,
that is, g(AN, N) = —g(A&,£) = 0. It implies that two unit vectors AN and A¢
are tangent to M. Hence we obtain that

GAN = JAN — n(AN)N = JAN = —AJN = A¢,
PAE = JAE — (AN = JAE = —AJE = —AN,
together with JA = —AJ and g(AN,&) = 0 = g(A4&,€). From this and (4.4),

we see that if N is 2-isotropic, then the commutative property Ry¢ = ¢Rx
holds on M.

5. The commuting structure Jacobi operator
— Proof of Theorems 1.2 and 1.3 —

In this section, we assume that M is a Hopf real hypersurface with commuting
structure Jacobi operator in complex quadrics @™, m > 3. It means that R¢ of M
satisfies

(bORg:RgO(i). (*)

The structure Jacobi operator R¢ from (2.2) can be rewritten as follows:

9(ReY, W) = g(R(Y,§)E, W)
=g(Y, W) =n(Y)n(W) + Bg(AY, W) — g(AY,§)g(AE, W)
— g(AY, N)g(AN, W) + ag(SY, W) — o*n(Y )n(W), (5.1)
where a = g(SE,€) and 8 = g(AE,£). The anti-commuting property AJ = —JA

gives f = —g(AN, N). When g8 = g(Ag, &) identically vanishes, we say that a real
hypersurface M in Q™ is 2-isotropic as in Section 1.
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From (3.1), AX = BX + p(X)N € T,M & (T, M)+ = T,Q™, equation (5.1)
gives us the structure Jacobi operator R¢ of M as follows:

RY =Y —n(Y)E+ g(AE, §)BY — g(AS, Y ) A¢
+ g(AY, N)pAE + aSY — o®n(Y)E.

Here we have used that A = B¢ € T, M (i.e., p(§) = g(AN,§) =0) and AN =
AJE = —JAE = —pAE — n(AE)N.

From this, the commuting condition (*) for R is equal to

n(A§)¢BY +1(A)g(AY, N)§ + apSY
= (A BOY +n(AL)n(Y )AL + aSeY. (5.2)

Lemma 5.1. Let M be a Hopf real hypersurface of the complex quadric Q™,
m > 3, with commuting structure Jacobi operator. If the unit normal vector field
is A-principal, then M should be a contact hypersurface with constant mean
curvature. Moreover, M is locally congruent to an open part of the tube of radius
0<r< ﬁ around the m-dimensional sphere S™ which is embedded in Q™ as
a real form of Q™.

PROOF. Let us consider a Hopf real hypersurface M in Q™ with a -principal
unit normal vector field N. Then N satisfies AN = N for a complex conjuga-
tion A € 2. It implies that AY is tangent to M for all Y € T,M, x € M
(in particular, A& = —AJN = JAN = JN = —¢ € T, M). Then the structure
Jacobi operator R¢ on M is given by

RY =Y —2p(Y)¢ — AY + aSY — o?n(Y)E.

Now let us introduce the Gauss formula. For any vector fields X and Y tangent
to M, its formula is given by

VxY =VxY +0(X,Y),

where VxY and o(X,Y), respectively, denote the tangent and normal part of
VxY. Actually, the normal vector field o(X,Y) on M is symmetric and bilinear,
which is said to be the second fundamental form of M. From this and (1.1), the

covariant derivative of a section A in 2 is given by

Vx(AY) = Vx(AY) — 0(X, AY) = (Vx A)Y + AVxY — o(X, AY)
= q(X)JAY + A(VxY) + g(SX,Y)AN — g(SX, AY)N,
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and taking the normal part of this equation, it follows that

0

q(X)g(JAY,N) + g(SX,Y)g(AN,N) — g(SX, AY)g(N, N)
=—q(X)g(JY,N)+g(SX,Y) — g(SX, AY)
=—q(X)nY)+9(SX,Y)—g(SX, AY). (5.3)

By using this equation, the covariant derivative of R is given by

(VxRe)Y
= Vx(ReY) — Re(VxY)
=Vx (Y —2p(Y)¢ — AY + aSY — a*n(Y)€) — Re(VxY)
= —29(Y,Vx§)§ — q(X)JAY — g(SX,Y)N + g(SX, AY)N
+(X)SY + a(Vx8)Y — o®n(Y)Vxé - 2a(Xa)n(Y)E — a’g(Y, Vx )¢
= —=29(Y, Vx§)§ — q(X)JAY — ¢(X)n(Y)N + (Xa)SY
+a(Vx9)Y — a’n(Y)VxE — 2a(Xa)n(Y)E — a’g(Y, VxE)E. (5.4)

