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On the weighted sum of consecutive values of
an additive representation function

By XIAO-HUI YAN (Nanjing) and YONG-GAO CHEN (Nanjing)

Abstract. Let N be the set of nonnegative integers. For any set A C N, let Ra(n)
denote the number of solutions of the equation n = a+b with a,b € A. Recently, Kiss and
Sandor established some relations between [AoRa(n)+A1Ra(n—1)+---+AgRa(n—d)|
and [{m:m < n,Aoxa(m)+Aixa(m—1)+---+Agxa(m —d) # 0}|, where xa(k) =1
if k € A, otherwise x4(k) = 0. In this paper, we improve one of the results of Kiss and
Sandor to the best possible up to a constant factor.

1. Introduction

Let N be the set of nonnegative integers. For any set A C N, let Ra(n)
denote the number of solutions of the equation n = a + b with a,b € A. Let
xa(k) =1if k € A, otherwise x4 (k) = 0. ERDOS, SARKOZY and SOs (see [1], [2],
[3]) obtained many properties on the magnitude of R4(n). Recently, Kiss and

SANDOR [9] generalized some results of [3]. For A = (Ao, ..., \q) € Z4T! let
d
B(A,\n)=|{m:m < n,z)\iXA(m — i) # 0}).
i=0
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Kiss and Séndor [9] obtained several related results, two of which are as
follows:

Theorem A (]9, Kiss and Sandor]). Let A, ..., \q be arbitrary integers and
A C N. Then

d
Z)\iRA(n — ’L)

=0

lim sup
n—oo

IS ] B(A,\n)\”
> ==Y " lim Vo= 7 X
= 20d+1)2 oy Vn

Theorem B ([9, Kiss and Séndor]). Let Z?:o Ai > 0. Then for every
positive integer N, there exists a set A C N such that

d d 2
. ) . B(A,)\,n))
lim su ANBRa(n—1)] <4 Ai| limsup | ————=
e B O CE
and B(A X
lim sup (4,2,n) > N.

n—oo \/’E -
The inequality in Theorem B is trivial if

B(A,\,n)

limsup ————— = o

n— 00 \/ﬁ

With a minor change of the proof of [9, Theorem 1], one may obtain the
following result.

Theorem C. Let \; (0 <14 < d) be arbitrary integers and A C N. Then

d 2
ey B(A,

2 [E My (A2
2v n— oo \/’E

d

> XiRa(n—1)

=0

lim sup
n—oo

where v = [{w : Ay #0,0 <w < d}.
In this paper, we prove the following results.

Theorem 1. Let A\; (0 < i < d) be arbitrary integers. Then for every
positive integer N, there exists a set A C N such that

d d 2
, , 1 230 oIl - B(A,\,n)
limsup |3 ARa(n —i)| < (1 i=0 12 fi up | 22
s 2o < (14 ) 2 (27
and B(A
limsupM =ou(N +1),

n— 00 \/ﬁ

where v = [{w : Ay, # 0,0 <w < d}.
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We have the following corollary immediately.

Corollary 1. Let A; # 0 (0 < i < d). Then for every positive integer N,
there exists a set A C N such that

d d ’
| . L) 22y (220)
1 S NRa(n—i)| < 1+ =0 lim —
lrIgSolip =0 A(n Z) N ( N+ 1> (d T 1)2 lnﬁsogp \/ﬁ
and B(A, )\, n)
n

Comparing Theorem A and Corollary 1, both Theorem A and Corollary 1 are
the best possible up to constant factors. Comparing Theorem C and Theorem 1,
both Theorem C and Theorem 1 are the best possible up to constant factors.

2. Proof of Theorem 1

Let p1,pa, ... be primes with p; > 16N?(d+1)? and p; > p¢ ; (i =2,3,...)
and let
M; =p? +p; + 1.

By SINGER’s Theorem (see [11]), for each M;, there is a Sidon set S; C [1, M;] with
|Si| = pi. Since S; is a Sidon set, there is at most one pair s,s’ € S; with s—s' = a
for each integer a. Now we remove all pairs s,s" € S; with 0 < s — 5" < ,/p; and
all s € S; with s < /p; or s > M; — /p;. The remaining set is T;. Then T; is
a Sidon set with T; C (/pi, M; — /p;) and

pi—2Vpi —2=18] = 2ypi =2 < |T}[ < |Si| = pi

such that t —t' > \/p; for any ¢,t' € T; with ¢ > t'. Let

oo

A= @U@+ (d+1)U---U(Ti + N(d + 1))).

k=1

For k < I, if t;, € Ty, and t; € T;, then
=tk > /o1 — (My, — \/pr) > pj_y — (PF + D1 + 1 — /Dr)

> Py —pi —pr > pr > 16N%(d +1)%

It follows that
(T +i(d+1)N (T +j(d+1)) =0

forall k#7land 0 <4, < N.
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Lemma 1. For any positive integer m, we have Ra(m) <2(N+1)?+2(N+1).

