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Isosceles orthogonally additive mappings
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Dedicated to Professor Janos Aczél on his 70th birthday

Abstract. In a normed vector space (X, || -||), consider James’ isosceles orthog-
onality, i.e., z Ly <= [z +y| = [z —yl. It is known that any odd, orthogonally
additive mapping from X into an Abelian group is unconditionally additive whenever
dim X > 3. In this paper a complementary result is presented: the existence of a
nontrivial even orthogonally additive mapping characterizes inner product spaces for
dim X > 2. The proof uses some interesting connectivity theorems.

1. Introduction

Mappings from a vector space into an Abelian group that are additive
on orthogonal pairs of vectors have been studied for long by several au-
thors. For an early contribution, see [3]. Besides the usual inner product
orthogonality, some other relation were considered such as orthogonalities
defined by a bilinear/sesquilinear form (see e.g. [13, 10]), by a norm of the
space (see e.g. [7, 8]) or just by some abstract properties (see e.g. [1, 4]).

Based on some weak assumptions and the homogeneity, the most cru-
cial property of such a relation, a general abstract theory was developed
in [5], resulting in an additive/quadratic representation of orthogonally
additive mappings: odd solutions are additive while the even ones are
quadratic. Moreover, the existence of a nontrivial, even solution is char-
acteristic for (generalized) inner product orthogonalities (see e.g. [9, 11]).

In normed vector spaces, however, there are some natural generaliza-
tions of the usual inner product orthogonality, homogeneity of which char-
acterizes inner product spaces. Such relations are, for instance, James’
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isosceles orthogonality or the Pythagorean orthogonality (see [2]). Due
to the lack of homogeneity, these relations are not covered by the general
theory mentioned above.

Using connectivity theorems for intersection of spheres in normed
spaces of dimension > 3, we have succeded recently in proving the additiv-
ity of an odd, isosceles orthogonally additive mapping (see [12]). The main
purpose of this paper is to present a complementary result: the existence
of a nontrivial even isosceles orthogonally additive mapping characterizes
inner product spaces even if dimension > 2.

More precisely, let (X, ||-||) be a real normed vector space of dimension
> 2 and (Y,+) be an Abelian group. Consider James’ isosceles orthogo-
nality L in X defined by x Ly < [z +y| =z —y| (z,y € X). A
mapping f : X — Y is said to be (isosceles) orthogonally additive, if it
satisfies the conditional Cauchy equation

fla+y) = f@)+ f(y), whenever x Ly,

Now we are ready to formulate our main result:

Theorem 1.1. There exists a nontrivial, even, isosceles orthogonally
additive mapping from X to Y if, and only if, X is an inner product space.

The idea of the proof is as follows:

First we prove that an even solution f depends only on the norm of
the argument, i.e., f has the same value on vectors of equal norm. Then
using a characterization of inner product spaces due to Senechalle [6], we
show that in a non-inner product space there are also vectors of different
norm on which the solution f takes the same value. Finally, we use certain
connectivity theorems to prove that f is constant in regions bounded by
concentric spheres: since these regions cover the whole space (but zero),
f is constant and so identically zero. For the detailed proof see Section 3
below.

2. Connectivity theorems

We start with a technical observation:

Lemma 2.1. If ||z|| = ||y|| = 1 and there exists a scalar 0 < A\g < 1
such that [[Aox + (1 — Xo)y|| = 1, then

Az + (1 =Nyl =1
for all 0 < \ < 1.
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PrOOF. For any 0 < A < 1, let u(\) denote the convex combination
Az + (1 — A)y. Then obviously

[u()[F < Alzfl + (1 = A)llyl] = 1.
On the other hand, if \y < A < 1, then we have

u(r) = %u()\) + (1 _ %) y

and so by 0 < A\o/A < 1,

1= Ju(o)l < (] + (1 - %) ,

whence ||[u(A)|| > 1 follows.
The case 0 < A < Ag can be treated in a similar way.

From now on, the sphere centered at a € X with radius § > 0 is
denoted by

Sa(0) = {x € X [ [l — al| = 5}.

For Sy(1) we simply write S.

Now suppose that 0 < 6 <1 and a € X\ {0} with 1—0 < |la]] < 1+6.
Letting v = a/||a|| € S, for a vector v € S\ lin{u}, consider the closed
halfplane

Pf={ou+7v|o,T€R, >0}
Then we are going to show that
Lemma 2.2. The set
K,=5n58,)nP;
is non-empty, closed and convex. In fact, K, is a closed interval.

