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Double weighted mean methods equivalent to (C,1,1)

By F. MORICZ* (Szeged) and B. E. RHOADES** (Bloomington, Indiana)

Abstract. We establish sufficient conditions for double weighted mean matrices
(N,pij) and (C,1,1), the double Cesaro matrix of order (1,1), to be equivalent and
absolutely equivalent of order k > 1. The latter equivalence is proved only in the case
where {p;;} is factorable.

1. Introduction

Let {p,} generate a regular weighted mean method with py > 0. (The
condition for regularity is that lim P, = co.) In 1968 Borwein and Cass
[3] showed that, if

(i) either {p,} is nondecreasing and np,, /P, = O(1),
(ii) or {py} is nonincreasing and P, /np, = O(1),

then the weighted mean methods (IV,p,) and (C,1), the Cesaro matrix
of order 1, are equivalent. Using the same boundedness conditions, but
without the assumptions of monotonicity of {p,}, BOr [1] and [2], showed
the two methods to be absolutely equivalent for each k£ > 1.

It is a natural question to ask if analogous conditions imply the equiv-
alence, or absolute k-equivalence, for double summability, which is the
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theme of this paper. The first part of this paper is a natural follow-
up of [5], and the reader is referred there for basic properties of double
summability not specifically described herein.

2. Equivalence of (N,p;;) and (C,1,1)

Let {p;j : 1,7 =0,1,...} be a double sequence of positive numbers,
m n
Py = ZZpij (m,n=0,1,...),
i=0 j=0
and define

A11pij = Dij — Pit1,j — Dij+1 + Pit1,j+1-

Let A and B be two doubly infinite matrices. A is said to be stronger than
B if every sequence that is assigned a limit by B is assigned the same limit
by A.
We shall say that {p;;} is
(i) nondecreasing if p;; < min{p;11 j,pi j+1}, and
(ii) nonincreasing if p;; > max{p;+1,;,pi j+1}, for all i and j
(i,,=0,1,...).
The following results were established in [5].

Proposition 1. If {p;;} is nonincreasing, A11p;; is of fixed sign, and

1
(L) .
1=0
(2) lim D (i+1pi; =0 (i=0,1,...),
,N— 00 mn ]:O

then (N, p;;) is stronger than (C,1,1).

Proposition 2. If {p;;} is nondecreasing, A11p;; is of fixed sign, and

m,n— oo Pmn

=0 (j=0,1,...),

(4) i (n+ 1)piti,n

m,n— o0 Pmn

=0 (i=0,1,...),

1 L)pmn
(5) sup (m+1)(n+1)p < oo
m,n>0 Pmn
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then (N, p;;) is stronger than (C,1,1).

We note that condition (5) implies conditions (3) and (4).
To prove condition (3), using (5), for any fixed j and n > j,

(m + 1>pm,j+1 < (m + 1)pmn < M
P - P, “n+1

— 0 asm,n — 0.

Condition (4) is established similarly.

Proposition 3. If {p;;} is nondecreasing and A1(1/p;;} is of fixed
sign, then (C,1,1) is stronger than (N, p;;}.

This result is established by using Theorem 3 of [5], which is restated
here for convenience.

Lemma 1 (see [5, Theorem 3]). If {p;;/qi;} is nonincreasing,
All(pij /qm) is of fixed sign, and

s=0
1 n Dij i
(7) mlrlbrgoo P, a qri =0 (Z =0,1, )a
7=0 r=0
(8) sup L N~ pin iqz-s < 00,
m,n>0 Pmn 0 qin 5—0

9) sup ! ZMquj<oo,

then (N, p;;) is stronger than (N, q;;).

Proor of Proposition 3. With p;; = 1 for each ¢ and j, and g;;
replaced by p;;, condition (6) becomes

U T 1 moq
(m+1 Z_ZPZS ) 1) Zf(J-Fl)Pij

Condition (7) is proved similarly.



32 F. Méricz and B.E. Rhoades

For condition (8),

n

1 = 1
3 < > = 1.
(m+1 )(n+1) 7;Opms _(m+1 Y(n+1) z:opm L)p

Similarly, (9) is dominated by 1.

Proposition 4. If {p;;} is nonincreasing, A11(1/p;;) is of fixed sign,
and

su
m,nEO (m+1)(n + 1)pmn

< 00,
then (C,1,1) is stronger than (N, p;;).
We shall need Theorem 4 of [5], which is stated below for convenience.

Lemma 2 (see [5, Theorem 4]). If {p;;/qi;} is nondecreasing,
Aq1(pij /qi;) is of fixed sign, and

(11) mlribmool%n’]:Jr—ﬁgm:O (j=0,1,...),
n— dm,j+1Lmn

(12) m%mm% =0 (i=0,1,...),
M0 (11 nd'mn

m,n>0 anpmn
then (N, p;;) is stronger than (N, q;;).

PROOF of Proposition 4. Using Lemma 2 with p;; = 1 for all ¢ and
J, and ¢;; replaced with p;;, condition (13) reduces to (10).
For (11), by using (10),
Pmj+i(m+1)(n+1) = n+l

—0 as n—oo (j=0,1,...).

Condition (12) is established in a similar manner.

Theorem 1. If {p;;} is positive, Ay1p;; and A11(1/p;;) are of fixed
sign, and either {p;;} is nondecreasing and satisfies (5), or {p;;} is non-
increasing and satisfies (1), (2), and (10), then (N,p;;) and (C,1,1) are
equivalent.

