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Spaces having approximate resolutions consisting
of finite-dimensional polyhedra

By VLASTA MATLJEVIC (Split)

Abstract. Finitistic spaces are characterized as spaces which admit approximate
resolutions consisting of finite-dimensional polyhedra, having PL-bonding maps and
dense projections.

§1. Preliminaries

The notion of a finitistic space was introduced by R. G. SwAN ([21])
for purposes in cohomological dimension theory. Some topological proper-
ties of finitistic spaces are given in [1], [2], [5], [6] and [19]. For instance, in
[19] it is shown that for paracompact finitistic spaces, integral cohomolog-
ical dimension is preserved under the Stone-Cech compactification. The
purpose of this paper is to give more information about finitistic spaces
using the techniques of approximate resolutions of spaces. The theory of
approximate resolutions of spaces was introduced by S. MARDESIC and L.
R. RUBIN ([11]) and further developed by S. MARDESIC and T. WATANABE
([15]) in an attempt to overcome some defects in the theory of polyhedral
inverse systems of compact non-metric and non-compact spaces.

We shall use the same terminology and notions as in [15]. A normal or
numerable (open) covering of a (topological) space X is an open covering U
of X which admits a subordinate partition of unity. The set of all normal
coverings of X is denoted by Cov(X). For any subset A C X and any
U € Cov(X), the subset | J{U e U : UNA # (0} C X is denoted by
st(A,U) and called the star of A (with respect to U). If U,V € Cov(X)
and V refines U, we write V < U. For two maps f,g : Y — X which are
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U-near, i.e. for every y € Y there exists a U € U with f(y),g(y) € U,
we write (f,g) < U. If U € Cov(X) and A C X are given, the normal
covering {UNA: U € U} of the subspace A is denoted by U | A. We say
that a subset A C X is normally embedded in a space X provided every
V € Cov(A) admits a normal covering U € Cov(X) such that U | A < V.
The order of U, in notation ord(i), is the largest integer n such that U
contains n elements with non-empty intersection, or oo if no such integer
exists. We say that dim X < n provided, for any & € Cov(X), there is a
V € Cov(X) such that V <Y and ord(V) <n+ 1.

A space X is called finitistic if for each normal covering U € Cov(X)
there are a positive integer n and a normal covering V € Cov(X) such that
YV <U and ord(V) < n. This means that for each U € Cov(X) of a finitistic
space X there exists a refinement V € Cov(X) such that |[NV(V)| is a finite-
dimensional polyhedron, where N (V) denotes the nerve of the covering
V. The dimension of |N(V)| depends on Y. By the definition of finitistic
spaces, it is clear that every compact space and every finite-dimensional
space is finitistic. Finitistic spaces need not be finite-dimensional; any
compact infinite-dimensional space provides an example.

We now quote from [15] the main definitions and results concerning
approximate resolutions.

An approzimate inverse system X is a collection {Xx,Ux,par, A}
consisting of

(i) a preordered indexing set A = (A, <) (it need not be antisymmet-
ric), which is directed and unbounded (i.e. has no upper bound).

(ii) for each A € A, X is a topological space and U € Cov(X}).
(iii) for any two related indices A < X, pan : X — X is a (contin-
uous) map (pxx = idx, is the identity map on X)).

Furthermore, the following three conditions must be satisfied:
(A1) For any three related indices A < X < A,

(PanPa A7 Pany) < U

(A2) For each A € A and each U € Cov(X), there exists a A’ > X such
that

(PaxiPasrgs Pang) < U, whenever Ao > A\ > )\

(A3) For each X € A and each U € Cov (X)), there exists a \' > A such
that

Urr < pianUd ={pian(U); U €U} : whenever N > N
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An approzimate mapping p={px : A € A} : X— X ={X\,Ux,prr, A}
of a topological space X into an approximate inverse system X is a family
of maps py : X — X, A € A, such that the following condition holds:

(AS) For any A € A and any U € Cov (X)), there exists a X' > X such
that
(PaxpPxar,pA) <U,  for every N > N\

Let POL denote the collection of all polyhedra (endowed with the
CW-topology).

An approzimate resolution of a space X is an approximate mapping
p={pr: A€A}: X - X ={X,,Ux,prn,A} of X into an approximate
system X satisfying the following two conditions:

(R1) For any P € POL, V € Cov(P) and mapping f : X — P there
is a A € A such that, for every M > A, there exists a mapping g : X\» — P
satisfying (gpa, f) < V.

