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Double weighted mean methods equivalent to (C, 1, 1)

By F. MÓRICZ∗ (Szeged) and B. E. RHOADES∗∗ (Bloomington, Indiana)

Abstract. We establish sufficient conditions for double weighted mean matrices
(N, pij) and (C, 1, 1), the double Cesàro matrix of order (1, 1), to be equivalent and
absolutely equivalent of order k ≥ 1. The latter equivalence is proved only in the case
where {pij} is factorable.

1. Introduction

Let {pn} generate a regular weighted mean method with p0 > 0. (The
condition for regularity is that lim Pn = ∞.) In 1968 Borwein and Cass
[3] showed that, if
(i) either {pn} is nondecreasing and npn/Pn = O(1),
(ii) or {pn} is nonincreasing and Pn/npn = O(1),

then the weighted mean methods (N, pn) and (C, 1), the Cesàro matrix
of order 1, are equivalent. Using the same boundedness conditions, but
without the assumptions of monotonicity of {pn}, Bor [1] and [2], showed
the two methods to be absolutely equivalent for each k ≥ 1.

It is a natural question to ask if analogous conditions imply the equiv-
alence, or absolute k-equivalence, for double summability, which is the
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theme of this paper. The first part of this paper is a natural follow-
up of [5], and the reader is referred there for basic properties of double
summability not specifically described herein.

2. Equivalence of (N, pij) and (C, 1, 1)

Let {pij : i, j = 0, 1, . . . } be a double sequence of positive numbers,

Pmn :=
m∑

i=0

n∑

j=0

pij (m,n = 0, 1, . . . ),

and define
∆11pij = pij − pi+1,j − pi,j+1 + pi+1,j+1.

Let A and B be two doubly infinite matrices. A is said to be stronger than
B if every sequence that is assigned a limit by B is assigned the same limit
by A.

We shall say that {pij} is
(i) nondecreasing if pij ≤ min{pi+1,j , pi,j+1}, and
(ii) nonincreasing if pij ≥ max{pi+1,j , pi,j+1}, for all i and j

(i, j, = 0, 1, . . . ).
The following results were established in [5].

Proposition 1. If {pij} is nonincreasing, ∆11pij is of fixed sign, and

lim
m,n→∞

1
Pmn

m∑

i=0

(j + 1)pij = 0 (j = 0, 1, . . . ),(1)

lim
m,n→∞

1
Pmn

n∑

j=0

(i + 1)pij = 0 (i = 0, 1, . . . ),(2)

then (N, pij) is stronger than (C, 1, 1).

Proposition 2. If {pij} is nondecreasing, ∆11pij is of fixed sign, and

lim
m,n→∞

(m + 1)pm,j+1

Pmn
= 0 (j = 0, 1, . . . ),(3)

lim
m,n→∞

(n + 1)pi+1,n

Pmn
= 0 (i = 0, 1, . . . ),(4)

sup
m,n≥0

(m + 1)(n + 1)pmn

Pmn
< ∞,(5)
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then (N, pij) is stronger than (C, 1, 1).

We note that condition (5) implies conditions (3) and (4).
To prove condition (3), using (5), for any fixed j and n > j,

(m + 1)pm,j+1

Pmn
≤ (m + 1)pmn

Pmn
≤ M

n + 1
→ 0 as m,n →∞.

Condition (4) is established similarly.

Proposition 3. If {pij} is nondecreasing and ∆11(1/pij} is of fixed

sign, then (C, 1, 1) is stronger than (N, pij}.

This result is established by using Theorem 3 of [5], which is restated
here for convenience.

Lemma 1 (see [5, Theorem 3]). If {pij/qij} is nonincreasing,
∆11(pij /qij) is of fixed sign, and

lim
m,n→∞

1
Pmn

m∑

i=0

pij

qij

j∑
s=0

qis = 0 (j = 0, 1, . . . ),(6)

lim
m,n→∞

1
Pmn

n∑

j=0

pij

qij

i∑
r=0

qri = 0 (i = 0, 1, . . . ),(7)

sup
m,n≥0

1
Pmn

m∑

i=0

pin

qin

n∑
s=0

qis < ∞,(8)

sup
m,n≥0

1
Pmn

n∑

j=0

pmj

qmj

m∑
r=0

qrj < ∞,(9)

then (N, pij) is stronger than (N, qij).

Proof of Proposition 3. With pij = 1 for each i and j, and qij

replaced by pij , condition (6) becomes

1
(m + 1)(n + 1)

m∑

i=0

1
pij

j∑
s=0

pis ≤ 1
(m + 1)(n + 1)

m∑

i=0

1
pij

(j + 1)pij

=
j + 1
n + 1

→ 0 as n →∞ (j = 0, 1, . . . ).

Condition (7) is proved similarly.
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For condition (8),

1
(m + 1)(n + 1)

m∑

i=0

1
pin

n∑
s=0

pis ≤ 1
(m + 1)(n + 1)

m∑

i=0

1
pin

(n + 1)pin = 1.

Similarly, (9) is dominated by 1.

Proposition 4. If {pij} is nonincreasing, ∆11(1/pij) is of fixed sign,
and

(10) sup
m,n≥0

Pmn

(m + 1)(n + 1)pmn
< ∞,

then (C, 1, 1) is stronger than (N, pij).

We shall need Theorem 4 of [5], which is stated below for convenience.

Lemma 2 (see [5, Theorem 4]). If {pij/qij} is nondecreasing,
∆11(pij /qij) is of fixed sign, and

lim
m,n→∞

pm,j+1Qmj

qm,j+1Pmn
= 0 (j = 0, 1, . . . ),(11)

lim
m,n→∞

pi+1,nQin

qi+1,nPmn
= 0 (i = 0, 1, . . . ),(12)

sup
m,n≥0

pmnQmn

qmnPmn
< ∞,(13)

then (N, pij) is stronger than (N, qij).

Proof of Proposition 4. Using Lemma 2 with pij = 1 for all i and
j, and qij replaced with pij , condition (13) reduces to (10).

For (11), by using (10),

Pmj

pm,j+1(m + 1)(n + 1)
≤ M(j + 2)

n + 1
→ 0 as n →∞ (j = 0, 1, . . . ).

Condition (12) is established in a similar manner.

Theorem 1. If {pij} is positive, ∆11pij and ∆11(1/pij) are of fixed
sign, and either {pij} is nondecreasing and satisfies (5), or {pij} is non-

increasing and satisfies (1), (2), and (10), then (N, pij) and (C, 1, 1) are
equivalent.

Theorem 1 is proved by combining Propositions 1–4.
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We note that, if {pij} is nondecreasing and ∆11pij ≤ 0, then we
necessarily have ∆11(1/pij) ≥ 0 for all i and j. This follows immediately
from the inequality

∆11
1

pij
=

pi+1,j − pij

pijpi+1,j
− pi+1,j+1 − pj,k+1

pi,j+1pi+1,j+1
≥ − ∆11pij

pi,j+1pi+1,j+1
.

Similarly, if {pij} is nonincreasing, then we have

∆11
1

pij
≥ − ∆11pij

pijpi+1,j
,

from which it follows again that ∆11(1/pij) ≥ 0 if ∆11pij ≤ 0 for all i
and j.

3. Absolute equivalence of (N, pij) and (C, 1, 1)

We now consider absolute equivalence. A double series
∑

i

∑
j aij with

partial sums smn, is absolutely k-summable, k ≥ 1, by a double weighted
mean matrix (N, pij) if

∞∑
m=1

∞∑
n=1

(
Pmn

pmn

)k−1

|∆11Tm−1,n−1|k < ∞,

where

Tmn :=
1

Pmn

m∑

i=0

n∑

j=0

pijsij (m, n = 0, 1, . . . ).

A weighted mean matrix is said to be factorable if pij = piqj for single
sequences {pi}, {qj}.

Theorem 2. If {pij} is positive, ∆11pij and ∆11(1/pij) are of fixed
sign, either {pij} is nondecreasing and satisfies (5), or {pij} is nonincreas-

ing and satisfies (1), (2), and (10), and (N, pij) is factorable, then (N, pij)
and (C, 1, 1) are aboslutely equivalent of order k ≥ 1.