Theorem 1 is proved by combining Propositions 1-4.
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We note that, if {p;;} is nondecreasing and A;;p;; < 0, then we
necessarily have Ay1(1/p;;) > 0 for all 4 and j. This follows immediately

from the inequality

A I pit1,j —Pij  Pit1j+1 — Djk+1 S A11pij
1n— - -

Dij PijPi+1,5 Dij+1Pi+1,5+1  Dij+1Pi+1,5+1
Similarly, if {p;;} is nonincreasing, then we have

1 A11Dij
A11—>— 11Pij

Pij  DijPitlj
from which it follows again that A;;(1/p;;) > 0 if Aqp;; < 0 for all 4
and 7.

3. Absolute equivalence of (N, p;;) and (C,1,1)

We now consider absolute equivalence. A double series } ; >, a;; with
partial sums s,,,, is absolutely k-summable, £ > 1, by a double weighted

mean matrix (N, p;;) if

o o sp k-l
Z Z (pmn) |A11Tm—1,n—1|k < 00,

where

1 m n
Tmn = Pmnz(:]z(:)pijsij (m,nzO,l,...).
=0 j=

A weighted mean matrix is said to be factorable if p;; = p;q; for single
sequences {p;},{q;}.

Theorem 2. If {p;;} is positive, Ay1p;; and Ay1(1/p;;) are of fixed
sign, either {p;;} is nondecreasing and satisfies (5), or {p;;} is nonincreas-
ing and satisfies (1), (2), and (10), and (N, p;;) is factorable, then (N, p;;)
and (C,1,1) are aboslutely equivalent of order k > 1.

Although Theorem 2 is proved only for factorable matrices, the lem-
mas needed in the proof are true for more general weighted mean matrices,
and will be so stated and proved. We shall also indicate where the restric-
tion of factorability seems to be required.
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PRrROOF of Theorem 2, Part 1.

m n 1 m n
:Z @ij — 5 ZZCL”(P -1+ Picin — Pic1-1),
i=0 j=0 MmN ;=0 j=0
whence
n
Tmn_Tmfl,n:Zam]‘ Zam] m,j— 1+Pm 1n_Pm71,j*1)
j=0 P 55
1 m—1 n
+<P )Zzam 1— ln_Pi—l,j—l)
m—1,n i=0 j=0
m—1 n
Pm_1 j—1 Pm j—1>
+ Qs ) — ’
;]:ZO ”( Pm—l,n Pmn
1
:(P )Zzam i— 1n_Pi—1,j—1)
m—l,n 1=0 5=0
m n
Pn_1-1 P 1)
+ a/.. b2 bl
;; lj( Pm 1,n Pmn
1
- P Zamj m—1,n Pm 1,5 1)
m—j,n
m—1,7—1 m,j—l
_Zam3< m i - Pmn )—FZGmJ

Note that all of the terms involving Z?:o amj add up to zero. Thus,

Ton _Tm—l,n = (Pm];ln ) ZZGZJ i—1,n _Pi—l,j—l)

1=0 7=0

+ZZGU< . I_PZZ:)'

i=0 j=0 mln
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Analogously,

1 1
Toin-1—Tm 1n_1= —
monl mohnol (Pm 1,n—1 Pm,n—l)

m n—1 m n—1 P
m—1,7—1 m,j—1
XE E aij(Picin—1— Pi—1-1 +E E azj( : )
m,n—1

i=0 j=0 i=0 j=0 Pr-1,n-1

Combining the last two expressions yields

1 1
Pm—l,n Pmn

1 1 1 m n—1
+ — — _|_ CLz P
(7 e Do)

mel,nfl i=0 j=0

1 1
AP, —
b <Pm—1,n Pmn)

1 1
_ Pz’— e _
b ! (Pm—l n—1 Pm,n—l)]

AnTp—1p-1 = ( ) Zain(Pi—l,n —Pi_1n-1)
i—0

=0 j=0 o
:All( ) g E azg i—1,7—1
m 1,n—1 i=0 j=0
N ( 1 1 )
Qi m—1,7—1 -
; T mel,n Pm 1,n—1
1=0 j5=0
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1 m
—Ap | 55— AQin P51,
= (Pm—l,n—l) Z:; b '

- 1 1
- mn me n— -
;a b ! (Pm—l,n Pm—l,n—l)
1 1
Pm n— -
i ’ ! (Pm,nl Pmn)
- 1 1
- in Pi— n -
Za b <Pm—ln Pmn)
1=0 ’
_ ( 1 1 )
bl Pm—l,n—l Pm,n—l
1 1\ &
- ian'—n_Pi— n—
+<Pm—1n Pmn)%a ( b b 1)

i Pm—l,n—l Pm,n—l
+Zaln< Pm—l,n Pmn )

Note that the terms involving Y ", a;, add up again to zero. Thus,

AnTm—1n—1=A1n (;) Zzaijpi—l,j—l

Pm—l,n—l i=0 j=0
m n 1 1
NP4 _
+;j¥oaw mohi—l (Pm—l,n Pm—l,n—l)

1 1
14 P, _ —
( ) i Il (Pm,nl Pmn)

+2 2 | P (Pm_ln - Pmn)

i=0 j=0

1 1
— P - .
b ! (Pm—l,n—l Pm,n—l)]

If p;; = piqj, then Py, = P,Q,, so that each of the quantities in brackets
in (14) adds to zero, so the second two series disappear.
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Introduce the quantity

tmn = (m+1 ZZZ]CL” (m,n=0,1,...).

1=0 5=0

It is clear that
(m4+1)(n+ Dtpn —m(n+ Dty1m Zmyamj,

whence
(15) App(mntm—1n—1) = MN Q.

