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Nonflat pseudo-Riemannian space forms
and homogeneous
pseudo-Riemannian structures of class S;

By P. M. GADEA (Madrid) and J. MUNOZ MASQUE (Madrid)

1. Introduction

The well-known characterization by AMBROSE and SINGER [1] of con-
nected, simply connected and complete homogeneous Riemannian man-
ifolds in terms of a (1,2) tensor field S on the manifold, which in turn
generalizes Cartan’s characterization of Riemannian symmetric spaces [3],
has been extended in [5] to the pseudo-Riemannian case of any signature.

This extended characterization allows us to obtain (§2) a classifica-
tion of homogeneous pseudo-Riemannian structures into eight classes in
the pseudo-Riemannian case, according as the structure S belongs to an
invariant subspace of certain space S1® S @ S3, thus generalizing the
Riemannian case studied in [7].

The main purpose of the present paper is to prove that if a connected,
simply connected and complete pseudo-Riemannian manifold (M, g) is a
nonflat pseudo-Riemannian space form, then (M, g) is locally isometric to
a manifold which admits a nondegenerate homogeneous structure of class
S1. The result follows by means of a Cayley transformation which we define
here in terms of paracomplex numbers (for these numbers see [4,6]). The
proof provides the pseudo-Riemannian models for any signature similar to
the Riemannian Poincaré models.

We also prove, by using Cartan’s moving frame method as in [8],
that if a connected pseudo-Riemannian manifold (M, g) of any signature
admits a nondegenerate homogeneous structure of class Sy, then (M, g) is
a nonflat pseudo-Riemannian space form.
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2. Definitions and results

Let M be a connected C*° manifold of dimension m + n endowed
with a pseudo-Riemannian metric g of signature (m,n). Let V denote the
Levi-Civita connection of g and R the curvature tensor.

A homogeneous pseudo-Riemannian structure on (M, g) is [5] a tensor

field S of type (1,2) on M such that the connection V =V — S satisfies

Vg=0, VR=0, VS=0.

The following result is proved in [5]: if (M, g) is connected, simply con-
nected and complete, then it admits a homogeneous pseudo-Riemannian
structure if and only if it is a reductive homogeneous pseudo-Riemannian
manifold. Notice that a homogeneous Riemannian manifold is always com-
plete and reductive.

Let V be a finite dimensional real vector space endowed with an inner
product (,) of signature (m,n), with the convention that (m,n) means
m pluses and n minuses. (V,(,)) is the model for each tangent space
T.M, x € M, of a reductive homogeneous pseudo-Riemannian mani-
fold of signature (m,n). Consider the vector space S(V) of (0,3) ten-
sors on (V, (,)) satisfying the same symmetries as a homogeneous pseudo-
Riemannian structure S, that is,

3
S(V)={SexV":Sxyz=—-Sxzv, X,Y,Z €V},

where Sxyz = (SxY,Z). By using arguments similar to those in [7, §3]
we can determine the decomposition of S(V') into subspaces which are
invariant and irreducible under the action of the pseudo-orthogonal group
O(m,n) given by

(aS)XYZ = Sq-1Xa-1va-1z, @€ O(mv 7’1,)

Specifically, being ¢12(S)(X) = >, €iS,e,x, where {e;} is an or-
thonormal basis of V, (e;,e;) = ¢, g6 = 1for 1 < i < m, g5 = —1
for m+1 <1 <m+ n, we have:

Theorem 2.1. If dimV > 3, then S(V) decomposes into the direct
sum of subspaces which are invariant and irreducible under the action of
O(m,n):

SV)=81(V)aS2V) @ S3(V),

where
81<V) = {S c S(V) : SXYZ = <X, Y)w(Z) — <X, Z>u)(Y), w € V*},
So(V)={S€S(V): & Sxvz=0, cnx(S) =0},
Sg(V) = {S < S(V) : SXYZ +SYXZ = 0}.
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If dimV = 2 then S(V) = S1(V).