Although Theorem 2 is proved only for factorable matrices, the lem-
mas needed in the proof are true for more general weighted mean matrices,
and will be so stated and proved. We shall also indicate where the restric-
tion of factorability seems to be required.
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Proof of Theorem 2, Part 1.

Tmn =
1

Pmn

m∑

i=0

n∑

j=0

aij

m∑

µ=i

n∑

ν=j

pµν

=
m∑

i=0

n∑

j=0

aij − 1
Pmn

m∑

i=0

n∑

j=0

aij(Pm,j−1 + Pi−1,n − Pi−1,j−1),

whence

Tmn − Tm−1,n =
n∑

j=0

amj − 1
Pmn

n∑

j=0

amj(Pm,j−1 + Pm−1,n − Pm−1,j−1)

+
(

1
Pm−1,n

− 1
Pmn

) m−1∑

i=0

n∑

j=0

aij(Pi−1,n − Pi−1,j−1)

+
m−1∑

i=0

n∑

j=0

aij

(
Pm−1,j−1

Pm−1,n
− Pm,j−1

Pmn

)

=
(

1
Pm−1,n

− 1
Pmn

) m∑

i=0

n∑

j=0

aij(Pi−1,n − Pi−1,j−1)

+
m∑

i=0

n∑

j=0

aij

(
Pm−1,j−1

Pm−1,n
− Pm,j−1

Pmn

)

−
(

1
Pm−j,n

− 1
Pmn

) n∑

j=0

amj(Pm−1,n − Pm−1,j−1)

−
n∑

j=0

amj

(
Pm−1,j−1

Pm−1,n
− Pm,j−1

Pmn

)
+

n∑

j=0

amj

− 1
Pmn

n∑

j=0

amj(Pm,j−1 + Pm−1,n − Pm−1,j−1).

Note that all of the terms involving
∑n

j=0 amj add up to zero. Thus,

Tmn − Tm−1,n =
(

1
Pm−1,n

− 1
Pmn

) m∑

i=0

n∑

j=0

aij(Pi−1,n − Pi−1,j−1)

+
m∑

i=0

n∑

j=0

aij

(
Pm−1,j−1

Pm−1,n
− Pm,j−1

Pmn

)
.



Double weighted mean methods equivalent to (C, 1, 1) 35

Analogously,

Tm,n−1 − Tm−1,n−1 =
(

1
Pm−1,n−1

− 1
Pm,n−1

)

×
m∑

i=0

n−1∑

j=0

aij(Pi−1,n−1 − Pi−1,j−1) +
m∑

i=0

n−1∑

j=0

aij

(
Pm−1,j−1

Pm−1,n−1
− Pm,j−1

Pm,n−1

)
.

Combining the last two expressions yields

∆11Tm−1,n−1 =
(

1
Pm−1,n

− 1
Pmn

) m∑

i=0

ain(Pi−1,n − Pi−1,n−1)

+
(

1
Pm−1,n

− 1
Pmn

− 1
Pm−1,n−1

+
1

Pm,n−1

) m∑

i=0

n−1∑

j=0

aij(−Pi−1,j−1)

+
m∑

i=0

n−1∑

j=0

aij

[
Pi−1,n

(
1

Pm−1,n
− 1

Pmn

)

− Pi−1,n−1

(
1

Pm−1,n−1
− 1

Pm,n−1

)]

+
m∑

i=0

ain

(
Pm−1,n−1

Pm−1,n
− Pm,n−1

Pmn

)

+
m∑

i=0

n−1∑

j=0

aij

(
Pm−1,j−1

Pm−1,n
− Pm,j−1

Pmn
− Pm−1,j−1

Pm−1,n−1
+

Pm,j−1

Pm,n−1

)

= ∆11

(
1

Pm−1,n−1

) m∑

i=0

n∑

j=0

aijPi−1,j−1

+
m∑

i=0

n∑

j=0

aij

[
Pm−1,j−1

(
1

Pm−1,n
− 1

Pm−1,n−1

)

+ Pm,j−1

(
1

Pm,n−1
− 1

Pmn

)]

+
m∑

i=0

n∑

j=0

aij

[
Pi−1,n

(
1

Pm−1,n
− 1

Pmn

)

− Pi−1,n−1

(
1

Pm−1,n−1
− 1

Pm,n−1

)]
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−∆11

(
1

Pm−1,n−1

) m∑

i=0

ainPi−1,n−1

−
m∑

i=0

ain

[
Pm−1,n−1

(
1

Pm−1,n
− 1

Pm−1,n−1

)

+ Pm,n−1

(
1

Pm,n−1
− 1

Pmn

)]

−
m∑

i=0

ain

[
Pi−1,n

(
1

Pm−1,n
− 1

Pmn

)

− Pi−1,n−1

(
1

Pm−1,n−1
− 1

Pm,n−1

)]

+
(

1
Pm−1,n

− 1
Pmn

) m∑

i=0

ain(Pi−1,n − Pi−1,n−1)

+
m∑

i=0

ain

(
Pm−1,n−1

Pm−1,n
− Pm,n−1

Pmn

)
.

Note that the terms involving
∑m

i=0 ain add up again to zero. Thus,

(14)

∆11Tm−1,n−1 = ∆11

(
1

Pm−1,n−1

) m∑

i=0

n∑

j=0

aijPi−1,j−1

+
m∑

i=0

n∑

j=0

aij

[
Pm−1,j−1

(
1

Pm−1,n
− 1

Pm−1,n−1

)

+ Pm,j−1

(
1

Pm,n−1
− 1

Pmn

)]

+
m∑

i=0

n∑

j=0

aij

[
Pi−1,n

(
1

Pm−1,n
− 1

Pmn

)

− Pi−1,n−1

(
1

Pm−1,n−1
− 1

Pm,n−1

)]
.

If pij = piqj , then Pmn = PnQn, so that each of the quantities in brackets
in (14) adds to zero, so the second two series disappear.
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Introduce the quantity

tmn :=
1

(m + 1)(n + 1)

m∑

i=0

n∑

j=0

ijaij (m,n = 0, 1, . . . ).

It is clear that

(m + 1)(n + 1)tmn −m(n + 1)tm−1,n =
n∑

j=0

mjamj ,

whence

(15) ∆11(mn tm−1,n−1) = mnamn.

Substituting (15) into (14) yields

∆11Tm−1,n−1 = ∆11

(
1

Pm−1,n−1

) m∑

i=1

n∑

j=1

Pi−1,j−1
∆11(ij ti−1,j−1)

ij

= ∆11

(
1

Pm−1,n−1

) m∑

i=1

[
n∑

j=1

Pi−1,j−1ti−1,j−1

−
n∑

j=1

Pi−1,j−1

(
j + 1

j

)
ti−1,j −

n∑

j=1

Pi−1,j−1

(
i + 1

i

)
ti,j−1

+
n∑

j=1

Pi−1,j−1

(
i + 1

i

)(
j + 1

j

)
tij

]

= ∆11

(
1

Pm−1,n−1

) m∑

i=1

[
n−1∑

j=1

ti−1,j

(
Pi−1,j −

(
j + 1

j

)
Pi−1,j−1

)

− Pi−1,n−1

(
n + 1

n

)
ti−1,n

]

×
[
−

(
i + 1

i

) 



n−1∑

j=1

tij

(
Pi−1,j −

(
j + 1

j

)
Pi−1,j−1

)



+
(

i + 1
i

) (
n + 1

n

)
Pi−1,n−1tin

]

= ∆11

(
1

Pm−1,n−1

) m∑

i=1

[
n−1∑

j=1

(
ti−1,j − tij

(
i + 1

i

))
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×
(

Pi−1,j −
(

j + 1
j

)
Pi−1,j−1

)

− Pi−1,n−1

(
n + 1

n

)(
ti−1,n −

(
i + 1

i

)
tin

)]

= ∆11

(
1

Pm−1,n−1

) [
n−1∑

j=1

{
m−1∑

i=1

tij

[
Pij −

(
j + 1

j

)
Pi,j−1+

−
(

i + 1
i

) (
Pi−1,j −

(
j + 1

j

)
Pi−1,j−1

)]

− tmj

(
m + 1

m

)(
Pm−1,j −

(
j + 1

j

)
Pm−1,j−1

)

−
(

n + 1
n

) [
m−1∑

i=1

(
Pi,n−1 −

(
i + 1

i

)
Pi−1,n−1

)
tin

]

+
(

n + 1
n

)(
m + 1

m

)
Pm−1,n−1tmn

}]

= I1 + I2 + I3, say.