Moreover, by virtue of Lemma 3.3 and JAY = ¢ AY +n(AY)N = ¢AY —n(Y)N,
equation (5.4) becomes

(VxRe)Y = —=2g(Y, Vx€)€ — q(X)pAY + a(VxS)Y — a’g(Y,VxE)E,  (5.5)

for any vector field X € T, M and Y € C, where C denotes the distribution on M
orthogonal to the Reeb vector field €.
On the other hand, differentiating pR¢ = R¢¢ with respect to X, we get

(Vx@)(ReZ)+¢(Vx Re) Z+¢Re(Vx Z) = (Vx Re)pZ+Re(Vx $) Z+Rep(Vx Z).
Since Re 0 ¢ = ¢ o Re, it becomes

(Vx)(ReZ) + ¢(VxRe)Z = (Vx Re)oZ + Re(Vxd) Z.
By using (Vx¢)Z = 1(2)SX — g(SX, Z)¢, it follows

—9(SX, ReY)§ + ¢(Vx Re)Y = (Vx¢)(ReY) + o(Vx Re)Y
= (VxRe)oY + Re(Vx )Y = (Vx Re)oY,

for any X € T,M and Y € C. From this, let us take the inner product with the
Reeb vector field €. Then it follows that
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—ag(SX,8Y) =—g(SX,Y — AY + aSY)
= —9(5X, ReY) = g((Vx Re)$Y,§)

= —29(¢Y, Vx&) + ag((VxS)pY, &) — a’g(¢Y, Vx§)
= —2g(Y, SX) — a(Y, S¢SX),

where in the first equality we have used formula (5.3), and in the fifth equality
(VxS = (Xa)¢ + apSX — SpSX. Then both sides become

g(aS?Y — 28Y + aS¢SeY, X) =0,

forany X € T,M and Y € C, x € M. From this, we obtain that the tensor field
aS? — 28 + aS¢Se is identically zero on C, that is,

aS?Y —2SY + aS¢SeY =0, for Y € C. (5.6)

By virtue of Lemma 3.3, for some unit tangent vector Yy € C such that
SYy = AYp, we see that the principal curvature \ satisfies A # § and the vector
@Yy is also principal, that is,

al+2

SoYy = nuoYy, where 1 = o (5.7)
Putting Y = Yj in (5.6), we get
AMad —ap—2)=0. (5.8)

Assume that A # 0, that is, a(A — p) = 2. It follows that o # 0. Moreover,
it gives us

)\:a2+2

and u=aq,

together with (5.7). Since « is constant, we see that A and p are also constant.
On the other hand, since ¢Yy belongs to C, (5.6) induces p(ap — ai —2) = 0.
By assumption, a(\ — p) = 2, we get p = 0, which makes a contradiction. Thus
the principal curvature A should be vanishing. Hence equation (5.7) implies that

2
p=——.
(%



Commuting Jacobi operator 439

Since the shape operator S is symmetric and the Reeb vector field £ is prin-

cipal, there is an orthonormal basis {e;, ¢e; |i = 1,2,...,m — 1} on C such that
Sei = 5iei,
Soe; = o,¢e;.

These principal curvatures §; and o; for all i = 1,2,...,m — 1 satisfy (5.8). Since

d; and o; are independent of i and constant for all 4, we consequently obtain that

Se; = d;e; := Ae;, where A = §; = 0,
S¢ei — Ji¢6i = M6i7 Where ,Uz = 0; = _%

That is, the shape operator S of M becomes

S = diag(aal’(‘h/’(@w"7/’Lm—1a)‘1))‘27~--7)\m—1)

2 2 2
= diag(at, ——,——,...,——,0,0,...,0).
a o« O — ——
(m—1) (m—1)
Here diag(as,...,a,) denotes a diagonal matrix whose diagonal entries starting
in the upper left corner are aq,...,a,.

In this case, the shape operator S satisfies a contact condition such that
S¢ + ¢S = k¢, kae = —2. Moreover, by Lemma 3.4, the trace of the shape
operator should be constant. This satisfies the assumption of constant mean
curvature. Then by the result in [BS15], M is locally congruent to a tube over
an m-dimensional unit sphere S™, which is a totally real and totally geodesic
submanifold in the complex quadric Q™. Hereafter, such model space is denoted
by TB. O

Let us consider the converse problem
whether the structure Jacobi operator Re of Tp satisfies the con-
dition (*) or not?
In order to do this, we introduce one proposition due to BERNDT and SuH [BS15].
They proved that the model space of Tg has three distinct constant principal
curvatures as follows.