Substituting (15) into (14) yields

Aqq(ijt;—
AHTm—Ln—len( >ZZPZ 1j—1 11(ijti—1j-1)
m 1,n—1

=1 j5=1 ‘7
1 m n
=An (P ) Z Zpi—l jo1ti—1,j-1
m—1,n—1 i=1 Lj=1
n n
Jj+1 1+ 1
— ZP1—1,3—1 <—) ti1,5 — ZP1—1,3—1 ( ) ij—1
i=1 j=1
n .
141 +1
+ ZPZ_L]_l < . ) (J . > t’L]
=1 ' J
1 m [n—1 + 1
=Aq (P ) Z Ztifl,j (qu (J—) Py 1)
m—1,n—1 i=1 Lj=1 J

37
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m+ 1 Jj+1
s (M57) (= (57) o)
m—1 .
n+1 1+ 1
- Pin— - . Pi— n— tin
() | X (P (557 o) ]

=

n+1 m+1
+ ( ) ( ) Pm—l,n—ltmn}
n m

= Il + 12 + Ig, say.

Taking into account that

)+ 1 1+ 1 )+ 1
e (5 () - (2) )

P
— j—1
=P; — P j—1— T —Pi 1+ P11

N Pi—l.,j—l B Pi—'l,j n Pi—l‘,j—l n Pi—.lij—l
j i i ij
1
=A11Piqj1 — ;(Pi,jfl —Pi1j-1)

1 1
- ;(Pi—l,j —Pi_1-1)+ Z._jpi—l,j—la

4

we may write I1 =) . I1;.

Lemma 3. If {p;;} is either nondecreasing and satisfies (5), or is non-

increasing, then
Pmn Pmn

Y

Pm—l,n
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PROOF. Suppose {pmn} is nondecreasing and satisfies (5). Clearly,
Prn Pron 1

P 1n Prn — Z?:O DPmj 1— <Z;~L:0 pmj> /Pmn.

But N

P,.. P, Com 41
Therefore .

L 2g=Pmi o O1)

P, - m—+1
and
Pon 1
0< <

m—1,n 1 0(1)/(m + 1) .

Since the expression on the right is the mth term of a convergent
sequence in one variable, it is bounded.
Suppose {pmn} is nonincreasing. Then

YjoPmi _ (MADY G oPmi _ XiZoXjoPis _ 1
Pn (m+ 1P, — (m+1)Py, m-+1’

and the result follows.
The case for P,/ Py, n—1 is proved similarly.

Lemma 4. Let Ay1(1/Py,—1,-1) be of fixed sign. If either {py,y} is
nondecreasing and satisfies (5), or is nonincreasing and satisfies (10), then

Pman— n— 1
ety () o

Pmn Pm—l,n—l

PROOF. It is easy to see that
Pman—l,n—l ( 1 1 1 1 )

- - -

Pmn Pm—l,n—l Pm,n—l Pm—l,n Pmn

Pmn

—1
_ Pmnpm—l,n—l < Z?:O Pmj Z?:O Pmyj )

Pm—l,n—lpm,n—l Pm—l,npmn

-1

o Pmnpm—l,n—l n 1 1

- 27 P, " PP
Pmn =0 m—1ln—1Lmmn—1 m—1,nd mn

Pm—l,n—l

Pm—l,n
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The last term is clearly O(1). The first term is equal to

anlp )
=0 L'mj
] (Pm—l,npmn - Pm—l,n—lpm,n—l)
pman—l,an,n—l
-1 r
Z?—o Pmj
= — Pm—ln mn 1+ Din | — mln lpmnl
pman—l,an,n—l ’ Z
-1 r m
Z?—o DPmj
= — Pon1(Pr—1n—Pmn_1n-1)+ Pm— ;
pman—1,an,n—1 _ m,n 1( m—1,n m—1,n 1) m 1,niz:%pzn
n—1 m m
Zj—() Dmj
— — P . . +P . .
Pman—l,an,n—l _ m,n—1 szn m—1,n szn

—1 m
Z pmj Zz 0 pin ZT'L_O pmj Zi—() Pin
= + == — = J1 + Ja,say.
pman—l,n pman,n—l

If {pmn} is nondecreasing and satisfies (5), then, by using Lemma 3,

(npmn)mpm—l n nm Pmn
— =0(1)——— =0(1
pmnpm—l,n ( ) ( )

= Poun

and

N Pmn (m + 1)pmn
pmnpm,n—l

Jo = o) Pmn _ (1),

Pmn

IN

If {pmn} is nonincreasing and satisfies (10), then

<Zl OZ] 0p23> (Z Z] 0p23> P

I T Dpm P 1) = A D+ Do~ Y

and

7 < <Zl 023 0p23> (Z;”;o Z?:Opij) _ P _ o)
2 M Vpmn P+ 1) (mA Dt Oppn

To complete the proof of Theorem 2, Part 1 it is sufficient to show

that
k
1
A — | I
1 (Pml,n1> !

<oo for t=1,2,3.

Sy ()
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Step 1. By Lemma 4,

zz(

m=2n=2
r+1 s+1 m—1n—1
k
E E Aqq <—)' tii]"pij
m=2n=2 Pr-1,n-1 i=1 j=1

Pm—l,n—l i=1 j=1
r+1 s+1 m—1n—1
IS A11( ) ti51" i
m=2n=2 m =1 j=1
r+1 s+1
|tw’ Dij Z Z Ay <—) '
1,1]1 m=i+1n=j5+1 mlnl

Lemma 5. If Ay1(1/P,—1,n—1) is of fixed sign, then
O(1)

A — )| = =
11( Po1n- 1)‘ P;;