Taking into account that

Pij−
(

j + 1
j

)
Pi,j−1 −

(
i + 1

i

) (
Pi−1,j −

(
j + 1

j

)
Pi−1,j−1

)

=Pij − Pi,j−1 − Pi,j−1

j
− Pi−1,j + Pi−1,j−1

+
Pi−1,j−1

j
− Pi−1,j

i
+

Pi−1,j−1

i
+

Pi−1,j−1

ij

=∆11Pi−1,j−1 − 1
j
(Pi,j−1 − Pi−1,j−1)

− 1
i
(Pi−1,j − Pi−1,j−1) +

1
ij

Pi−1,j−1,

we may write I1 =
∑4

i=1 I1i.

Lemma 3. If {pij} is either nondecreasing and satisfies (5), or is non-
increasing, then

Pmn

Pm−1,n
,

Pmn

Pm,n−1
= O(1).
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Proof. Suppose {pmn} is nondecreasing and satisfies (5). Clearly,

Pmn

Pm−1,n
=

Pmn

Pmn −
∑n

j=0 pmj
=

1

1−
(∑n

j=0 pmj

)
/Pmn

.

But ∑n
j=0 pmj

Pmn
≤ (n + 1)pmn

Pmn
=

O(1)
m + 1

.

Therefore

1−
∑n

j=0 pmj

Pmn
≥ 1− O(1)

m + 1

and
0 ≤ Pmn

Pm−1,n
≤ 1

1−O(1)/(m + 1)
.

Since the expression on the right is the mth term of a convergent
sequence in one variable, it is bounded.

Suppose {pmn} is nonincreasing. Then
∑n

j=0 pmj

Pmn
=

(m + 1)
∑n

j=0 pmj

(m + 1)Pmn
≤

∑m
i=0

∑n
j=0 pij

(m + 1)Pmn
=

1
m + 1

,

and the result follows.
The case for Pmn/Pm,n−1 is proved similarly.

Lemma 4. Let ∆11(1/Pm−1,n−1) be of fixed sign. If either {pmn} is
nondecreasing and satisfies (5), or is nonincreasing and satisfies (10), then

PmnPm−1,n−1

pmn
∆11

(
1

Pm−1,n−1

)
= O(1).

Proof. It is easy to see that

PmnPm−1,n−1

pmn

(
1

Pm−1,n−1
− 1

Pm,n−1
− 1

Pm−1,n
+

1
Pmn

)

=
PmnPm−1,n−1

pmn

( ∑n−1
j=0 pmj

Pm−1,n−1Pm,n−1
−

∑n
j=0 pmj

Pm−1,nPmn

)

=
PmnPm−1,n−1

pmn

n−1∑

j=0

pmj

(
1

Pm−1,n−1Pm,n−1
− 1

Pm−1,nPmn

)

− Pm−1,n−1

Pm−1,n
.
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The last term is clearly O(1). The first term is equal to
∑n−1

j=0 pmj

pmnPm−1,nPm,n−1
(Pm−1,nPmn − Pm−1,n−1Pm,n−1)

=

∑n−1
j=0 pmj

pmnPm−1,nPm,n−1

[
Pm−1,n

(
Pm,n−1 +

m∑

i=0

pin

)
− Pm−1,n−1Pm,n−1

]

=

∑n−1
j=0 pmj

pmnPm−1,nPm,n−1

[
Pm,n−1(Pm−1,n − Pm−1,n−1) + Pm−1,n

m∑

i=0

pin

]

=

∑n−1
j=0 pmj

pmnPm−1,nPm,n−1

[
Pm,n−1

m−1∑

i=0

pin + Pm−1,n

m∑

i=0

pin

]

=

∑n−1
j=0 pmj

∑m−1
i=0 pin

pmnPm−1,n
+

∑n−1
j=0 pmj

∑m
i=0 pin

pmnPm,n−1
= J1 + J2, say.

If {pmn} is nondecreasing and satisfies (5), then, by using Lemma 3,

J1 ≤ (npmn)mpm−1,n

pmnPm−1,n
= O(1)

nmpmn

Pmn
= O(1)

and

J2 ≤ n pmn(m + 1)pmn

pmnPm,n−1
= O(1)

mnpmn

Pmn
= O(1).

If {pmn} is nonincreasing and satisfies (10), then

J1 ≤

(∑m
i=0

∑n−1
j=0 pij

)(∑m−1
i=0

∑n
j=0 pij

)

(m + 1)pmnPm−1,n(n + 1)
≤ Pmn

(m + 1)(n + 1)pmn
= O(1)

and

J2 ≤

(∑m
i=0

∑n−1
j=0 pij

)(∑m
i=0

∑n
j=0 pij

)

(m + 1)pmnPm,n−1(n + 1)
=

Pmn

(m + 1)(n + 1)pmn
= O(1).

To complete the proof of Theorem 2, Part 1 it is sufficient to show
that

∞∑
m=1

∞∑
n=1

(
Pmn

pmn

)k−1 ∣∣∣∣∆11

(
1

Pm−1,n−1

)
It

∣∣∣∣
k

< ∞ for t = 1, 2, 3.
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Step 1. By Lemma 4,

K11 : =
r+1∑
m=2

s+1∑
n=2

(
Pmn

pmn

)k−1

|I11|k

= O(1)
r+1∑
m=2

s+1∑
n=2

∣∣∣∣∆11

(
1

Pm−1,n−1

)∣∣∣∣




m−1∑

i=1

n−1∑

j=1

|tij |kpij




×

 1

Pm−1,n−1

m−1∑

i=1

n−1∑

j=1

pij




k−1

= O(1)
r+1∑
m=2

s+1∑
n=2

∣∣∣∣∆11

(
1

Pm−1,n−1

)∣∣∣∣
m−1∑

i=1

n−1∑

j=1

|tij |kpij

= O(1)
r∑

i=1

s∑

j=1

|tij |kpij

r+1∑

m=i+1

s+1∑

n=j+1

∣∣∣∣∆11

(
1

Pm−1,n−1

)∣∣∣∣ .

Lemma 5. If ∆11(1/Pm−1,n−1) is of fixed sign, then

r+1∑

m=i+1

s+1∑

n=j+1

∣∣∣∣∆11

(
1

Pm−1,n−1

)∣∣∣∣ =
O(1)
Pij

.

Proof. In fact, a simple argument gives

r+1∑

m=i+1

s+1∑

n=j+1

∣∣∣∣∆11

(
1

Pm−1,n−1

)∣∣∣∣

=

∣∣∣∣∣∣

r+1∑

m=i+1

s+1∑

n=j+1

(
1

Pm−1,n−1
− 1

Pm−1,n
− 1

Pm,n−1
+

1
Pmn

)∣∣∣∣∣∣

=

∣∣∣∣∣
r+1∑

m=i+1

(
1

Pm−1,j
− 1

Pm−1,s+1
− 1

Pm,j
+

1
Pm,s+1

)∣∣∣∣∣

=
∣∣∣∣

1
Pij

− 1
Pr+1,j

− 1
Pi,s+1

+
1

Pr+1,s+1

∣∣∣∣

< max
{

1
Pij

+
1

Pr+1,s+1
,

1
Pr+1,j

+
1

Pi,s+1

}
≤ 2

Pij
.
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Therefore, by Lemma 5 and (5),

K11 = O(1)
r∑

i=1

s∑

j=1

|tij |k pij

Pij
= O(1)

r∑

i=1

s∑

j=1

|tij |k
ij

= O(1).