Proposition A. Let Tp be the tube of radius 0 < r < % around the
m-dimensional sphere S™ which is embedded in Q™ as a real form of Q™. Then
the following hold:



440 Y. J. Suh, H. Lee and C. Woo

(i) Tp is a Hopf hypersurface.
(ii) The normal bundle of Tg consists of A-principal singular vector fields.

(iii) Tp has three distinct constant principal curvatures.

principal curvature eigenspace multiplicity
A=0 T.=JV(A)NnC m—1

p=+2tan(v2r) | T,=V(A)NC m—1

a = —/2cot(\/2r) To=F 1

(iv) S+ oS =710, 7= _2 (Tp: contact hypersurface).
@

From now on, to check our question for 7Tg, let us assume that the structure
Jacobi operator Re of Tp satisfies the commuting condition (*), that is,

GReY = RedY <= (¢pA — AQ)Y = a(¢S — S¢)Y
= 20AY = 2a¢SY — 2¢Y,

where we have used pAY = —A¢pY and S¢PY + ¢SY = —poY (p = —%) There-
fore, it holds that for all Y € T, Tp = T, ® T © 1},

AY = aSY — a*n(Y)¢ -, (5.9)

together with A = —¢ and S¢ = af.
If we restrict Y to Z € T, in (5.9), we obtain

27 = apZ = (—v/2cot(v2r))(V2tan(v2r)) Z = —2Z,

where T, = V(A)NC ={Z|ZL{ and AZ = Z}. This gives a contradiction. So,
we can assert that the model space of Tp does not have the commuting structure
Jacobi operator.
From the above observations, we can get Theorem 1.2 given in Section 1.
Now, we consider that M has the 2-isotropic unit normal vector field.

Lemma 5.2. Let M be a Hopf real hypersurface of the complex quadric Q™
m > 3, with non-vanishing geodesic Reeb flow and commuting structure Jacobi
operator. Then, the unit normal N is -isotropic if and only if the Reeb flow of
M is isometric.

PROOF. Assume that the unit normal vector field N is Q-isotropic and M is
a Hopf real hypersurface in complex quadric @ with non-vanishing geodesic
Reeb flow. Then the normal vector field N can be written as

1
N=—(Z1+JZ
\/5( 1 2)
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for Z1, Z5 € V(A), where V(A) denotes a (+1)-eigenspace of the complex conju-

gation A € 2A. Then it follows that
1 1
AN = —(Z1 —JZ5), AJN = ——
N A V3

Then it gives that

1
(JZl+ZQ), and JN:72(JZ17Z2)

9§, Ag) = g(JN,AJN) =0, g¢(§,AN)=0, and g(AN,N)=0,

which means that these vector fields AN and A¢ are tangent to M. By virtue
of these formulas for 2-isotropic unit normal and g(JAX,§) = —g(AX, JE) =
—g(AX, N), the structure Jacobi operator R can be rearranged as follows:

ReX = X —n(X)€ — g(AX, &) A¢ — g(X,AN)AN + aSX — o®n(X)¢. (5.10)
Then, by using ¢A{ = —AN and pAN = A&, we see that

0=0¢ReX — Re¢pX = (S — SP) X — g(AX, §)9AL + g(Ad X, §) AL
— g(AX,N)$AN + g(ApX, N)AN
= (¢S — S9) X, (5.11)

which gives that the shape operator S commutes with the structure tensor ¢.
So, we assert that the Reeb flow of M should be isometric. O

From this and by Theorem A, we conclude that M is locally congruent to
a tube of radius r over a totally geodesic CP* in Q?*. In Theorem A, the expres-
sion of the shape operator of a tube over a totally geodesic CP* in Q?* is given
by
S = diag(2cot(2r),0,0, —tan(r), ..., —tan(r), cot(r), ..., cot(r)),

(2k—2) (2k—2)
where r € (0,7/2) and the multiplicities of eigenspaces are given m(T5 cot(2r)) = 1,
m(Tp) = 2 and m(T— tan(ry) = M(Teot(r)) = 2k — 2, respectively. Thus the proof
of Theorem 1.3 is completed.

Remark 5.3. According to equation (5.11), we see that the structure Jacobi
operator R¢ of a Hopf real hypersurface with 2-isotropic normal vector field
and vanishing geodesic Reeb flow in the complex quadric @™, m > 3, naturally
satisfies our commuting condition (*).
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