PRrROOF. In fact, a simple argument gives

m=i+1n=75+1 m lLn—1

r+1 s+1 1 1 1
13> s
m 1,n—1 mel,n Pm,nfl Pmn

m=i+1n=j541

B i( U S S >
: mel,j mel,s+1 Pm,j Pm,erl

r+1 s+1

PIEDY

m=1+1n=j5+1

r+1 s+1

m=i+1
1 1 1 1
| Py - Pryq1 a Piov1 Pryist1
< maux{L + ! , ! + ! } < 2 .
Pij Pr+1,s+1 Pr+1,j Pz',s+1 Pij



42 F. Méricz and B.E. Rhoades

Therefore, by Lemma 5 and (5),

L
K = ertwr'ff’” —om 3l o),

i
i=1 j=1 i—1 =1

Using Lemma 4,

r+1 s+1
VSTRES Z Z (

m=2n=2

k—1
) |I12"

m—1n—1 |t|k 7j—1
E ]
All (—> - . Div
m 1,n—1 s . J _
1k
m—1n—1j5—1

Z DPiv

m1”1'1g1uoj

r+1 s+1

W22

m=2n=2

(2

Set

m—

1
A122
mlnl 1

n—1j—
Div

1
=1 j=1v=0 '7
If {pi;} is nondecreasing, ij ;0 piv < jpi; and

m—1n—1

Ap < Z szg <L

mlnlilj1

If {p;;} is nonincreasing then, by using (1),

1 — 1 1 1
A = P - sz'u < =Pmn_1,-1
m—1,n—1 i1 J i1 v—0 m—1,n—1 i J
n—1 n—1
o(1) O1)(m—1)
— Dpm_1.i 1 = 1 i
Pr-1n-1 ._1(m JPm—1.5-1 P 1n-1 X_;p b
j_ =
m—1n—1
o)
= — pi, i1 — O 1
mel,nfl i—0 j—zl = ( )
By Lemma 5,
r r+1 s+1

Ky =0 Yy 10 z Y Y

=1 j=1 m=i+1n=75+1

o (5)
m 1,n—1



Double weighted mean methods equivalent to (C, 1,1) 43

oWy S S

i=1 j=1 v=0

Lemma 6. If {p;;} is either nondecreasing and satisfies (5) or is non-
increasing, then

i—1 i—1
1 3 O(1) 1 O(1)
a Div T b o b :
(a) P, 2 (b) PZZJ 5
ProoOF. If {pji} is nondecreasing, then by (5),
j—1
q jpy _ OQ)
Pijzpw— Py i
v=0
If {p;;} is nonincreasing, then
3 J—1
Zpuz = ._Z pr >~ _Zzpzu = 1.
7"7 v=0 7=0v=0

Part (b) is proved similarly.
By Lemma 6, K15 = O(1).

Using Lemma 4,

r+1 s+1 k—1
K3 := Z Z <p ) | 115"

m=2n=2
r+1 s+1 m—1n—1
A |m|
MY D |Aulg—— Z
m=2n=2 P i=1 j=1
k—1

p—l

m—

— 1
X Z_
m 1,n—1 — =1 Z

=1 9=

”M'

If {pi;} is nondecreasing, then ZL_:lo Puj < ip;; and the quantity in brack-
ets is < 1. If {p;;} is nonincreasing, then the quantity in brackets is
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dominated by

O 1 m—1
Z Pz 1ln—1= 5 P ( ) (n_l)pi—l,n—l

m 1,n—1 7 m—1n—1 7

=1
O(l) m—1n—1
- Pm—l,n—l i—1 j:ZOpild B 0(1)
Using Lemmas 5 and 6,
|t”| r+1

Knmom X BES 0, 53 an ()

=1 j=1 m=i+1n=75+1 m n

Zzﬁzﬂ Z Py = O(1) Zz|tzy| — 0(1).

=1 j=1 i=1 j=1

Using Lemma 4,

r+1 s+1
K= 3 (4

m=2n=2

k—1
) | I14]"

r4+1 s+1 m—1n—1
E § All § |t”| 1 1
N 7, s
Pm—ln—l J=
m=2n=2 l] 1
m—1n— 1
1 1,] 1
mlnlilj1

From (10) the quantity in brackets is

Pm—l n—1 i=1 j—1
Using Lemma 5
m—1n—1 ’t ’ r+1 s+1 1
K14 =0(Q) Z P Z Z Aqq (—>‘
1 ] ) - Pm—lm—l
=1 j=1 m=1+1n=j5+1
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Step 2. We may write Iy = I3 + Iz5. Using Lemma 4,

r4+1 s+1 k—1
Ko=) > ( ) I |*

m=2n=2
k
1 m+1
2 (7o)l )
mlnl m
n—1m—1

r+1 s+1
><z:|tmj| m—1j = Pm-1;-1) Zzpw

m=2n=2
k—1

M2

7j=1 p=0
n—1 r+1 s+1 1
DS S bt S > An(—)i-
. Pm—ln—l
j=1 m=2 n=j41 ’

Lemma 7. Let {pm,} be such that Aq1(1/Py,—1 n—1) is of fixed sign.
If either {pmn} is nondecreasing and satisfies (5), or {pmn} is nonincreas-

ing, then
m—1 s+1
1 o0(1)
a i A = -
(a) ;pjn_;—l 11 (Pm—l,n—1>‘ m
and
n—1 r+1
1 o(1)
b i A = .
") jzzjﬂpjm;q ! (Pm—17”—1>‘ n

ProoOF. Clearly

s+1 1 s+1
Z A (P—N = Z ANT <—>
n=j+1 m—1,n—1 n=j+1 m 1,n—1
1 1 1 1
- - -+
Pm—l,j Pm—l,s—l—l ij Pm,s—l—l

< max { ij _ Pm*hj Pm,s+1 - Pm*1,8+1 }
>~ X .
ijPm—l,j Pm,s—l—l—Pm—l,s—i—l

If {pmn} is nondecreasing, then, from (5),
m—1

1 Zp Zp < MPn-— 1,;(J + Dpmy _ o)
ijPm—l,j i=0 Z]V 0 ml/_ pmJPm 1,5 ]m ’
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and

m—1 s+1

> by mey

Pm s—l—le 1,5+1 i—0
< mpn—l,j(s +2)pmst1 . O(1) o(1)
- Pm,s—i—lpm,s—i—l (S + 1)m ]m

since 5 < s+ 1.