Using Lemma 4,

K12 :=
r+1∑
m=2

s+1∑
n=2

(
Pmn

pmn

)k−1

|I12|k

= O(1)
r+1∑
m=2

s+1∑
n=2

∣∣∣∣∆11

(
1

Pm−1,n−1

)∣∣∣∣




m−1∑

i=1

n−1∑

j=1

|tij |k
j

j−1∑
ν=0

piν




×

 1

Pm−1,n−1

m−1∑

i=1

n−1∑

j=1

j−1∑
ν=0

piν

j




k−1

.

Set

A12 :=
1

Pm−1,n−1

m−1∑

i=1

n−1∑

j=1

j−1∑
ν=0

piν

j
.

If {pij} is nondecreasing,
∑j−1

ν=0 piν ≤ jpij and

A12 ≤ 1
Pm−1,n−1

m−1∑

i=1

n−1∑

j=1

pij ≤ 1.

If {pij} is nonincreasing then, by using (1),

A12 =
1

Pm−1,n−1

n−1∑

j=1

1
j

m−1∑

i=1

j−1∑
ν=0

piν ≤ 1
Pm−1,n−1

n−1∑

j=1

1
j
Pm−1,j−1

=
O(1)

Pm−1,n−1

n−1∑

j=1

(m− 1)pm−1,j−1 =
O(1)(m− 1)
Pm−1,n−1

n−1∑

j=1

pm−1,j−1

=
O(1)

Pm−1,n−1

m−1∑

i=0

n−1∑

j=1

pi,j−1 = O(1).

By Lemma 5,

K12 = O(1)
r∑

i=1

s∑

j=1

|tij |k
j

j−1∑
ν=0

piν

r+1∑

m=i+1

s+1∑

n=j+1

∣∣∣∣∆11

(
1

Pm−1,n−1

)∣∣∣∣
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= O(1)
r∑

i=1

s∑

j=1

|tij |k
jPij

j−1∑
ν=0

piν .

Lemma 6. If {pij} is either nondecreasing and satisfies (5) or is non-

increasing, then

(a)
1

Pij

j−1∑
ν=0

piν =
O(1)

i
, (b)

1
Pij

i−1∑
µ=0

pµj =
O(1)

j
.

Proof. If {pjk} is nondecreasing, then by (5),

q

Pij

j−1∑
ν=0

piν ≤ jpij

Pij
=
O(1)

i
.

If {pij} is nonincreasing, then

1
Pij

j−1∑
ν=0

piν =
1

iPij
i

j−1∑
ν=0

piν ≤ 1
iPij

i∑

j=0

j−1∑
ν=0

piν = 1.

Part (b) is proved similarly.

By Lemma 6, K12 = O(1).

Using Lemma 4,

K13 :=
r+1∑
m=2

s+1∑
n=2

(
Pmn

pmn

)k−1

|I13|k

= O(1)
r+1∑
m=2

s+1∑
n=2

∣∣∣∣∆11

(
1

Pm−1,n−1

)∣∣∣∣
m−1∑

i=1

n−1∑

j=1

|tij|k
i

i−1∑
µ=0

pµj

×

 1

Pm−1,n−1

m−1∑

i=1

n−1∑

j=1

1
i

i−1∑
µ=0

pµj




k−1

.

If {pij} is nondecreasing, then
∑i−1

µ=0 pµj ≤ ipij and the quantity in brack-
ets is ≤ 1. If {pij} is nonincreasing, then the quantity in brackets is
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dominated by

1
Pm−1,n−1

m−1∑

i=1

1
i
Pi−1,n−1 =

O(1)
Pm−1,n−1

m−1∑

i=1

(n− 1)pi−1,n−1

=
O(1)

Pm−1,n−1

m−1∑

i=1

n−1∑

j=0

pi−1,j = O(1).

Using Lemmas 5 and 6,

K13 = O(1)
r∑

i=1

s∑

j=1

|tij |k
i

i−1∑
µ=0

pµj

r+1∑

m=i+1

s∑

n=j+1

∣∣∣∣∆11

(
1

Pm−1,n−1

)∣∣∣∣

= O(1)
r∑

i=1

s∑

j=1

|tij |k
i

1
Pij

i−1∑
µ=0

pµj = O(1)
r∑

i=1

s∑

j=1

|tij |k
ij

= O(1).

Using Lemma 4,

K14 :=
r+1∑
m=2

s+1∑
n=2

(
Pmn

pmn

)k−1

|I14|k

= O(1)
r+1∑
m=2

s+1∑
n=2

∣∣∣∣∆11

(
1

Pm− 1, n− 1

)∣∣∣∣
m−1∑

i=1

n−1∑

j=1

|tij |k
ij

Pi−1,j−1

×

 1

Pm−1,n−1

m−1∑

i=1

n−1∑

j=1

Pi−1,j−1

ij




k−1

.

From (10) the quantity in brackets is

O(1)
Pm−1,n−1

m−1∑

i=1

n−1∑

j=1

pij = O(1).

Using Lemma 5,

K14 = O(1)
m−1∑

i=1

n−1∑

j=1

|tij |k
ij

Pi−1,j−1

r+1∑

m=i+1

s+1∑

n=j+1

∣∣∣∣∆11

(
1

Pm−1,n−1

)∣∣∣∣

= O(1).
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Step 2. We may write I2 = I21 + I22. Using Lemma 4,

K21 :=
r+1∑
m=2

s+1∑
n=2

(
Pmn

pmn

)k−1

|I21|k

= O(1)
r+1∑
m=2

s+1∑
n=2

∣∣∣∣∆11

(
1

Pm−1,n−1

)∣∣∣∣
(

m + 1
m

)k

×
n−1∑

j=1

|tmj |k(Pm−1,j − Pm−1,j−1)


 1

Pm−1,n−1

n−1∑

j=1

m−1∑
µ=0

pµj




k−1

= O(1)
n−1∑

j=1

r+1∑
m=2

|tmj |k
m−1∑
µ=0

pµj

s+1∑

n=j+1

∣∣∣∣∆11

(
1

Pm−1,n−1

)∣∣∣∣ .

Lemma 7. Let {pmn} be such that ∆11(1/Pm−1,n−1) is of fixed sign.
If either {pmn} is nondecreasing and satisfies (5), or {pmn} is nonincreas-
ing, then

(a)
m−1∑

i=0

pij

s+1∑

n=j+1

∣∣∣∣∆11

(
1

Pm−1,n−1

)∣∣∣∣ =
O(1)
jm

and

(b)
n−1∑

j=0

pij

r+1∑

m=i+1

∣∣∣∣∆11

(
1

Pm−1,n−1

)∣∣∣∣ =
O(1)
in

.

Proof. Clearly

s+1∑

n=j+1

∣∣∣∣∆11

(
1

Pm−1,n−1

)∣∣∣∣ =

∣∣∣∣∣∣

s+1∑

n=j+1

∆11

(
1

Pm−1,n−1

)∣∣∣∣∣∣

=
∣∣∣∣

1
Pm−1,j

− 1
Pm−1,s+1

− 1
Pmj

+
1

Pm,s+1

∣∣∣∣

≤ max
{

Pmj − Pm−1,j

PmjPm−1,j
,
Pm,s+1 − Pm−1,s+1

Pm,s+1Pm−1,s+1

}
.

If {pmn} is nondecreasing, then, from (5),

1
PmjPm−1,j

m−1∑

i=0

pij

j∑
ν=0

pmν ≤ mpn−1,j(j + 1)pmj

pmjPm−1,j
=
O(1)
jm

,
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and

1
Pm,s+1Pm−1,s+1

m−1∑

i=0

pij

s+1∑
ν=0

pmν

≤ mpn−1,j(s + 2)pm,s+1

Pm,s+1Pm,s+1
=

O(1)
(s + 1)m

=
O(1)
jm

,

since j ≤ s + 1.