PROOF. For § = 1, 0 < |la|| < 2, the statement has already been
proved in [12], Lemma 2.3. Thus we may and do assume that § < 1.

The set K, is obviously closed. On the other hand, the mapping
©o(x) = ||Jx—al| is continuous on the connected semi-circle SNP,F containing
—u and u. Since

p(—u) =1+ llal| > 1>6 > |1 = laf|| = [Ju — al| = ¢(u),

there exists a vector x € SN P} with ¢(z) =4, i.e., z € K,.
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Next we prove the convexity of K,. To do this, take any vectors
x,y € K,. Then all the vectors

/_x —a ) Yy—a " " " / " /

T = 5 y= 5 r=—-xr Yy =-Y T =—T, Yy =Y

are in S. We have to show that the line segment [z, y] is contained in K.
For = y there is nothing to prove, while for b = y — x # 0 the following
cases may OCCUr:

Case I. b = fa. Changing the role of x and y, if it is necessary, we
may assume that § > 0. Then x = \z’ + py with

B 1
>\_5+1>O and p—ﬁ+1>0.
Thus 541
1: < ! = g
[z]] < M| + pllyll = A+ p AR

whence the contradiction § > 1 follows.

Case II. Vectors a and b are linearly independent. Then x and y can
be expressed as

r=aa+ b and y=aa+ (6+1)b.

Without loss of generality, we may assume that 8 > 0 (z,y € P, implies
that 8 and 8+ 1 are of the same sign, thus the role of x and y should be
changed only, when 3 < 0).

First we claim that o > 0 and a # 1. The value a = 0 is impossible
since otherwise 1 = ||z]| = S|b|| < (8 + D)||b]| = ||y|| = 1 would follow.

Similarly, & = 1 would imply 1 = ||2’| = Z|p|| < ZELp|| = |ly/|| = 1.
Now, on contrary, assume that o < 0. Then x = Az’ + py with
—ad 1]
A=——"7—>0 d =—2>0.
6—a+1 and b—a+1"
Thus 5 5
—«
1= < M|z’ = =
el < Al + plyll = A+ = 5=,
whence the contradiction o > 1%6 > ( follows.
Now there may occur two different cases:
(i) 0 < @ < 1. Then for
1
)\zl—i>0 and ,u:—a>0,

B+1 I(p+1)
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we have ' = Ay’ + py”, whence

1—a-—ida
1= |l2"| < MY/ + Me=Atpy=14+-—
o/l < M+ il = A =14+ =
and so a < %. On the other hand, for
Yo" a—1
A= >0 and =14—->0,
B+1 a B+1
we have / = \y/ + py”, whence
dba+a—1
L=z"| <MY | +ully'|| =rA+p=14+ ————
2] < Ally'[| + plly”| Iz 511
and so a > ﬁ. Thus we have proved that
1
o= —-:.
140
This fact implies that ' = (1 — X))y’ + X'y” with
1
0< N = <1,

(1+96)(6+1)
and 7 = Ny + (1 — \)y" with

" 5
0< A —(1+5)(5+1)<1.

Hence by Lemma 2.1,
[yl clyy'lcS and [2"y"]Cly.y"] CS.
From the second inclusion it follows that
[z, y] = —[2",y" ] Cc =9 =15
while from the first one, we have for all 0 < A <1 that

r—a y—a, 1

Nt =
ie, Axr+ (1 — Ny € S,(9). Thus
[z,y] c SNS,(6) NP =K,

v

L= A"+ (1= Nyl = [|A

Az +[1=Aly) —al|,

what was to be proved.
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(ii) « > 1. Then for
a—1 J6]

A= 2T S0 and pu= -2 >y,
3(a+ B) e T
we have 2/ = \z + py’, whence
— 1468
1= llz'll <\ Mg py= 22097
o'l < Ml + wly') = A+ = 50D
and so « L& On the other hand, for
B+1 da
A= >0 d = >0
a+ R R
we have y = Az + uy’, whence
B+1+da
ol < Al + el = 3+ = 2L

and so a < 1—i5. Thus we have proved that

1
=15
This fact implies that ' = XNz + (1 — X)y with
1
O<N=———-<1
1+p8(1-6) —
and y = (1 — \)x + Ny’ with
)
O<N =———— - <1
1+ 5(1-9)