If {pymn} is nonincreasing, then

ngPm 1j Z P me” - ngmJPm 1,39 Z pmepmu

1=0 v=0 1=0
m—1 j m—1 j
< i Di S —
and
m—1 s+1
p p
Pms+lpm 1,s+1 ; ZJ;) m

s+1

= j Pijm Pmv
]ums—i—le 1,5+1 ZZ; / Z
m—1 1

7 m—1 s+1
szu Z ZPZV S ._
0

- P, P
]m ms—|—1mls+120,j70 =0 v=

Part (b) is proved similarly.

Using Lemma 7, K91 = O(1).
Using Lemma 4, (10), and Lemma 6,

r+1 s+1 k—1
Ko 35 () il
m=2n=2
k n— 1
1 m+1
An( )\( ) z Pty

mlnl

r+1 s+1

4ODIDY

m=2n=2

k—1

Z Pm 1,7—1

mlnl._
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s+1
m=2n=2
1

m—1,j— 1‘tmy|]€

r+1 s s+1
|tm3| A
m 1,7—1 11\ .
m=2 j— n=j+1 m 1,n—1

Lemma 8. Let {pm,} be such that Aq1(1/Py,—1 n—1) is of fixed sign.
If either {pmn} is nondecreasing, or {pm,,} is nonincreasing and satisfies

(10), then
s+1
O(1)
P Ay (5— )| =22
(a) 1,j—1 Z 11( o 1)‘ -
n=j5+1
and
r+1
1 o(1)
b P_q,_ A _ | = —=.
(b) tn—l Z 1 (Pm—ln—l>‘ n
m=1+1 )
PRrROOF. Let
s+1 1
My :=P,_1.i_ A -
n=7+1

m—1 -1
= O0(1) P11 [J'm > pij] :
=0

If {pmn} is nondecreasing, then

m—175—1
]ZPUZ pw: m—1,7—1»
i=0 v=0
and My = O(1)m~1.
If {pmn} is nonincreasing, then
m—1
J Z Pij = JMPmyj,
i=0

and, from (10), My = O(1)m~!.
Using Lemma 8, K9 = O(1).
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Step 3. We may write

n+ 1)\ "=l n+1
I3 =— ( ) Z(Pi,n—l _Pi—l,n—l)tin ( ) Z P 1,n— 1_

=1

n+1 m-+1
+ < > < ) Pm—l,n—ltmn
n m

= I31 + I32 + I33, say.

Using Lemmas 4 and 7,

r+1 s+1

ODIDD

o ()| (57)
m—21—9 H mlnl n

m—1
X Z (P11 — Pi—l,n—1)|tin|k

1=

[y

m—1n—1

Z Zpij\tm\k

i=1 j=0

1
A -
H (Pm—l,n—l)‘

r+1 s+1

W22

s ()
m=2n=2 m 1

r s+1 r+1

ZZ!%!’“ZPW 2.

i=1 n=2 m=i+1

r s+1

Yy el

i=1 n=2

Using Lemma 4, (10), Lemmas 6 and 8,
r41 s+1 k—1
K= 303 (5]
m=2n=2
k m—1
1 n+1 tzn
A11( >‘( ) sz 1,n— 1‘ -

r+1 s+1
m 1,n—1

=0 > 2,

m=2n=2
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k—1
m—1

y 1 Z Pi_1n1

Pm—l,n—l i—1 ?
r+1 s+1 |t |

n

E Z A11 (—> i—1,n—1
m—2 1—2 m 1,n—1

+1 +1
r s ‘tm‘ r 1
1) 9) SN S INTY (R T
i=1 n=2 m=1i+1 m—1,n—1

+1
ZZ Itml
=1 n=2

Using Lemmas 4 and 5, and (5),

r+1 s+1 k—1
Kysi=3 > <p ) | I33]*
OIS

m=2n=2
11( m )‘
m=2n=2 Ln—1

r+1 s+1
n—+1 m-+1 F
k
X|:< n )( m )Pm—l,n—l‘tmn’:| /Pmlln 1

T’-|—1 s+1

A11 (—) ‘ Pm—l,n—1|tmn‘
m—2n—9 m 1,n—1
r+1 s+1 r+1 s+1 k

pmn k |tmn|
W22 pltmnl =0) 3 > S0 = O(1).
m=2n= 2 m=2n=2

Problem 1. We have now shown that (N,p;i) is k-absolutely stronger
than (C,1,1), under the added assumption that {p;;} is factorable. Before
proving the converse, we shall point out the difficulties that arise without

that assumption.
From (14), if {p;x} is not factorable, substituting (15) into the last
two series and performing the standard summation by parts yields

— 1 J+1
E Pnoaj—|~— ) Pn-1;-
=1 < m 1,n Pm—l,n—l) < = ( J ) b 1)

1 1 j+1
(a7 (B (55 Pom)
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[ it (m—i—l) ]
X = [ ) g
- 1 m
=1
_(7’L+1) [Pm—l,n—l_ m,n— 1:|
n mel,n