(R2) For every P € POL and V € Cov(P) there is a V' € Cov(P)
such that for any A € A and any two maps ¢,¢’ : X\ — P, for which
(gpx, 9'pa) < V', there exists a A > X such that (gpax7, g'pan) < V for
any A’ > ).

An approximate resolution of a space X can be characterized by condi-
tions of a different kind. Instead of (R1) and (R2), which are often difficult
to verify, more convenient are the following two equivalent conditions ([15],
Theorem 2.8):

(B1) For every U € Cov(X) there is a A € A such that py,' Uy < U,
for every X > \.

(B2) For each A\ € A there is a A’ > A such that, for every A">)\|
P (Xar) € st(pa(X), Un).

§2. Spaces having compact approximate resolutions

First, we shall describe a special class of finitistic spaces using approx-
imate resolutions.

A topological space X is called pseudocompact if X is a Tychonoff
space and every continuous real-valued function defined on X is bounded.

Theorem 2.1. Let X be a Tychonoff space. Then the following state-
ments are equivalent.
(i) X is pseudocompact.

(ii) X admits an approximate resolutionp = {py : A € A} : X —
X ={X\,Ux,pan, A}, where all X are compact polyhedra,
all bonding maps pyy: are surjective and A is cofinite.
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(iii) X admits an approximate resolutionp = {px : A€ A} : X —
X = {X\,Ux,prr, A}, where all X are compact Hausdorff
spaces.

Our proof of Theorem 2.1 uses a result from [12] and the following
two propositions:

Proposition 2.2. Let p={py: A€ A} : X — X ={X\,Ux,prn, A}
be an approximate resolution of a space X and let A C X. If A is a dense
subset of X, normally embedded in X, thenp | A = {px | A: X € A}:
A — X ={X,,Ux,p n, A} is an approximate resolution of A. Conversely,
ifp|A={px|A: A€ A}: A— X ={X\,Ux,prr, A} is an approximate
resolution of A, then A is normally embedded in X. Furthermore, A is a
dense subset of X if X is a Tychonoff space.

PROOF. Assume that A is a dense subset of X, normally embedded
in X. We have to prove that p | A ={py | A: A€ A} : A - X =
{Xx,Ux,pan, A} is an approximate resolution of A. Consequently, we
need to verify (B1) and (B2) or equivalently (B1)* and (B2)* (see 2.9,
2.10 of [15]).

(B1)* Choose any U € Cov(A). We need to find an index A € A and

a covering V € Cov(X)) such that (py | A)7!V < U. Since A C X is
normally embedded in X, there exists ¢; € Cov(X) such that

(1) U |A<U .

By assumption, p is an approximate resolution of X and therefore, by
(B1)*, there exist A € A and V € Cov(X)) such that

(2) PtV <U .

We claim that (py | A1V <U. Let V € V be given. Then, by (1) and
(2), (pr | A)HV) =pH(V)NACU NACU for some, U; € Uy and
U € U, which establishes (py | A)~1V < U.

(B2)* Choose any A € A and U € Cov(X,). We need to find an
index A > X such that pyx (X)) C st(pa(A),U). By assumption, p is an
approximate resolution and therefore, by (B2)* for p, there exists a A’ > \
such that pya (X)) C st(pa(X),U). Since A = X, we get

P (X)) C st(pa(X),U) = st(pa(A),U) C st(pa(A),U) = st(pa(4),U),
which establishes (B2)*.

Assume, now, that p | A is an approximate resolution of A. We must
prove that A is normally embedded in X. Let V be a normal covering of A.
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Since p | A is an approximate resolution, by (B1)* (which is equivalent to
(B1)), there exist a A € A and a W € Cov (X)) such that

(3) (pa| AWV

PutU = py, ' W € Cov(X). We claim thatU | A < V. Let UNA, U € U, be
any member of the normal covering U | A. Then by (3), UNA = p, ' (W)N
A= (pr| A)~H(W) CV, for some W € W and V € V, which establishes
U | A<V. This shows that A is normally embedded in X. Furthermore,
let X be a Tychonoff space. We shall prove that A is dense in X. Assume
that A is not dense in X, i.e. there exists a point z € X \ A. Since X is
a Tychonoff space, there exists a mapping f : X — I = [0,1] such that
f(z) =0 and f(A) = 1. Let W = {[0,1), (0,1]}. Then U = f~*W is
a normal covering of X such that @ ¢ st(A,U) = st(A,U). Since p is an
approximate resolution of X, by (B1)*, there exist a A € A and a normal

covering V of X, such that le Y <U. We claim that
(4) pa(z) & st(pa(4),V).