If {pmn} is nonincreasing, then

1
PmjPm−1,j

m−1∑

i=0

pij

j∑
ν=0

pmν =
1

jmPmjPm−1,j
j

m−1∑

i=0

pijm

j∑
ν=0

pmν

≤ 1
jmPmjPm−1,j

(
m−1∑

i=0

j∑
ν=0

piν

)(
m−1∑

i=0

j∑
ν=0

piν

)
≤ 1

jm

and

1
Pm,s+1Pm−1,s+1

m−1∑

i=0

pij

s+1∑
ν=0

pmν

=
1

jmPm,s+1Pm−1,s+1
j

m−1∑

i=0

pijm

s+1∑
ν=0

pmν

≤ 1
jmPm,s+1Pm−1,s+1

m−1∑

i=0

j∑
ν=0

piν

m−1∑

j=0

s+1∑
ν=0

piν ≤ 1
jm

.

Part (b) is proved similarly.
Using Lemma 7, K21 = O(1).
Using Lemma 4, (10), and Lemma 6,

K22 :=
r+1∑
m=2

s+1∑
n=2

(
Pmn

pmn

)k−1

|I22|k

= O(1)
r+1∑
m=2

s+1∑
n=2

∣∣∣∣∆11

(
1

Pm−1,n−1

)∣∣∣∣
(

m + 1
m

)k n−1∑

j=1

1
j
Pm−1,j−1|tmj |k

×

 1

Pm−1,n−1

n−1∑

j=1

1
j
Pm−1,j−1




k−1
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= O(1)
r+1∑
m=2

s+1∑
n=2

∣∣∣∣∆11

(
1

Pm−1,n−1

)∣∣∣∣
n−1∑

j=1

1
j
Pm−1,j−1|tmj |k

= O(1)
r+1∑
m=2

s∑

j=1

|tmj |k
j

Pm−1,j−1

s+1∑

n=j+1

∣∣∣∣∆11

(
1

Pm−1,n−1

)∣∣∣∣ .

Lemma 8. Let {pmn} be such that ∆11(1/Pm−1,n−1) is of fixed sign.
If either {pmn} is nondecreasing, or {pmn} is nonincreasing and satisfies
(10), then

(a) Pm−1,j−1

s+1∑

n=j+1

∣∣∣∣∆11

(
1

Pm−1,n−1

)∣∣∣∣ =
O(1)
m

and

(b) Pi−1,n−1

r+1∑

m=i+1

∣∣∣∣∆11

(
1

Pm−1,n−1

)∣∣∣∣ =
O(1)

n
.

Proof. Let

M1 := Pm−1,j−1

s+1∑

n=j+1

∣∣∣∣∆11

(
1

Pm−1,n−1

)∣∣∣∣

= O(1)Pm−1,j−1

[
jm

m−1∑

i=0

pij

]−1

.

If {pmn} is nondecreasing, then

j

m−1∑

i=0

pij ≥
m−1∑

i=0

j−1∑
v=0

piv = Pm−1,j−1,

and M1 = O(1)m−1.
If {pmn} is nonincreasing, then

j

m−1∑

i=0

pij ≥ jmpmj ,

and, from (10), M1 = O(1)m−1.
Using Lemma 8, K22 = O(1).
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Step 3. We may write

I3 =−
(

n + 1
n

) m−1∑

i=1

(Pi,n−1 − Pi−1,n−1)tin +
(

n + 1
n

) m−1∑

i=1

Pi−1,n−1
tin
i

+
(

n + 1
n

)(
m + 1

m

)
Pm−1,n−1tmn

= I31 + I32 + I33, say.

Using Lemmas 4 and 7,

K31 :=
r+1∑
m=2

s+1∑
n=2

(
Pmn

pmn

)k−1

|I31|k

= O(1)
r+1∑
m=2

s+1∑
n=2

∣∣∣∣∆11

(
1

Pm−1,n−1

)∣∣∣∣
(

n + 1
n

)k

×
m−1∑

i=1

(Pi,n−1 − Pi−1,n−1)|tin|k

×

 1

Pm−1,n−1

m−1∑

i=1

n−1∑

j=0

pij




k−1

= O(1)
r+1∑
m=2

s+1∑
n=2

∣∣∣∣∆11

(
1

Pm−1,n−1

)∣∣∣∣
m−1∑

i=1

n−1∑

j=0

pij |tin|k

= O(1)
r∑

i=1

s+1∑
n=2

|tin|k
n−1∑

j=0

pij

r+1∑

m=i+1

∣∣∣∣∆11

(
1

Pm−1,n−1

)∣∣∣∣

= O(1)
r∑

i=1

s+1∑
n=2

|tin|k
in

= O(1).

Using Lemma 4, (10), Lemmas 6 and 8,

K32 :=
r+1∑
m=2

s+1∑
n=2

(
Pmn

pmn

)k−1

|I32|k

= O(1)
r+1∑
m=2

s+1∑
n=2

∣∣∣∣∆11

(
1

Pm−1,n−1

)∣∣∣∣
(

n + 1
n

)k m−1∑

i=1

Pi−1,n−1
|tin|k

i
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×
[

1
Pm−1,n−1

m−1∑

i=1

Pi−1,n−1

i

]k−1

= O(1)
r+1∑
m=2

s+1∑
n=2

∣∣∣∣∆11

(
1

Pm−1,n−1

)∣∣∣∣
m−1∑

i=1

Pi−1,n−1
|tin|k

i

= O(1)
r∑

i=1

s+1∑
n=2

|tin|k
i

Pi−1,n−1

r+1∑

m=i+1

∣∣∣∣∆11

(
1

Pm−1,n−1

)∣∣∣∣

= O(1)
r∑

i=1

s+1∑
n=2

|tin|k
in

= O(1).

Using Lemmas 4 and 5, and (5),

K33 :=
r+1∑
m=2

s+1∑
n=2

(
Pmn

pmn

)k−1

|I33|k

= O(1)
r+1∑
m=2

s+1∑
n=2

∣∣∣∣∆11

(
1

Pm−1,n−1

)∣∣∣∣

×
[(

n + 1
n

)(
m + 1

m

)
Pm−1,n−1|tmn|

]k

/P k−1
m−1,n−1

= O(1)
r+1∑
m=2

s+1∑
n=2

∣∣∣∣∆11

(
1

Pm−1,n−1

)∣∣∣∣ Pm−1,n−1|tmn|k

= O(1)
r+1∑
m=2

s+1∑
n=2

pmn

Pmn
|tmn|k = O(1)

r+1∑
m=2

s+1∑
n=2

|tmn|k
mn

= O(1).

Problem 1. We have now shown that (N,pjk) is k-absolutely stronger
than (C,1,1), under the added assumption that {pjk} is factorable. Before
proving the converse, we shall point out the difficulties that arise without
that assumption.

From (14), if {pjk} is not factorable, substituting (15) into the last
two series and performing the standard summation by parts yields

n−1∑

j=1

[ (
1

Pm−1,n
− 1

Pm−1,n−1

)(
Pm−1,j −

(
j + 1

j

)
Pm−1,j−1

)

+
(

1
Pm,n−1

− 1
Pmn

)(
Pmj −

(
j + 1

j

)
Pm,j−1

) ]
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×
[
−

m−1∑

i=1

tij
i
−

(
m + 1

m

)
tmj

]

−
(

n + 1
n

)[
Pm−1,n−1

Pm−1,n
− Pm,n−1

Pmn

] [
−

m−1∑

i=1

tin
i

+
(

m + 1
m

)
tmn

]

+
m−1∑

i=1

[ (
1

Pm−1,n
− 1

Pmn

)(
Pin −

(
i + 1

i

)
Pi−1,n

)
(16)

−
(

1
Pm−1,n−1

− 1
Pm,n−1

) (
Pi,n−1 −

(
i + 1

i

)
Pi−1,n−1

) ]

×

−

n−1∑

j=1

tij
j
−

(
n + 1

n

)
tin




+
(

m + 1
m

)[
Pm−1,n

Pmn
− Pm−1,n−1

Pm,n−1

] 
−

n−1∑

j=1

tmj

j
−

(
n + 1

n

)
tmn


 .