1
St ( ])m4
’L
=1

1 1 t+1
— - Pq, n—1 — . P’L‘* n—
(Pm—l,n—l Pm,n—1> < 7 ' ( ? ) b 1> ]

n—1
G s e Okl G
m Pmn Pm,n—l j=1 J n
The coefficients of t,,, add to zero, but it does not appear to be

possible to obtain bounds on the remaining terms. For example, if one
defines

m=2n=2 Pmn
1 1 K
— 1 1 "o t;
X — P P =
J:1<Pm—1n P11 1)(mlj mob 1)221 i
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then by Lemma 6,

S (o) (B B

=0 =1
—1m-—1

1
=0O(1)logm — @
( ) & (Pm—l,n—l Pm—l,n) i1 _op]
j=1 i=

3

O()Pp—1,n— log m '«

e L P
Pm—l,n—lpm—l,n

~O(1)logm

n

Thus, from (10) and Lemma 6,

r+1 s+1 k—1n—1
K = O(I)ZZ(Pmnlogm) Z(p 1 _pmiln)

m=2n=2 nPmn j=1 m—1,n—1
m—1 m—1 |tz]|k
<A\ Dm0
n=0 =1
r+1 s+1 n—1 1 .
=0(1) Z Z:(mlogm)k—1 Z (P - )
m=2n=2 j=1 m—1,n—1 m—1,n
m—1 m—1 ’tw’k
x| D pus .
n=0 i=1
T S |t |k 7”—'—1 S+1
=03 > = 3 > (mlogm)™™!
i=1 j=1 m=i+1 n—j+1
1
% p
(Pm—l,n—l m 17’L) Z Mj
|t |k r+1
WX S togm)t
=1 j=1 m=i+1

m( —

m 1,9 Pm—l,s+1
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r s r4+1
S _
0w Y318 5 niogmy
i=1 j=1 m=i+1

and K need not be finite.
Even combining terms of (16), or rewriting them, still does not remove
the presence of a logarithmic term.

PROOF of Theorem 2, Part 2. To prove that (C,1,1) is k-absolutely

stronger than (N,p;i), we shall first begin with the definition of T},,. By
taking successive first differences with respect to each variable, it readily
follows that

PmnSmn = All(Pm—l,n—le—l,n—l)a

which we shall rewrite in the form

1
Smn = D [PmnAlle—l,n—l + Pmn(Tm,n—l + Tm—l,n - Tm—l,n—l)
- Pm,nfle,nfl - mel,nTmfl,n + mel,nflefl,nfl}
1
(17) - D [PmnAlle—l,n—l + (Pmn - Pm,n—l)Tm,n—l
+ (Pmn - Pm—l,n)Tm—l,n - (Pmn - Pm—l,n—l)Tm—l,n—l] .
But
m n m n—1 m
(18) Pmn Pm,n—l = Z - Z Dij = szrm
=0 5=0 =0 57=0 =0
(19) Pmn_Pm—l,n :mejv
7=0
and
n m—1
(20) Pmn - mel,nfl — mej + Z DPin-
7=0 i=0

Substituting (18)—(20) into (17) yields

n

m
PmnAlle—l,n—l + Tm,n—l szn + Tm—l,n mej
i=0 7=0

1

Smn =
Pmn

m n—1
—dIm—-1n-1 E pzn""E Pmj
1=0 7=0
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P, 1 &
=" AnTm-1pn-1— — meAmeanq

1

n
> pmiAorTm—1n-1+ Tm—1n-1-
Pmn =

Thus,

PmnA T Pm,n—l
114m—-1n—-1 —

mn Pmn—-1

(21) Smn — Smn—-1 = ( A1lcrm—1,n—2)

1 m
Z Din—1811Tm—1n—2

Pm,n—-1 i—0

1« 1«
+ ( > pim—1— ZPm) A10Tm-1,n-1
Pmn

=0 =0

+

n—1

> PmiAo1 T 1.n-2

J=0

1 n
mejAOITm—l,n—l +

Pmn =0 Pm,n—1

— A1 Trm—1,n—2.

Replacing m by m — 1 in (21), we have

(22) Sm—1,m — Sm—1,n—1

Po_in Pr1n-
:< ! AnTm—2n—1— #Alle—Q,n—2>

Pm—1,n Pm—-1n-1
1 m—1
+ Z DPin—1811Tm—2.n—2
Pm—1,n-1 i—0
1 m—1 1 m—1
+ | Pin—1 — Di A10T’ —2,n—1
(pm—l,n—l Zz:; o Pm—1,n 22:; Zn) " "
1 n
- me—l,jA01Tm—2,n—1
Pm—1,n =0
n—1

1
A — me—l,jA01Tm—2,n—2 — Ao1Tm—2,n—2
Pm—1,n-1 =0
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Subtracting (22) from (21) yields

Pm n
NtV L n— 2>

23) amn = A
( ) 11<pm 1,n—1

+ szn 1811 T —1 n—2

pmn 1

1 m—1
- p— § pi,nflAlleflan
m—1,n—1 7
’ 1=0

1 m—1 1 m—1
+ ( Z Pin-1= pin) JANTIY P

3
S
o

1 m—2 1 m—2
- (p— Z Pin-1= Z pin) A1oTm—2n—1

m—1,n i—0

=0
1 n—1
- p— E pmfl,jAlle727n72
m—1,n—1

+ me 1,3

pm 1,n—1 j=0 Pmmn—1 =0
m—1
Pm—1,j A1 Tm—2n-1
pm 1,n =0
E Pm—1,j — Ao1Trm—1,n-1
Pm—1,n =0 j -0
+ AT —2n—2.