Indeed, if a member V € V meets py(A), then py'(V) meets A, and
therefore it is contained in f~1((0,1]). Since x¢f~1((0,1]), pr(x)¢V,
which establishes (4). Choose a normal covering V1 of X such that st V; <
V. By (AS) for p and (B2)* for p | A, there exists a A’ € A such that

(5) (Paxpa,px) < V1 and
(6) P)\X(X)\/) C St(pA(A), Vl) .
Now (5) and (6) imply

pa(x) € pa(X) Cst(panpa (X), V1) Cst(pax(Xa), V1) C
C st(st(pa(A), V1), V1) Cst(pa(A),st V1) Cst(pr(4),V),

which contradicts (4). This completes the proof of the proposition. O

Proposition 2.3. Let X be a Tychonoff space. X is pseudocompact
if and only if it is normally embedded in its Stone—Cech compactification
6X.

PRrROOF. Let U € Cov(X) be a normal covering of the space X. We
need to find a normal covering V € Cov(8X) such that V | X < U.
Since U is a normal covering of X, there exist a metric space Y, a con-
tinuous mapping f : X — Y and an open covering YW € Cov(Y) such
that f~'W<U. The space f(X) C Y is pseudocompact and metric and
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therefore, it is a compact space ([4], Theorems 3.10.21 and 5.1.20). Con-
sequently, f : X — f(X) is a continuous map of the Tychonoff space
X to the compact space f(X). Therefore, f is extendable to a map-
ping f : BX — f(X) CY. Put V = (f)"'W € Cov(BX). Then,
VIX=(f)""W]| X = f'W < U, which shows that X is normally
embedded in 3X.

Let a Tychonoff space X be a normally embedded in its Stone-Cech
compactification SX. Let f : X — R be any real-valued function. Con-
sider the open covering U = {(i,i+2) : i € Z} € Cov(R). Then f~1U is a
normal covering of X. Since X is normally embedded in 5X, there exists
a finite covering V = {V;,...,V,,} € Cov(BX) such that V | X < f~1U.
Now, we obtain X = XN (VyU---UV,) C fflU,u---u flU, =
f~Y Uy U---uUU,), where each U; is some (k,k + 2) C R. This implies
that f(X) CU, U---UU,, ie. f(X) is bounded. O

PROOF of Theorem 2.1. (i) = (i) Let X be a pseudocompact
space and BX its Stone-Cech compactification. Since AX is a compact
Hausdorff space it admits an approximate resolution p = {px : A € A} :
X — X ={X\,Ux,prr, A}, where all X are compact polyhedra, all py/
are (irreducible) surjections and A is cofinite ([12], Theorem 1). Actu-
ally, Mardesi¢ and Rubin constructed, for each compact Hausdorff space
Y, such an approximate resolution p = {py : A € A} : V¥V — X =
{Xx,ex,pan, A} with numerical meshes €. Since X are metric compacta
and A is cofinite, it is possible to replace the numerical meshes by open
coverings U and thus obtain an approximate resolution p = {p) : AéA}:
Y — X = {X\,Ux,prn,A} ([13], Theorem 1 and Remark 1.). Now
Proposition 2.2 and Proposition 2.3 imply that p | X = {p\ | X : AéA}:
X — X = {X\,Uxr,pxr, A} is the desired approximate resolution of X.
Note that there exist compact Hausdorff spaces Y which do not admit
(commutative) polyhedral resolutions with surjective bonding maps ([17],
[18]).

(i1) = (di7) is obvious.

(1i1) = (i) Let X be a Tychonoff space, which admits an approx-
imate resolution consisting of compact spaces and let f : X — R be any
real-valued function. Let U = {(i,i +2) : i € Z} € Cov(R). By (R1)*,
there exist a A € A and a mapping g : X, — R such that (f,gpy) < U.
Then f(X) Cst(gpa(X),U) C st(g(Xx),U). Since X, is a compact space
g(X») € R is a compact subset of R and it is therefore bounded. The
choice of U guaranties the boundedness of st(g(X)),U) and thus, also the
boundedness of f(X). O

Remark 2.4. 1f we omit the requirements on surjectivity of the bond-
ing maps, then Theorem 2.1 is true already for commutative resolutions

([7] and [9], Theorem 1).
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Corollary 2.5. Every pseudocompact space X is finitistic.