The coefficients of tmn add to zero, but it does not appear to be
possible to obtain bounds on the remaining terms. For example, if one
defines

K41 :=
r+1∑
m=2

s+1∑
n=2

(
Pmn

pmn

)k−1

×
∣∣∣∣∣∣

n−1∑

j=1

(
1

Pm−1,n
− 1

Pm−1,n−1

)
(Pm−1,j − Pm−1,j−1)

m−1∑

i=1

tij
i

∣∣∣∣∣∣

k

= O(1)
r+1∑
m=2

s+1∑
n=2

(
Pmn

pmn

)k−1

×
n−1∑

j=1

(
1

Pm−1,n−1
− 1

Pm−1,n

) (
m−1∑
µ=0

pµj

)
m−1∑

i=1

|tij |k
i

×



n−1∑

j=1

(
1

Pm−1,n−1
− 1

Pm−1,n

) (
m−1∑
µ=0

pµj

)
m−1∑

i=1

1
i




k−1

,
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then by Lemma 6,

n−1∑

j=1

(
1

Pm−1,n−1
− 1

Pm−1,n

) (
m−1∑
µ=0

pµj

)
m−1∑

i=1

1
i

= O(1) log m

(
1

Pm−1,n−1
− 1

Pm−1,n

) n−1∑

j=1

m−1∑

i=0

pij

=
O(1)Pm−1,n−1 log m

Pm−1,n−1Pm−1,n

m−1∑

i=0

pin

=
O(1) log m

n
.

Thus, from (10) and Lemma 6,

K := O(1)
r+1∑
m=2

s+1∑
n=2

(
Pmn log m

npmn

)k−1 n−1∑

j=1

(
1

Pm−1,n−1
− 1

Pm−1,n

)

×
(

m−1∑
µ=0

pµj

)
m−1∑

i=1

|tij |k
i

= O(1)
r+1∑
m=2

s+1∑
n=2

(m log m)k−1
n−1∑

j=1

(
1

Pm−1,n−1
− 1

Pm−1,n

)

×
(

m−1∑
µ=0

pµj

)
m−1∑

i=1

|tij |k
i

= O(1)
r∑

i=1

s∑

j=1

|tij |k
i

r+1∑

m=i+1

s+1∑

n=j+1

(m log m)k−1

×
(

1
Pm−1,n−1

− 1
Pm−1,n

) m−1∑
µ=0

pµj

= O(1)
r∑

i=1

s∑

j=1

|tij |k
i

r+1∑

m=i+1

(m log m)k−1

×
m−1∑
µ=0

pµj

(
1

Pm−1,j
− 1

Pm−1,s+1

)
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= O(1)
r∑

i=1

s∑

j=1

|tij |k
ij

r+1∑

m=i+1

(m log m)k−1,

and K need not be finite.
Even combining terms of (16), or rewriting them, still does not remove

the presence of a logarithmic term.

Proof of Theorem 2, Part 2. To prove that (C,1,1) is k-absolutely
stronger than (N,pjk), we shall first begin with the definition of Tmn. By
taking successive first differences with respect to each variable, it readily
follows that

pmnsmn = ∆11(Pm−1,n−1Tm−1,n−1),

which we shall rewrite in the form

smn =
1

pmn

[
Pmn∆11Tm−1,n−1 + Pmn(Tm,n−1 + Tm−1,n − Tm−1,n−1)

− Pm,n−1Tm,n−1 − Pm−1,nTm−1,n + Pm−1,n−1Tm−1,n−1

]

=
1

pmn

[
Pmn∆11Tm−1,n−1 + (Pmn − Pm,n−1)Tm,n−1(17)

+ (Pmn − Pm−1,n)Tm−1,n − (Pmn − Pm−1,n−1)Tm−1,n−1

]
.

But

Pmn − Pm,n−1 =




m∑

i=0

n∑

j=0

−
m∑

i=0

n−1∑

j=0


 pij =

m∑

i=0

pin,(18)

Pmn − Pm−1,n =
n∑

j=0

pmj ,(19)

and

(20) Pmn − Pm−1,n−1 =
n∑

j=0

pmj +
m−1∑

i=0

pin.

Substituting (18)–(20) into (17) yields

smn =
1

pmn


Pmn∆11Tm−1,n−1 + Tm,n−1

m∑

i=0

pin + Tm−1,n

n∑

j=0

pmj

−Tm−1,n−1




m∑

i=0

pin +
n−1∑

j=0

pmj
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=
Pmn

pmn
∆11Tm−1,n−1 − 1

pmn

m∑

i=0

pin∆10Tm−1,n−1

− 1
pmn

n∑

j=0

pmj∆01Tm−1,n−1 + Tm−1,n−1.

Thus,

smn − sm,n−1 =
(

Pmn

pmn
∆11Tm−1,n−1 − Pm,n−1

pm,n−1
∆11Tm−1,n−2

)
(21)

+
1

pm,n−1

m∑

i=0

pi,n−1∆11Tm−1,n−2

+

(
1

pm,n−1

m∑

i=0

pi,n−1 − 1
pmn

m∑

i=0

pin

)
∆10Tm−1,n−1

− 1
pmn

n∑

j=0

pmj∆01Tm−1,n−1 +
1

pm,n−1

n−1∑

j=0

pmj∆01Tm−1,n−2

−∆01Tm−1,n−2.

Replacing m by m− 1 in (21), we have

sm−1,n − sm−1,n−1(22)

=

(
Pm−1n

pm−1,n
∆11Tm−2,n−1 − Pm−1,n−1

pm−1,n−1
∆11Tm−2,n−2

)

+
1

pm−1,n−1

m−1∑

i=0

pi,n−1∆11Tm−2,n−2

+

(
1

pm−1,n−1

m−1∑

i=0

pi,n−1 − 1
pm−1,n

m−1∑

i=0

pin

)
∆10Tm−2,n−1

− 1
pm−1,n

n∑

j=0

pm−1,j∆01Tm−2,n−1

+
1

pm−1,n−1

n−1∑

j=0

pm−1,j∆01Tm−2,n−2 −∆01Tm−2,n−2.
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Subtracting (22) from (21) yields

amn = ∆11

(
Pm−1,n−1

pm−1,n−1
∆11Tm−2,n−2

)
(23)

+
1

pm,n−1

m∑

i=0

pi,n−1∆11Tm−1,n−2

− 1
pm−1,n−1

m−1∑

i=0

pi,n−1∆11Tm−2,n−2

+

(
1

pm,n−1

m−1∑

i=0

pi,n−1 − 1
pmn

m−1∑

i=0

pin

)
∆10Tm−1,n−1

−
(

1
pm−1,n−1

m−2∑

i=0

pi,n−1 − 1
pm−1,n

m−2∑

i=0

pin

)
∆10Tm−2,n−1

− 1
pm−1,n−1

n−1∑

j=0

pm−1,j∆11Tm−2,n−2

+


− 1

pm−1,n−1

n−1∑

j=0

pm−1,j +
1

pm,n−1

n−1∑

j=0

pmj


 ∆01Tm−1,n−2

+
1

pm−1,n

m−1∑

j=0

pm−1,j∆11Tm−2,n−1

+


 1

pm−1,n

m−1∑

j=0

pm−1,j − 1
pmn

n∑

j=0

pmj


 ∆01Tm−1,n−1

+ ∆11Tm−2,n−2.

If {pij} is factorable, then the coefficients of ∆10Tm−1,n−1, ∆10Tm−2,n−1,
∆01Tm−1,n−2, and ∆01 Tm−1,n−1 are zero. Also,

(24) Tmn =
1

PmQn

m∑

i=0

pi

n∑

j=0

qjsij .
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Using (24) with m = 0, we obtain

T0n =
1

Qn

n∑

j=0

qjs0j ,

QnT0n −Qn−1T0,n−1 = qns0n.(25)

Using (24) with m = 1 yields

T1n =
1

P1Qn

1∑

i=0

n∑

j=0

piqjsij ,

P1(QnT1n −Qn−1T1,n−1) =
1∑

i=0

piqnsin ,

P1(QnT1n −Qn−1T1,n−1)
qn

= p0s0n + p1s1n = (p0 + p1)s0n + p1

n∑

k=0

a1k.