If {p;;} is factorable, then the coefficients of A1oTr—1.n—1, A10Tm—2,n—1,
AOle,Ln,Q, and A()l Tmfl’nfl are zero. AISO,

1 m n

i=0 ;=0
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Using (24) with m = 0, we obtain

(25) QnTon — Qn-1To,n—1 = qnSon-

Using (24) with m = 1 yields

Tln PlQn Zzpz%sw )

i=0 j=0
1
Pl (QnTln - Qn—lTl,n—l) - ZpiQnSin 5
1=0

Pl(QnTln - Qn—lTl,n—l)
dn

= PoSon + P151n = (Po + P1)Son + P1 Z alk.

k=0
Using (25) gives
” Zam _ P(@nTin — QnaTin1)  Pr(@nTon — @n-1Ton-1)
dn dn
[Qn (T —Thn—1) + Thp—1 — %(Ton —Ton-1) — TO,n—1:|
dn dn
{Qn A1 Th -1 — A1oTo n— 1] -
Thus,
a1n = {Qn AnTon—1 — AioTon—1 — Cn- ATy -2+ A1oTon— 2]
pl qn Gn—1
(26) = [Qn A11To -1 — - 1A11T0n 2+ A1 To - 2} -
pl dn dn—1
Similarly,
P,
(27)  am1 = 221 [p AnTm—1,0— LA T, 2,0+ AT 20} .
1 m m—1
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In a similar manner it can be shown that

PO

(28) air = A11Too,
p1q1
and equation (23) becomes
P,,_ _
An = A11 <MA11Tm—2,n—2>
Pm—-19n—1
Qn Qn—
(29) + _Alle—Z,n—l - qn 1A11Tm—2,n—2
n n—1
Pm—l

Py,
+ —AuT—1n—2—

m m—1

We now substitute( 6) - (29) into

AiiTm—om—2+ A1 Tm-1n-1-

trn = Z 1] aq;
(m + 1 =1 j=1
1
= (m+1)(n 11+ZZGJ11+Z]CL1]+ZZ2]ZQZ]CL”
1 P
= [ 101 A11Too
(m+1)(n+1) | ;paa
[P P;_
(30) += > i < "ANTi 10 — ——AnTiooo+ AnTios 0)
q1 i—2 Di Pi—1
- Q; Qj
+—12 ( jAnTog 1 — = 1A11To‘7 2+ A1iTh -2
P1 =2 i dj—1
m n N PZ'_ Q a Q
+) ) i (All (#AllTi—2,j—2) + =LAnTi 251
i—2 j—2 Pi-1Gj-1 q;
Qi_ P; P;_
— SN T, j—2— —AnTi_1 j_2 — L AnTi—2-2
qj—1 Di Di—1

+A1Ti—1 1)
= L1 + L2 + L3 -|- L4, say.

For single summability, a series > a,, is said to be absolutely summa-
ble (C, ) with index k > 1, or summable |C, a, if

00
(31) Y How —on|F < oo,
n=1
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where o) denotes the nth Cesaro mean of order « of the sequence s, =
Sor_gak. 2 :=n(cy —o%_;), then, by a result of Kogbetliantz [4], (31)
is equivalent to

oo

1 k
> It < oo,

n=1

Since, for double summability, the mnth terms of the (C, «, 3) means
are factorable, the result of Kogbetliantz applies. In particular, if o = 3 =
1, to complete the proof, it is sufficient to show that

o> oo 1
LilF <00, i=1,2,3,4.
Zz(mﬂ)(nﬂ)’ "< oo,

m=1n=1
From (30),
>0 Laf* =0() 3 Y (m+ )™+ 1)~
m=1n=1 (m + 1)(7’L + 1) m=1n=1
=0(1)
Write Lo = Loy + Laos, where
Q1 P Py
Loy = 1— A1 Ti—10 — 7 AT
- qi(m+1)(n+1) ; pi e ; piog TR0
m—1
O(1) mPy, 2P P
= A1 Ty, — —A11To0 — — AL T;—
(m+ D+ 1) —Aou 1,0 11100 ; Audiono
= La11 + L212 + L213, say.
Using (10),
D) DL,
= = (m+1)(n+1)
— 0(1) i(m 1)1 x i . (P—m)k A Ty 1 olF
n=1 m=1 m+ 1 Pm 7
[e%s) P k—1
=0(1)) (p_m> [ A1 T-1,0]" = O(1)
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and similarly,

N 1
m=1n=1 (m + 1)(n T 1) ’L212’
~0) 3 m 17« Y+ )74 =00

Using Holder’s inequality and (10),

| La13|*
— (m+1)(n+1)

3
.[
3

k

—OW St S 1)

m—1

P;
Z —AnTio10
i— Pi

(2

1 k-1
1 m
_ 1
m—l—lZ; ]

=0(1) i (m+1)7? rzl <p£>k [AnuTio1l"

m=1 i=2 i—
=0(1) Z (—Z> AT,/ Z (m+1)~?
iz \Pi m=i+1
00 P k—1
=0(1)) (p_l> [AnTi-10/" = 0O(1)
i=2 v
and
i ) 1 | Loz
m=1n=1 (m T 1)(n T 1)
=0(1 AT
( >;; (m+1)(n+1) <m+1)(n+1);’ 114i-2,0

=0(1) Zik|A11Tz‘—2,0|k Z (m+1)~2

1=2 m=i+1
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oo . 00 Pz‘ k—1
=0(1) Z@k_1|A11Ti72,o|k =0(1) Z (p_) |A11 T

i=2 i=2 v
= 0(1).