PrOOF. Let X be pseudocompact and U € Cov(X) arbitrary. By
Theorem 2.1, X admits an approximate resolution p = {py : A € A} :
X — X = {X\,Ux,prr, A} consisting of compact spaces. By (B1)* there
exist an index A and a finite covering V € Cov(X) such that p;'V < U.
Then pil ) is the desired finite-dimensional refinement. O

Note that Corollary 2.5 also easily follows from Proposition 2.3.

Using Corollary 2.5, it is easy to answer in the negative Hattori’s
Question 1. from [6]: Is every normal finitistic space paracompact?

Let X = [0,w;) be the space of all countable ordinal numbers. X
is normal pseudocompact space, but not compact. Consequently, it is
a finitistic space. However, X is not paracompact because paracompact
pseudocompact spaces are compact ([4], Theorem 5.1.20 and 3.10.21).

§3. Spaces having finite-dimensional approximate resolutions

Let K be a simplicial complex and let f,g : X — |K| be mappings
into its geometric realization | K| endowed with the CW-topology. We say
that g is a K-modification of f if, for every point x € X and (closed)
simplex o0 € K, f(z) € o implies g(z) € 0. Note that the relation “to be
a K-modification” is reflexive and transitive but, generally, not symmetric
or antisymmetric.

Let K be a simplicial complex. We say that a simplex ¢ € K is
principal if it is not a proper face of any other simplex of K.

Let K be a simplicial complex, |K| its geometric realization and let
x € |K|. By st(z, K) we denote the open set |J Into C |K].

TrEo

Proposition 3.1. Let K be a simplicial complex and let {z, : acA}
C |K| be a family of points x, such that st(z,, K) N st(X.,K) = 0,
for each a # a'. Then there exists a retraction ¢ : |K|\ {x, : a€A}
— |K|\ ( U st(zq, K)), which is a K-modification of the inclusion map

a€cA
i:|K|\{z,:a€ A} — |K]|. O

Proposition 3.2. Let X be a topological space, K a finite-dimensional
simplicial complex and f : X — |K| a map. Then there exist a subcomplex
L of K and a dense K-modification g : X — |L| of f.

Proor. If f(X) = |L|, where L is a subcomplex of K, then L and
g = f satisfy the proposition (if K is O-dimensional, g is a surjection).
So, without loss of generality, we may assume that dim K = n > 1 and
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f(X) is a proper subset of |M|, where |M| is the carrier of f(X) (i.e. M

is the minimal subcomplex of K, such that |M| contains f(X)). Since
f(X) C |M]| there exists a principal simplex ¢ € M such that Into \

f(X) # 0, for otherwise f(X)=|M]|. Let A,, be the family of all simplexes
oeM such that dimo = n and Into \ f(X) # 0. If A, is non-empty,
we can choose points z, € Into \ f(X) for each o0 € A,,. Then {z, :
o € A,} satisfies the conditions in Propositions 3.1. Therefore, there
exist a proper subcomplex M,, of M and a mapping ¢, : |M|\ {z, : 0 €
Apt — [My,| = | M|\ < U st(zo, M)), which is an M-modification of the
oA,

inclusion f: |[M|\ {zs : 0 € A} — |M]|. So, ¢, f is a K-modification of
f. M, is a subcomplex of M having the property that ¢, f(X) contains
the interiors of all n-dimensional simplexes of M,,. Let A,,_1 be the family
of all principal simplexes 0 € M,, such that dimo = n — 1 and Into \
onf(X) # 0. If A,_1 is a nonempty family, we can repeat the procedure
and obtain a subcomplex M,,_; of M, and a mapping ¢, 1 : |M,|\ {z :
o€ A,_1} — |M,_1| which is an M,-modification of the inclusion i :
| M| \{zs : 0 € A1} — |M,]. So, on_1¢nf is a M,-modification of ¢, f
and also a K-modification of f. M, _; is a subcomplex of M,, having the
property that ¢, _1¢,f(X) contains the interiors of all n-dimensional and
all (n—1)-dimensional simplexes of M,,_;. In the same manner repeating n
times this procedure, we obtain subcomplexes M; < My < --- < M of M
and a mapping @1p20---0@,_1p,f : X — | M| having the property that
Y120 -+ 0 @n_1pn f(X) contains the interiors of all principal simplexes
of My and p1ps0---0w,_10,f is a K-modification of f. Hence, L = M,
and g = 1200 @Yu_1¢9nf : X — |M;| have the required properties.