This latter means by Lemma 2.1 that [z,y’] C S. Also it follows that
[yl Clz,y] CS and [z,y] C [z,y] CS.
From the first inclusion, we have for all 0 < A < 1 that

L= [’ + (1= Ay 1= = 510w+ 1) al,

le, e+ (1 - Ny € Sa(é). Thus
[z,y] C SN S, (6) NP} =K,

what was to be proved.
Finally, note that a convex subset of a plane without interior point is
necessarily an interval.
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Theorem 2.3. In a real normed vector space of dimension > 3, the
intersection of two spheres is connected (or empty).

PrROOF. Foro >7>0and s, t € X, 0 —7 < |s—t|| < o+7, consider
the intersection

K' = S,(0) N Si(7).
Then the continuous mapping ¢ : X — X,
o(r) =0x+s

carries S N S,(d) onto K’ where 6 = 7/o and a = (t — s)/o. So it is
sufficient to prove the connectivity of

K = 5N 5,()

for0 <d<land1l—-0<|al| <1+4d. Ifa =0, then § =1 and so
there is nothing to prove. Thus we may and do assume that a # 0 whence
u=ual/lla| €8S.

Let now b € K be arbitrarily fixed and for any x € K choose vectors
Vg1, Vgo € S such that a,b,x € lin{u,v,1,v,0} = M, and dim M, = 3.
Then W, = SN M, is a closed, bounded sphere in the finite dimensional
subspace M, and so it is compact. Furthermore, in the two dimensional
subspace L, = lin{v,1, vz2}, the set V,, = SN L, is a connected circle. Now
consider the relation F, C V, x W, defined for any v € V, by F,(v) =
K, = SNS,(6)NP,, the non-empty, closed, connected interval introduced
in the previous lemma. It is known from [12], Corollary 2.2, that a closed
relation between a connected and a compact metric space is itself connected
provided it is defined everywhere with connected values. Thus as soon as
it will have been shown that F). is closed, the connectivity of

F,(Va)= |J(ENPH) =KnM,>uzb
veVy,

will be clear.

For that reason take a sequence (v,,w,) € F, converging to some
(vo,wo) € V,, x W,. It is clear that ¢ = dist(u, L,) > 0. Since w,, €
F,(v,) C P, it can be written as

Wy = OpUl + Tpv, with 7, > 0.
On the other hand, wy can be combined linearly from u and some v € V.:
wg = ogu + Tov  with 79 > 0.
Then we have

[wn = woll _ H ToU = Tnlp
— u_ —

|0'n_0-0’ B On — 00
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whence
[[wn — wol|

— 0.

Un_UO| S
g

Thus
TnUnp = Wy — 0 — Wy — OpU = TV,

and by the continuity of the norm,
Tn = [|Tnvnl — [ITov] = 0.
Hence by v,, — vy,
TnUn — TV
holds true, as well and by the uniqueness of the limit, Tovg = Tgv, i.e.,
wo = ooU + TV € qug.

On the other hand, w, € K,, C K and because of K is closed,
wy € K, e, wy € KNPS = K, = Fy(vo). Thus (vo,wp) € F, and
therefore F, is closed.

Finally, (¢ x Fz(Vz) is non-empty (namely it contains b), whence

K= | F.(Va)

reK
is connected.

Theorem 2.4. In a real normed vector space of dimension > 3, the
set

Cs={(u,v) e SxS||lu—v|=6CSxS
is connected for any 0 < § < 2.

Proor. The set Cs is a relation on the connected sphere S and by
Theorem 2.3,

Cs(u) ={veS||u—v|=050=5NS5.(9)
is non-empty, connected for all u € S. We shall use [12], Lemma 2.1 to
prove the connectivity of relation Cj.
If 6 =0, then Cj is the diagonal of S x S, so it is connected.

If § = 2, then for any sequence u,, € S converging to ug € .S, we have
—uy, € Co(uy,) for all n € N. Since —u,, — —ug € Cy(up), by virtue of
[12], Lemma 2.1, the proof is complete.