In a similar manner,

m=1n=1
Write
6
L4:ZL4i7
i—1
where
1 = 3 1@ 1
La = i Ay limt ity
H (m+1)(n+1)i_z2 2‘7 O gy
—Z]Am FinaGy LANT; 251
=2 2—1%
1 “ . PZ lQl
= 1[2A A T;—
(m+1)(n—l—1); [ 10 Pi—1q1 M0
n—1
P Z
—nAqg 1Qn AnTi—o - 1+ZA10 1Q]A11TZ 2,j— 1]
Pi—14n j=2 Pi—1,4;5
1 "L Py Py
= 2 7 ApTi00—) @ AT
(m+1)(n+1) (; pioaq ; pigr

- Pz 1Qn e PQn
-n 1 AnTigpn_1— AnTi1n-1
(; Di—149n Zz; Pidn

+Z <Z 10 LA T i 1—2 P IANT 1)

iy Pi-14j i—a Pidj

= La11 + La12 + Lai3, say.
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60
We have
2 P, P,
Ly = [ 101 Aq1Too — @ Ai1Tm-1,0
(m+1(n+1)| ma "
m—1
P;
+ 2 A11Ti—1,0}~

i—s Pid1

Using the same arguments as applied to Loy, Lojo, and Loy3, it follows

that
Ly |F = 0(Q1).
Z m—l—l 1)| anl o)

m=1n=1

Similarly,

(e o0 1
Zl Z (m+1)(n+1) [Lara]* = O(1).

Continuing in a similar fashion as above yields

n—1
1 PiQ); P,Q;
Lz = 2 LA Ty o1 — LA T 1. i
3 (m+1)(n+1) Z [ e At s 1j—-1

=2 p14; Pmd4;
m—1
PQ;
+ Z ] AllTi—l,j—1‘|
i—o Pidj

= L4131 + L4132 + L4133, say,

o0 oo 1
2.2 (m+1)(n+1) L[

m=1n=1
k
oo o0 n—1
=0(1) ) D (m+ 1)+ )Y AT
m=1n=1 j=2
:O(l) Z —k— 12 TI,—l—l Z|A11T0,] 1‘
m=1
_— k—1
X —— ]Zz 1
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ZZ m+1 |L4132| ZZ m-l—l n+1)

m:ln:l m=1n= 1

m mQj
(m + 1)(” + 1) =2 Pm3;

AnTm—1,j-1

m=1 n=1 j=2 DPm3;
. k—1
1 «—
X 1 1

n -+ o

e’} k—1 oo Q k o)
—om > (32) 2 (F) muTeaial 3 a

m=1 \Pm j=2 4 n=j+1

00 00 k—1

P,Q:
~om S () AuTaal =0,
i io: ! | La133]
m=1n=1 (m + 1)<n + 1)
k
o o0 n—1m 1PQ
= Z Z(m+1) k 1(n+1)_k_1 Z Z Z. ] A11T’1—1 7j—1
m=1n=1 j=2 =2 pij

e o] ) e'e} L n—1m-—1 PQJ

=0() y m™ n7 Y TN TN
k—1

:o(l)ii(PQJ> [AnTioy;alf Z m=? Z "

m=i+1 n=j5+1
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Lys + Lys =

(m+1) n+1 ZZU—AMTZ 2,j-1

1=2 j=2

SHWL

z2]2qjl

—LALT 2,j—2

1 - Qn Ql
= ) —A Tz n—1 — 2 A TZ
(m + 1) n+ 1 E |: In 11 2 1 Q@ 11 2,0

n—1

=

Q.
“LANT; o -1
I

= Lyo1 + Laoo + Laos, say,

k

o0 o0 1
2.2 (m+1)(n+1)|L421|k
QnZZAnTz 2,n—1

IR —k—1 —k—1
_ZZm—I—l (n+1) s

-2 Z n—l (Qn) [i iklAllTi—Z,n—l‘k]
=2

I |
M

0o k—1 oo 0o
20(1)2(—“> S FANT gt Y mT

=2 m=i+1

0o k—1 oo
=0(1)) (-”) > AT g |F

1=2

_0() i i (Q”Pf’)k_l AT o |F = O(1).

2. 2 i el =0,



Double weighted mean methods equivalent to (C, 1,1) 63

2.2 m+1)1(n+1 [Laos | = sz+1 )™
1

m=1n=1

SIS YAGT
i=2 =2 1J
e’} fe’e) m n—1 Q k
< Zm 2Zn_2 Z ( ) ’Alsz 2,5— 1\
m=1 n=2 i=2 j=2
-1
1 m n—1
X 1
(m—i—l)(n—i—l);;
:O(l)ZZ( > |A11TZ 2,j— 1| Z m72 Z n -
1=2 j=2 m=i+1 n=j5+1
oo o PQ k—1
=01 > <—J) AT 5 4]" = O(1).
i—2 j—2 \ Pilj

The argument for L4y + Ly is similar.
Finally, we have

O o0 1
’ ’ (m+1) —k= 1 n+1)
m=1n=1 (m+ 1)( 10 mzlnzl
m n k
X ZZijAllﬂ—l,j—1
i=2 j=2
0 m n
Z QZ” ZZ(iJ)ﬂAllTifl,jfﬂk
m=1 =2 j=2
o k—1
. (m+1) n+1 2;;;1
1)ZZ(ij)k|A11Ti—1,j—1|k Z m=2 Z n=?2
1=2 j=2 m=i+1 n=j+1

DY Y @) HAnT 1

i=2 j=2
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[CSIINe'S) k—1
=0(1) ZZ (LQJ_l) AT 1% = O(1).

i=2 j—2 \ Pi-14j-1

Problem 2. If {p;;} is not factorable then, from (23), one has terms
involving one-sided differences A1y and Ag;. It is not possible to esti-
mate the size of these terms, since every estimation must involve the first
complete difference Aqq.

For other papers treating absolute k-inclusion of weighted mean ma-
trices, the reader may wish to consult [6]-[9].
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