O

Remark 3.3. Let X be a space, let U be a normal covering of X with
the property ordU < n, let N(U) be the nerve of Y and let f : X — |N(U)|
be a canonical map. Then there exist a subcomplex N of N (i) and a dense
N (U)-modification g : X — |N| of f. The mapping g : X — |N| C |[N(U)|
is also canonical.

Lemma 3.4. Let X be a finitistic space, let Py,..., P, be polyhedra,
let fi: X—P,..., fn: X—P, be mappings and let Uy € Cov(Py),..., U,
€ Cov(P,) be open coverings. Then there exist a finite-dimensional poly-
hedron P, a dense map f : X — P and PL-mappingspy : P — Py,...,p, :
P — P, such that (f;,pif) <U;, fori=1,...,n.

Proor. For each ¢ = 1,...,n choose a triangulation K; of P; so
fine that the covering §; formed by all the closures of the members of
Si = {st(v,K;) : v € K0} € Cov(|K;| = P;) refines U;, i.e. S; < U; (see,
e.g., [14], Theorem 4, Appendix 1). Let V € Cov(X) be a normal covering
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of X such that V < f;!(S;), i = 1,...,n. Since X is a finitistic space,
there exist an integer n and a normal covering &Y € Cov(X) such that
U <V and ord(d) < n. Let g : X — |N(U)| be a canonical map. By
Proposition 3.2 there exist a finite-dimensional polyhedron P = |N| and a
dense mapping f : X — |N| C |N(U)| which is an N(U)-modification of
g.

Now, we will define mappings 7; : NU)° =U — K?, i =1,2,...,n,
in the following way. To a vertex U € N(U)° we assign a vertex v =
m;(U) € K such that U C f; ' (st(v, K;)), i =1,...,n.

Claim 1. For each i = 1,...,n, m : NU)? — K? is a simplicial
mapping.

Indeed, let Uy, ..., U, be vertices of N(U)°, which span a simplex of
NU). Then Uy NUyN ... U, # 0 and therefore, § # U; N---N U, C
£ mUL), KO)) 0 00 f (s0mi(Un), K9)) € f (st(m (U1), K2)
- Nst(m(Un), K2)). Now, we obtain st(m;(Uy), K2) N -+ N st(mi(Upn),
K?) # (), which shows that the vertices 7;(Uy), ..., m;(Uy) span a simplex
of K;. For each i = 1,...,n, the mapping m; induces a mapping |m;| :
IN(U)| — |K;|. Put p; = |m| | (|(N|=P): P— |K;| = P;. Note that each
p; is a PL-mapping.

Claim 2. For each i = 1,...,n, p;f : X — |K;| is a K;-modification
of f@

Let x € X be an arbitrary point of X and o = [vq,...,v;] € K; a
simplex of K; such that f;(x) € 0. We need to prove that p;f(z) € o.
Let Uy,...,Us be all the members of the covering & which contain .
Then g(x) € 7 = [Uy,...,Us] € NUU). Since f : X — |N| is an N(U)-
modification of g, f(z) € 7 N |N| and therefore, there exists a simplex
" = [Uj,...,U;] <7 (r <s)such that f(z) € 7" and Uj,,...,U;j, €
N°. Then pzf(ﬂf) S [pi(Uj1)7 . ;pi(Uj,ﬂ)] = [Wi(Ujl)a . 77Ti(Ujr)]~ Put
mi({Ujy, ..., U;.}) = {w1,...,w} € KP, t <r. Then, p;f(z) € [wy,...,
wy]. Since x € Uy N -+ NU C f7 (st(mi(Ur), K)o f7 (st (i (Us),
K?)), we obtain fi(z) € st(wy, K?)N---Nst(w, KY). Now we have f;(z) €
o Nst(wy, KY) N+ Nst(we, KY) and therefore, [v1, ..., v;] Nst(w;j, K?) #
(), for each j = 1,...,t. But this implies that each w; is some vy, i.e.
{wi,...,w} C {v1,...,v}. This means that [wy,...,w] < [v1,...,vk]
and therefore, p; f(z) € 0.