Using (25) gives

p1

n∑

k=0

a1k =
P1(QnT1n −Qn−1T1,n−1)

qn
− P1(QnT0n −Qn−1T0,n−1)

qn

= P1

[
Qn

qn
(T1n − T1,n−1) + T1,n−1 − Qn

qn
(T0n − T0,n−1)− T0,n−1

]

= P1

[
Qn

qn
∆11T0,n−1 −∆10T0,n−1

]
.

Thus,

a1n =
P1

p1

[
Qn

qn
∆11T0,n−1 −∆10T0,n−1 − Qn−1

qn−1
∆11T0,n−2 + ∆10T0,n−2

]

=
P1

p1

[
Qn

qn
∆11T0,n−1 − Qn−1

qn−1
∆11T0,n−2 + ∆11T0,n−2

]
.(26)

Similarly,

(27) am1 =
Q1

q1

[
Pm

pm
∆11Tm−1,0 − Pm−1

pm−1
∆11Tm−2,0 + ∆11Tm−2,0

]
.
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In a similar manner it can be shown that

(28) a11 =
P1Q1

p1q1
∆11T00,

and equation (23) becomes

amn = ∆11

(
Pm−1Qn−1

pm−1qn−1
∆11Tm−2,n−2

)

+
Qn

qn
∆11Tm−2,n−1 − Qn−1

qn−1
∆11Tm−2,n−2(29)

+
Pm

pm
∆11Tm−1,n−2 − Pm−1

pm−1
∆11Tm−2,n−2 + ∆11Tm−1,n−1.

We now substitute (26) - (29) into

tmn =
1

(m + 1)(n + 1)

m∑

i=1

n∑

j=1

ijaij

=
1

(m + 1)(n + 1)


a11 +

m∑

i=2

iai1 +
n∑

j=2

ja1j +
m∑

i=2

n∑

j=2

ijaij




=
1

(m + 1)(n + 1)

[
P1Q1

p1q1
∆11T00

+
Q1

q1

m∑

i=2

i

(
Pi

pi
∆11Ti−1,0 − Pi−1

pi−1
∆11Ti−2,0 + ∆11Ti−2,0

)
(30)

+
P1

p1

n∑

j=2

j

(
Qj

qj
∆11T0,j−1 − Qj−1

qj−1
∆11T0,j−2 + ∆11T0,j−2

)

+
m∑

i=2

n∑

j=2

ij

(
∆11

(
Pi−1Qj−1

pi−1qj−1
∆11Ti−2,j−2

)
+

Qj

qj
∆11Ti−2,j−1

− Qj−1

qj−1
∆11Ti−2,j−2 − Pi

pi
∆11Ti−1,j−2 − Pi−1

pi−1
∆11Ti−2,j−2

+∆11Ti−1,j−1)]
= L1 + L2 + L3 + L4, say.

For single summability, a series
∑

an is said to be absolutely summa-
ble (C, α) with index k ≥ 1, or summable |C, α|k, if

(31)
∞∑

n=1

nk−1|σα
n − σα

n−1|k < ∞,
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where σα
n denotes the nth Cesàro mean of order α of the sequence sn =∑n

k=0 ak. If tαn := n(σα
n −σα

n−1), then, by a result of Kogbetliantz [4], (31)
is equivalent to

∞∑
n=1

1
n
|tαn|k < ∞.

Since, for double summability, the mnth terms of the (C, α, β) means
are factorable, the result of Kogbetliantz applies. In particular, if α = β =
1, to complete the proof, it is sufficient to show that

∞∑
m=1

∞∑
n=1

1
(m + 1)(n + 1)

|Li|k < ∞, i = 1, 2, 3, 4.

From (30),

∞∑
m=1

∞∑
n=1

1
(m + 1)(n + 1)

|L1|k = O(1)
∞∑

m=1

∞∑
n=1

(m + 1)−k−1(n + 1)−k−1

= O(1).

Write L2 = L21 + L22, where

L21 :=
Q1

q1(m + 1)(n + 1)

[
m∑

i=2

i
Pi

pi
∆11Ti−1,0 −

m∑

i=2

i
Pi−1

pi−1
∆11Ti−2,0

]

=
O(1)

(m + 1)(n + 1)

[
mPm

pm
∆11Tm−1,0 − 2P1

p1
∆11T00 −

m−1∑

i=2

Pi

pi
∆11Ti−1,0

]

= L211 + L212 + L213, say.

Using (10),

∞∑
m=1

∞∑
n=1

1
(m + 1)(n + 1)

|L211|k

= O(1)
∞∑

n=1

(n + 1)−k−1 ×
∞∑

m=1

1
m + 1

(
Pm

pm

)k

|∆11Tm−1,0|k

= O(1)
∞∑

m=1

(
Pm

pm

)k−1

|∆11Tm−1,0|k =O(1)
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and similarly,
∞∑

m=1

∞∑
n=1

1
(m + 1)(n + 1)

|L212|k

= O(1)
∞∑

m=1

(m + 1)−k−1 ×
∞∑

n=1

(n + 1)−k−1 = O(1).

Using Hölder’s inequality and (10),
∞∑

m=1

∞∑
n=1

1
(m + 1)(n + 1)

|L213|k

= O(1)
∞∑

n=1

(n + 1)−k−1
∞∑

m=1

(m + 1)−k−1

∣∣∣∣∣
m−1∑

i=2

Pi

pi
∆11Ti−1,0

∣∣∣∣∣

k

= O(1)
∞∑

m=1

(m + 1)−2

[
m−1∑

i=2

(
Pi

pi

)k

|∆11Ti−1,0|k
] [

1
m + 1

m−1∑

i=2

1

]k−1

= O(1)
∞∑

i=2

(
Pi

pi

)k

|∆11Ti−1,0|k
∞∑

m=i+1

(m + 1)−2

= O(1)
∞∑

i=2

(
Pi

pi

)k−1

|∆11Ti−1,0|k = O(1)

and
∞∑

m=1

∞∑
n=1

1
(m + 1)(n + 1)

|L22|k

= O(1)
∞∑

m=1

∞∑
n=1

1
(m + 1)(n + 1)

∣∣∣∣∣
1

(m + 1)(n + 1)

m∑

i=2

i∆11Ti−2,0

∣∣∣∣∣

k

= O(1)
∞∑

n=1

(n + 1)−k−1
∞∑

m=1

(m + 1)−2

×
[

m∑

i=2

ik|∆11Ti−2,0|k
][

1
m + 1

m∑

i=2

1

]k−1

= O(1)
∞∑

i=2

ik|∆11Ti−2,0|k
∞∑

m=i+1

(m + 1)−2
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= O(1)
∞∑

i=2

ik−1|∆11Ti−2,0|k = O(1)
∞∑

i=2

(
Pi

pi

)k−1

|∆11Ti−2,0|k

= O(1).

In a similar manner,

∞∑
m=1

∞∑
n=1

1
(m + 1)(n + 1)

|L3|k = O(1).

Write

L4 =
6∑

i=1

L4i,

where

L41 =
1

(m + 1)(n + 1)

m∑

i=2

i




n∑

j=2

j∆10
Pi−1Qj−1

pi−1qj−1
∆11Ti−2,j−2

−
n∑

j=2

j∆10
Pi−1Qj

pi−1qj
∆11Ti−2,j−1




=
1

(m + 1)(n + 1)

m∑

i=2

i

[
2∆10

Pi−1Q1

pi−1q1
∆11Ti−2,0

− n∆10
Pi−1Qn

pi−1qn
∆11Ti−2,n−1 +

n−1∑

j=2

∆10
Pi−1Qj

pi−1, qj
∆11Ti−2,j−1

]

=
1

(m + 1)(n + 1)

[
2

(
m∑

i=2

i
Pi−1Q1

pi−1q1
∆11Ti−2,0 −

m∑

i=2

i
PiQ1

piq1
∆11Ti−1,0

)

− n

(
m∑

i=2

i
Pi−1Qn

pi−1qn
∆11Ti−2,n−1 −

m∑

i=2

i
PiQn

piqn
∆11Ti−1,n−1

)

+
n−1∑

j=2

(
m∑

i=2

i
Pi−1Qj

pi−1qj
∆11Ti−2,j−1 −

m∑

i=2

i
PiQj

piqj
∆11Ti−1,j−1

)


= L411 + L412 + L413, say.
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We have

L411 =
2

(m + 1)(n + 1)

[
2
P1Q1

p1q1
∆11T00 −m

PmQ1

pmq1
∆11Tm−1,0

+
m−1∑

i=2

PiQ1

piq1
∆11Ti−1,0

]
.