PROOF. It is clear that R4(m) = 0 for m < 2,/p;. For every positive integer
m > 2,/p1, there exists a positive integer s such that \/p; < m < ,/psy1. Noting
that T; C (\/pi, M; — \/Di), we have

s N

s N
Ra(m)<D S S SN |t t) it +i(d+ 1)+t + j(d+1)=m,t € Ty, t' € T,}|.

k=11=1 i=0 j=0
If s = 1, then by T3 being a Sidon set, we have

N N
Ra(m)<> > {tt) tt+i(d+ 1)+t +5(d+1)=m,t,t' € Ty}|<2(N +1)%
i=0 j=0

Ifs>2kil<s—1andteTt €T, then for any 0 <i,7 < N, we have

t+i(d+ 1)+t +j(d+1) <2(Ms—1 — /Ps—1) +2N(d + 1)
< 2M,_y < 4p?_| < \/ps <m.

It follows that

N N
Ra(m) < 3 [{(tt) it +i(d+ 1)+t +j(d+1) =m,t € Ty,t' € T} |
i=0 j=0
s—1 N N
+2) 3 ) st +i(d+ 1)+t +j(d+ 1) =m, teT, t' €T} |
1=1 i=0 j=0
s—1 2N
SAN+ )Y D H{tt) it +t +u(d+1) =m,t € To,t' € T} |
=1 u=0

+2(N + 1) (1)

Suppose that (¢,¢',u) and (t1,t),u1)(t > t1) are two distinct solutions of the
equation

s—1

r+y+z(d+1)=m, xeTs,yEUTl,Og,ZSZN, (2)
=1

then
t+t' +u(d+1) =t +t) +ui(d+1).
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Thus
0<t—ty=t) —t'+(ug —u)(d+1) < Mg_1 — \/ps_1 +2N(d+ 1)
<M,y <2p3 ) < \/ps
By the definition of Ty, we have t —t; = 0. So ¢ +u(d+ 1) = t] + ui(d + 1).
Thus [t' — t}| = [u1 —u|(d + 1) < 2N(d+ 1) < /p; for any i > 1. Tt follows
from the definition of T; that ¢’ and t} cannot belong to the same T;. Noting that
T; € (/pis M; — \/p;) and
VPit1 — (M; = \/pi) > p} —2p7 > p;i > 2N(d+1) > |t' —t1],
we know that ¢ and t} cannot belong to the different 7;. We obtain a contradic-

tion. Hence equation (2) has at most one solution. It follows from (1) that

Ra(m) < 2(N +1) +2(N + 1)

This completes the proof of Lemma 1. (I
Lemma 2. B(A A n)
n
limsup ——="<% =v(N +1).
ALV N+

PrOOF. Let W ={w : A\, #0,w =0,...,d}. Sincea—a’ >d fora’,a € A
with a’ < a, it follows that Z;‘i:o Aixa(n —1) # 0 if and only if n = a + w, where
a€ Aand w € W. For any z > 1, let A(z), S;(x), Ti(z) etc., denote the counting
functions of A, S;, T; etc., respectively. Recall that

d
B(A,An) = [{m:m <n, > Aixa(m—i) # 0},
i=0
so we have
B(A,AMn)={m:m<n,me A+ W}|. (3)
It follows that
B(A,An) < [W]A() = vA(n). (4)

For every positive integer n > ,/ps, there exists an integer u > 2 such that

VDu <1 < \/Dut1. Thus
u u u—1
A(n) < (N + 1)ZTi(n) < (N + 1)ZSi(n) =(N+1) <Su(n) + Zpi> .

Noting that

ipz S (U - l)pu—l - 0(\/1Tu) = 0(\/%)7
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we have
A(n) < (N +1)(Su(n) + o(v/n)).
It is well known that S, (n) < v/n+ o(v/n) (see [4]). It follows that
A(n) < (N +1)vn (1+0(1)). (5)
By (4) and (5), we have

~—

s B(A,\,n) < lim s vA(n
im sup ——="- < limsu
YT N )
Let ng = M + (N +1)(d+1). Then

< o(N +1). (6)

k

k
A(ng) = (N + 1)2 IT;| = (N +1) Y pi(1+0(1))

i=1
= (N+ 1)pr(l14+0(1)) = (N 4+ 1)y/nk(1 4 o(1)).
By pri1 > p2 and py > p1 > 16N2(d + 1)2, we have ng < /Prt1- Since
VPki1 > g > My, — /pr + N(d + 1) +d,
it follows that A N [ny — d,ng] = 0. Thus, by (3), we have
B(A M\, ng) = A(ng)[W| = v(N + 1)y/nr, (1+0(1)).

It follows that
B(Aa Av nk)

li =v(N +1). 7
Jim = (N +1) (7)
By (6) and (7),
. B(A,\,n)
limsup —————= = v(N + 1).
e (N+1)
This completes the proof of Lemma 2. O

PRrROOF OF THEOREM 1. By Lemmas 1 and 2, we have

B(A, )\
lim sup 7( 23

meup —— & = v+

and
d d

< 3" i max Ra(n) <237 NN + 1) + (N + 1))
i=0 i=0

1o\ 2% B(A, A\ n)\>
=1 =000 —=) .
< +N+1) 2 e\ U

d
Z )\iRA(n - Z)
i=0

This completes the proof of Theorem 1. O
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