Because of Claim 2., for each x € X there exists a simplex ¢ € K;

such that p;f(x), fi(x) € o. Then, pf(x), fi(x) € st(v,K}), where
v is any vertex of o. Since §; < U; there exists a U € U; such that
pif(z), fi(x) € U. This completes the proof of the lemma. a
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Theorem 3.5. For a topological space X the following statements are
equivalent.

(i) X is finitistic.
(i) X admits an approximate resolution p = {py : A € A} : X — X =
{Xx,Ux,pan, A} where all X, are finite-dimensional polyhedra, all

bonding maps pxx are PL, all projections py are dense and A is
cofinite.

(iii) X admits an approximate resolution p = {py : A € A} : X — X =
{Xx,Ux,pan, A} consisting of finite-dimensional spaces.

PROOF. (i) = (ii). Let X be a finitistic space. The required
approximate resolution is obtained by repeating the proof of Theorem 1.7
of [10] using Lemma 3.4 instead of Lemma 3.1.

(19) = (di7) is obvious.

(’LZZ) — (Z) Let p = {p>\ A E A} X - X = {XA,U,\,pA,\/,A}
be an approximate resolution such that each X, is a finite-dimensional
space. Let U € Cov(X) be an arbitarary normal covering of X. By (B2)*,
there exist an index A and a covering V € Cov(Xy) such that py 'V < U.
Since X, is finite-dimensional, there exist an integer n and a covering
W € Cov(X,) such that ord(W) < n and W < V. Then p,' W € Cov(X)
is the required finite-dimensional refinement of U. O

Remark 3.6. Let X be a topological space with dimension dim X < m.
Then one can achieve the polyhedron P in Lemma 3.4 has dim P < m and
therefore, X admits an approximate resolution p = {py : A € A} : X —
X = {X\,Ux,par, A} such that each polyhedron X has dim X < m, all
projections py are dense, all bonding maps pyy are PL and A is cofinite
(see [23] Theorem 1.).

Remark 3.7. Recently the following result has been obtained: If X
is a Tychonoff finitistic space then X admits a commutative resolution
consisting of finite-dimensional polyhedra ([20], Theorem 1.8). This is a
weaker form of the implication (i) = (ii) of Theorem 3.5.

§4. Approximate resolutions of direct products

Using the techniques of approximate resolutions of spaces one can
obtain some results concerning the product of finitistic spaces.

Let U be any open covering of a space X, and for every U € U let Vy
be an open covering of a fixed space Y. Then the family S = {U x V :
UecU,V € Vy} is an open covering of the product space X x Y, called a
stacked covering of X XY (over U).
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It is well-known fact that, for every space X, every compact Hausdorff
space Y and every normal covering W of X x Y, there exist a normal
covering U of X and a stacked covering S of X x Y (over U), which refines
W and is normal ([3], pp. 357, 361). We shall denote this stacked covering
S by U x(Vu)veu-

Theorem 4.1. Let p = {p>\ A E A} X - X = {XA,Z/{A,pA,\/,A} be
an approximate resolution of a space X and let Y be a compact Hausdorff
space. Then there exist an approximate resolution ¢ = {q,, : p € M} :
XxY — Z={2,,Vu,quu,M} of X xY, such that each Z, is some
X\ xY, each q,, is some pyx» X 1 and each q,, is some py x 1.

PRrOOF. First, we shall prove that px1={pyx1: A€ A}: X xY —
X XY = {X) x Y,pxr, x1, A} satisfies conditions (A2), (AS), (B1)* and
(B2)*.
(A2) Let A € A and let W € Cov(X, x Y) be a normal covering of
X x Y. Choose a stacked covering U x(Vy)vey € Cov(Xy x Y) refining
W, where U € Cov(X)). By (A2) for X, there is a A’ > A, such that, for
all A2 > A1 > N, (PaxiPairg, Par,) < U holds. Now, we obtain

((Pax;, X 1)(Pagre X 1), 0axn, X 1) = ((PaxiPagre) X Lipan, x 1) <
SUXVu)veu <W,

which establishes (A2).

(AS) is proved in the same manner as (A2).

(B1)* Let W € Cov(X x Y) be given. Choose a stacked covering
UXxVu)veu € Cov(X x Y) refining W, where U € Cov(X). Applying
(B1)* for p to U, we get A € A and Uy € Cov(X,) such that py' U; <U.
We now put Wy = Uy x(Vy)ureu, € Cov(Xy x Y), where Vi, = Vy,
for some U € U with property p)_\l(U’) C U. Then (py x 1)7tW; <
UXVu)veu < W, which proves (B1)*.