Now consider the case of 0 < § < 2. For a sequence u,, € S converging
to ug € S, choose v € §'\ lin{up}. Then

Cs(up) Nlin{ug,v} # 0
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for sufficiently large n’s. Since any sequence v,, € Cy(u,)Nlin{ug, v} is con-
tained in the compact metric space SNlin{ug, v}, the Bolzano-Weierstrass
Theorem ensures the existence of a convergent selection v,, — vy € S.
Since ||up, — vn, || = 0 and u,, — ug, we have |ug — vo|| = 9, i.e.,
vo € Cs(ugp). Therefore [12], Lemma 2.1 completes the proof.

Theorem 2.5. Suppose that s,t € X is a normed base for the two
dimensional space X: ||s|| = ||t|| = 1, lin{s,t} = X. For a couple of
vectors ¥ = 0,5 + 7.t and y = oys + 7yt in X, let denote

det(z,y) = 0,7y — T20y.
Then for any 0 < 6 < 2, the sets
CF ={(u,v) €S x S| |lu—v| =46, det(u,v) € Ry}
are connected.

PrROOF. We perform the proof for C’gL which is a relation on the com-
pact, connected circle S. For any u € S, the set

JPT ={r € X |det(u,z) > 0}
is a closed halfplane, so
Ci(u) =8NS, (6N, Pt

is a non-empty, connected interval.

Now we are going to show that C’; is closed. Indeed, if (uy,v,) € C’;’
converging to some (ug,vg) € S x S, then by the continuity of the norm,
§ = ||un — vn|] — |Jug — vol|, whence ||ug — vg|| = . Furthermore, by the
continuity of the determinant,

det(uy, v,) — det(ug, vo)

showing det(ug, vg) > 0.
These mean that

v € SN Sy (8) NPT = C5 (up),

i.e., (up,v0) € Cy . Thus [12], Corollary 2.2 completes the proof.
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3. Proof of the main theorem

PROOF. Assume that X is not an inner product space and f : X — Y
is an even, orthogonally additive mapping. We are going to show that f
is identically zero.

First we claim that f takes the same value on vectors of equal norm.
Indeed, for z,y € X, ||z| = ||y, letting p = (z +vy)/2, ¢ = (x — y)/2, we
have

Ip +4qll = [l=]| = |lyll = llp — all,
ie., p L +q. Hence

flx)=fp+q) = flp)+ flq) = f(p) + f(—=q) = flp—q) = ().

This means that f depends only on the norm of x, i.e., there exists a
function on the non-negative reals into Y such that

f@)=e(=]), zeX
Also, observe that
f(2z) = f(2p+2q) = f(2p) + f(29) = f(z +y) + f(z —y),
or in another equivalent form
fleaty)=f2z) - flx—y), zyeX, [zl =]yl

By a theorem of Senechalle [6], if X fails to be an inner product space,
then there exist couples of vectors (uy,v1), (u2,v2) € S X S such that

Jur —o1]] = fluzg — w2l =6 but [us + o1l = p1 < p2 = [Juz — va.
Now consider the scalar set
Is ={|lut+v||uwvesS [[u—v|]|=27d}
which is image of the set
Cs ={(u,v) € S xS | ||lu—2v| =0}

through the continuous sum-norm function v : S x S — R, v(u,v) =
lu+o]|.

When dim X > 3, by Theorem 2.4, Cjs is connected and so is I's. For
dim X = 2, by Theorem 2.5, Cs = C’; UCy holds with connected C’;, Cy
and

(u,v) € Cf < (v,u) € Cy,

whence

Y(CF) =~(Cy) =~(Cs) =Ts
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is connected. This means in both cases that I's is an interval containing
[:017 :02] .

Now let © > 0 be fixed and take any p; < p < ps. Then p € I's
and so p = ||u + v|| for some u,v € S with ||u — v|| = 6. Using the above
observation for z = pu, y = pv, (1 > 0) we have

e(pp) = f(pu+ pv) = f(2uu) — f(pu — pv) = @(2u) — @(pd),

i.e., o(up) does not depend on p. Thus ¢ is constant on all the intervals
[p1, up2], p > 0, whence so is on the whole positive real line:

o(p)=c, p>0.

Finally, choosing any w,v € S, wu L v, we have u + v # 0 and so
c=flutv)=fu)+flv)=c+ec
Thus ¢ = 0 and so for all z € X \ {0}

f(@) = ¢(ll=]]) = 0,

which, together with the obvious equality f(0) = 0, means that f is iden-
tically zero.
This completes the proof.

Acknowledgement. The author is grateful to the referees for their valu-
able remarks on the manuscript of this paper.
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