Using the same arguments as applied to L211, L212, and L213, it follows
that ∞∑

m=1

∞∑
n=1

1
(m + 1)(n + 1)

|L411|k = O(1).

Similarly,
∞∑

m=1

∞∑
n=1

1
(m + 1)(n + 1)

|L412|k = O(1).

Continuing in a similar fashion as above yields

L413 =
1

(m + 1)(n + 1)

n−1∑

j=2

[
2
P1Qj

p1qj
∆11T0,j−1 −m

PmQj

pmqj
∆11Tm−1,j−1

+
m−1∑

i=2

PiQj

piqj
∆11Ti−1,j−1

]

= L4131 + L4132 + L4133, say,

∞∑
m=1

∞∑
n=1

1
(m + 1)(n + 1)

|L4131|k

= O(1)
∞∑

m=1

∞∑
n=1

(m + 1)−k−1(n + 1)−k−1

∣∣∣∣∣∣

n−1∑

j=2

∆11T0,j−1

∣∣∣∣∣∣

k

= O(1)
∞∑

m=1

(m + 1)−k−1
∞∑

n=1

(n + 1)−2




n−1∑

j=2

|∆11T0,j−1|k



×

 1

n + 1

n−1∑

j=2

1




k−1

= O(1)
∞∑

j=2

|∆11T0,j−1|k
∞∑

n=j+1

(n + 1)−2 = O(1),
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∞∑
m=1

∞∑
n=1

1
(m + 1)(n + 1)

|L4132|k =
∞∑

m=1

∞∑
n=1

1
(m + 1)(n + 1)

×
∣∣∣∣∣∣

m

(m + 1)(n + 1)

n−1∑

j=2

PmQj

pmqj
∆11Tm−1,j−1

∣∣∣∣∣∣

k

= O(1)
∞∑

m=1

m−1
∞∑

n=1

n−2




n−1∑

j=2

(
PmQj

pmqj

)k

|∆11Tm−1,j−1|k



×

 1

n + 1

n−1∑

j=2

1




k−1

= O(1)
∞∑

m=1

(
Pm

pm

)k−1 ∞∑

j=2

(
Qj

qj

)k

|∆11Tm−1,j−1|k
∞∑

n=j+1

n−2

= O(1)
∞∑

m=1

∞∑

j=2

(
PmQj

pmqj

)k−1

|∆11Tm−1,j−1|k = O(1),

∞∑
m=1

∞∑
n=1

1
(m + 1)(n + 1)

|L4133|k

=
∞∑

m=1

∞∑
n=1

(m + 1)−k−1(n + 1)−k−1

∣∣∣∣∣∣

n−1∑

j=2

m−1∑

i=2

PiQj

piqj
∆11Ti−1,j−1

∣∣∣∣∣∣

k

= O(1)
∞∑

m=1

m−2
∞∑

n=1

n−2




n−1∑

j=2

m−1∑

i=2

(
PiQj

piqj

)k

|∆11Ti−1,j−1|k



×

 1

(m + 1)(n + 1)

m−1∑

i=2

n−1∑

j=2

1




k−1

= O(1)
∞∑

i=2

∞∑

j=2

(
PiQj

piqj

)k

|∆11Ti−1,j−1|k
∞∑

m=i+1

m−2
∞∑

n=j+1

n−2

= O(1),
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L42 + L43 =
1

(m + 1)(n + 1)




m∑

i=2

n∑

j=2

ij
Qj

qj
∆11Ti−2,j−1

−
m∑

i=2

n∑

j=2

ij
Qj−1

qj−1
∆11Ti−2,j−2




=
1

(m + 1)(n + 1)

m∑

i=2

i

[
n

Qn

qn
∆11Ti−2,n−1 − 2

Q1

q1
∆11Ti−2,0

−
n−1∑

j=2

Qj

qj
∆11Ti−2,j−1

]

= L421 + L422 + L423, say,

∞∑
m=1

∞∑
n=1

1
(m + 1)(n + 1)

|L421|k

=
∞∑

m=1

∞∑
n=1

(m + 1)−k−1(n + 1)−k−1

∣∣∣∣∣n
Qn

qn

m∑

i=2

i∆11Ti−2,n−1

∣∣∣∣∣

k

= O(1)
∞∑

m=1

m−2
∞∑

n=1

n−1

(
Qn

qn

)k
[

m∑

i=2

ik|∆11Ti−2,n−1|k
]

×
[

1
m + 1

m∑

i=2

1

]k−1

= O(1)
∞∑

n=1

(
Qn

qn

)k−1 ∞∑

i=2

ik|∆11Ti−2,n−1|k
∞∑

m=i+1

m−2

= O(1)
∞∑

n=1

(
Qn

qn

)k−1 ∞∑

i=2

ik−1|∆11Ti−2,n−1|k

= O(1)
∞∑

i=2

∞∑
n=1

(
QnPi

qnpj

)k−1

|∆11Ti−2,n−1|k = O(1).

Using the same argument as that for L22, it follows that

∞∑
m=1

∞∑
n=1

1
(m + 1)(n + 1)

|L422|k = O(1),
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∞∑
m=1

∞∑
n=1

1
(m + 1)(n + 1)

|L423|k =
∞∑

m=1

∞∑
n=1

(m + 1)−k−1(n + 1)−k−1

× |
m∑

i=2

i

n−1∑

j=2

Qj

qj
∆11Ti−2,j−1|k

≤
∞∑

m=1

m−2
∞∑

n=2

n−2




m∑

i=2

n−1∑

j=2

(
i
Qj

qj

)k

|∆11Ti−2,j−1|k



×

 1

(m + 1)(n + 1)

m∑

i=2

n−1∑

j=2

1




k−1

= O(1)
∞∑

i=2

∞∑

j=2

(
i
Qj

qj

)k

|∆11Ti−2,j−1|k
∞∑

m=i+1

m−2
∞∑

n=j+1

n−2

= O(1)
∞∑

i=2

∞∑

j=2

(
PiQj

piqj

)k−1

|∆11Ti−2,j−1|k = O(1).

The argument for L44 + L45 is similar.
Finally, we have

∞∑
m=1

∞∑
n=1

1
(m + 1)(n + 1)

|L46|k =
∞∑

m=1

∞∑
n=1

(m + 1)−k−1(n + 1)−k−1

×
∣∣∣∣∣∣

m∑

i=2

n∑

j=2

ij∆11Ti−1,j−1

∣∣∣∣∣∣

k

≤
∞∑

m=1

m−2
∞∑

n=2

n−2




m∑

i=2

n∑

j=2

(ij)k|∆11Ti−1,j−1|k



×

 1

(m + 1)(n + 1)

m∑

i=2

n∑

j=2

1




k−1

= O(1)
∞∑

i=2

∞∑

j=2

(ij)k|∆11Ti−1,j−1|k
∞∑

m=i+1

m−2
∞∑

n=j+1

n−2

= O(1)
∞∑

i=2

∞∑

j=2

(ij)k−1|∆11Ti−1,j−1|k
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= O(1)
∞∑

i=2

∞∑

j=2

(
Pi−1Qj−1

pi−1qj−1

)k−1

|∆11Ti−1,j−1|k = O(1).

Problem 2. If {pij} is not factorable then, from (23), one has terms
involving one-sided differences ∆10 and ∆01. It is not possible to esti-
mate the size of these terms, since every estimation must involve the first
complete difference ∆11.

For other papers treating absolute k-inclusion of weighted mean ma-
trices, the reader may wish to consult [6]–[9].
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