(B2)* Let A € A and let W € Cov(X) x Y) be a normal covering of
X x Y. Choose a stacked covering U x(Vy)vey € Cov(Xy x Y) refining
W, where U € Cov(Xy). Obviously, st((px x 1)(X xY), U xVv)veu) =
st(pa(X),U) x Y. By (B2)* for p, there is a X' > X such that py (Xyx) C
st(px(X),U). Consequently,

(P X D)( Xy x Y) Cst(pa(X),U) x YV =
=st((px x (X x Y),U x(Vu)veu) Cst((pa x 1)(X x Y), W).

We have just proved that p x 1 is an ungauged approximate resolution in
the sense of [8]. Using the construction described in ([8], Theorem 2 and
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Theorem 7) we can associate with px 1 an induced approximate resolution,
which satisfies all the required conditions. O

Remark 4.2. Theorem 4.1 improves the main theorem in [22], since
there are no assumptions on p. However, the connection between the
meshes U/ and V,, gets lost.

It is well-known fact that the product of two finitistic spaces need not
be finitistic ([2], Example 2.1.). However, the following holds.

Corollary 4.3. Let X be a finitistic space and Y a finite-dimensional
compact Hausdorff space. Then X x Y is a finitistic space.

PRrROOF. Let X be a finitistic space. Then, by Theorem 3.5, X admits
an approximate resolution p = {py : A € A} : X — X = {X\,Ux,prn, A},
where all X, are finite-dimensional polyhedra. Since Y is a compact Haus-
dorff space there exists an approximate resolution ¢ = {q, : p € M} :
XxY — Z2=A{Z,,V,,quu, M}, such that each Z, is some X, x Y,
each ¢, is some pyx X 1 and each g, is some py x 1. Each X, is a
finite-dimensional paracompact space and Y is a finite-dimensional com-
pact Hausdorff space which implies dim(X, x Y) < dim X +dim Y ([16],
Corollary 26-5). Hence, the approximate resolution ¢ = {q, : p € M} :
XxY — Z={Z,,V,,quu,M} consists of finite-dimensional spaces,
which implies that X x Y is finitistic. O

For paracompact finitistic spaces, the assertion of Corollary 4.3 was
proved in [2] (Theorem 2.2).

Corollary 4.4. Let X be a space with dim X = m and let Y be a
compact Hausdorff space with dimY = n. Then dim(X x Y) < m + n.
O

§5. Characterization of some classes of P-like spaces

Let P be a (nonempty) class of Hausdorff spaces. A space X is called
P-like provided for every normal covering U € Cov(X), there exist a mem-
ber P € P, a normal covering V € Cov(P) and a mapping f : X — P such

that f~1V <U and f(X) = P.
Proposition 5.1. Let P be a class of spaces and let p={py : AéA} :
X — X = {X\,Ux,prr, A} be an approximate resolution of a space X

consisting of P-like spaces. If px(X) = X, for all A\ € A, then X is a
P-like space.

PrOOF. Let U € Cov(X). By property (B1)*, there exist a A € A
and a V € Cov(X,) such that py' V < U. Since X, is P-like, there exist a
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P e P,aW € Cov(P) and a mapping g : Xy — P such that g7 W <V
and g(X,) = P. Put f = gpy : X — P. Clearly, f7'W < U and
f(X)=P. O

Proposition 5.2. Let p={py: A€ A} : X — X = {X\,Ux,prr, A}
be an approximate resolution, where all the spaces X, are normal. If
p)\x(X)\/) = X,, for all A < )\’, then also p)\(X) = X, for all A € A.

PROOF. Assume that for a certain A € A we have py(X) # X,.
Choose a point z € X \ pA(X) and put U = X, \ {z}. U is an open
set, which contains p)(X). Since X, is normal, there exists an open set
V C X, such that py(X) C pa(X) €V CV C U. By (B3)* (which,
for normal spaces, is equivalent to (B2)), there is a A’ > X such that
p)\)\/(X)\/) g V. Then p)\,\/(X)\/) g V Q X,\ \ {I}, which contradicts the

assumption pyy (Xy) = Xa. a

Remark 5.3. Let p = {px : A € A} : X — X = {X\,Ux,prr, A}
be an approximate resolution of a pseudocompact space X, where all the
spaces X are compact polyhedra and all the bonding maps are surjections.
Then all the projections py are also surjections.

An immediate consequence of Propositions 5.1 and 5.2 is the following
proposition.

Proposition 5.4. Let P be a class of normal spaces and let p = {p, :
A€ A} X - X ={X,\,Ux,pr»,A} be an approximate resolution of a
topological space X, where each X, € P and all the bonding maps are
dense. Then X is a P-like space.

Theorem 5.5. The following characterizations hold.

(i) A Tychonoff space X is P-like, P being the class of all compact poly-
hedra, if and only if X is pseudocompact.

(ii) A space X is P-like, P being the class of all polyhedra P with dim P<n,
if and only if X has dim X < n.

(iii) A space X is P-like, P being the class of all finite-dimensional poly-
hedra, if and only if X is finitistic.

References

[1] S. DEO and A. R. PEARS, A completely finitistic space is finite-dimensional, Bull.
London Math. Soc. 17 (1985), 49-51.

[2] S. DEO and M. SINGH, On certain constructions in finitistic spaces, Internat. J.
Math. and Math. Sci. 6 (1983), 477-482.

[3] A. DoLD, Lectures on algebraic topology, Springer Verlag, Berlin-Heidelberg-New
York, 1972.



314 Vlasta Matijevi¢ : Spaces having approximate resolutions ...

[4] R. ENGELKING, General Topology, Monografie Matematyczne 60, Polish Scientific
Publishers, Warszawa, 1977.
[6] P. FLETCHER, R. A. McCoy and R. SLOVER, On boundedly metacompact and
boundedly paracompact spaces, Proc. Amer. Math. Soc. 25 (1970), 335-342.
[6] Y. HATTORI, A note on finitistic spaces, Quest. and Answ. in Gen. Top. 3 (1985),
47-55.
[7] 1. LONCAR, Some results on resolutions of spaces, Rad JAZU, Matem. znan. 428
(6) (1987), 37-49.
[8] S. MARDESI¢, On approximate inverse systems and resolutions, Fund. Math. 142
(1993), 243-255.
[9] S. MARDESIC, Strong shape of the Stone-Cech compactification, Comment. Math.
Univ. Carolinae 33, 3 (1992), 533-539.
[10] S. MARDESIC and V. MATIIEVIC, P-like spaces are limits of approximate P-resoluti-
ons, Topology Appl. 45 (1992), 189-202.
[11] S. MARDESI¢ and L. R. RUBIN, Approximate inverse systems of compacta and
covering dimension, Pacific J. Math. 138 (1989), 129-144.
[12] S. MARDESIC and L. R. RUBIN, Cell-like mappings and nonmetrizable compacta
of finite cohomological dimension, Trans. Amer. Math. Soc. 313 (1989), 53-79.
[13] S. MARDESIG, L. R. RUBIN and N. UGLESIC, A note on approximate systems of
metric compacta, Topology Appl. (to appear).

[14] S. MARDESIC and J. SEGAL, Shape Theory, North-Holland Publ. Comp., Amster-
dam, 1982.

[15] S. MARDESI¢ and T. WATANABE, Approximate resolutions of spaces and mappings,
Glasnik Mat. 24 (44) (1989), 587-637.

[16] K. NaAGAMI, Dimension Theory, Academic Press, New York and London, 1970.

[17] B. A. PasyNKoVv, On the absence of polyhedral spectra for bicompacta (Russian),
Dokl. Akad. Nauk USSR 1942 (1962), 546-549.

[18] B. A. PasyNKov, On spectra and dimension of topological spaces (Russian), Mat.
Sbornik 57 (1962), 449-476.

[19] L. R. RuBIN and P. J. ScuapPirRO, Compactifications which preserve cohomological
dimension, Glasnik. Mat. 28 (48) (1993), 155-165.

[20] J. SEGAL, S. SPIEZ and B. GUNTHER, Strong shape of uniform spaces, Topology
Appl. 49 (1993), 237-249.

[21] R. G. SWAN, A new method in fixed point theory, Comm. Math. Helv. 34 (1960),
1-16.

[22] N. UGLESIC and V. MATIJEVIE, An approximate resolution of the product with a
compact factor, Tsukuba J. Math. 16 (1992), 75-84.

[23] T. WATANABE, Approximate resolutions and covering dimension, Topology Appl.
38 (1991), 147-154.

VLASTA MATIJEVIC
DEPARTMENT OF MATHEMATICS
58000 SPLIT, TESLINA 12/III
CROATIA

(Received April 5, 1994; revised September 19, 1994)