PROOF. The representation theory of O(m,n) is similar to that of
O(m + n) ([9], [2]), having only in mind that the trace maps are metric
contractions and thus depend on the specific group O(m,n). O

Definition 2.1. A homogeneous pseudo-Riemannian structure S on
(M, g) is said to be of type S1, if, at each point of x € M, S(x) € S(T,, M)
belongs to S1(T,M). Let S be a homogeneous structure of type S;
on a connected pseudo-Riemannian manifold (M, g), that is, Sxyz =
9( X, Y)w(Z) — g(X, Z)w(Y), where w is a 1-form on M and let £ be the
dual vector field to w, i.e. g(X,§) = w(X). We say that S is nondegenerate

if g(£,€) # 0.

Proposition 2.1. Let (M, g) be a connected pseudo-Riemannian man-
ifold which admits a nondegenerate homogeneous structure of type S1 de-
fined by a vector field £&. Then (M, qg) is a nonflat pseudo-Riemannian
space form with constant curvature —g(§,§).

PROOF. Let S be a nondegenerate structure of type S; and & the cor-
responding vector field. Let {e; : i = 1,...,m+n} be a local orthonormal
frame on (M, g), where g(e;,e;) =¢€;0;5,e;, =+1if 1 <j<m, g; = —-1if
m+1 < j <m+n, and let {6’} be the dual basis of {e;}. If ) and Q;'- are
the curvature forms of V and V, respectively, where V is the Levi-Civita
connection of g and V = V — 8, then, in a way similar to the one described
in [8], we obtain g(ﬁ,f‘)fl; = 0, where g(&,€) is a nonzero constant, and
Q; = Q; +e;9(£,€)0" N7, Since g(&, &) # 0 then Q; =¢;9(&, )0 A0 and
so (M, g) has constant curvature —g(§,§). O

Proposition 2.2. Let (M,g) be a connected, simply connected and
complete pseudo-Riemannian manifold of signature (m,n). If (M,g) is
a pseudo-Riemannian model of nonzero constant curvature then it is lo-
cally isometric to a manifold which admits a nondegenerate homogeneous
structure of type S1.

PrOOF. If (M, g) has constant curvature K # 0 then (M, g) is locally
isometric to the open subset

=1

. Km—l—n
D:{<$1,...7$m+n>€R + 1+ZZ€’L$$>O}7
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where ¢; = +1if 1 <i<m,ande; = —-1ifm+1<1i<m+n, endowed
with the pseudo-Riemannian metric

m—+n

Z SZdl'ZZ
i=1
K m+n 2
(1 +T 2 €iflf3)
i=1
(see [10, p. 69]). We shall construct a generalized Cayley transformation

c:D— H™" ={z c¢ R™™" : 2, >0}

gp =

such that ¢ is an isometry of (D, gp) onto the half-space H™™ endowed
with the “Poincaré” metric

m n
. > dui — 3 dv?

Grmin = __z:l =1
K

Y

2
uy

where we have denoted by (u;,v;) the coordinates in H™*™,
For this, we can suppose m < n, by reversing if necessary the sign of
the metric, and then embed R™*" into R?”, and D into

2n
K
DRzn:{x€R2":1+Z;5iw?>0},

where ¢;, = +1if 1 <i<n,ande; = —1if n+ 1 < i < 2n, endowed with
the metric

2n
> eida}
i=1

2n 2
<1 +5 2 5#?)
~

7

gDRQTL -

We can now consider paracomplex coordinates zx = aj + jbr on R?" (see
LIBERMANN [6], CRUCEANU et al. [4]), and identifying aj = z for k =1,
coo,n; by =x for k=n+1,...,2n, we can express the above metric as

Z dxy - dzy,
k=1

5 -
n
(1+ % Z Zkzk)

k=1

gDR2n =

We recall that j2 = 1, the conjugate element z of z, = aj, + jby is given
by Zy = ax — jby, and dzy, - dz), = dai — db}.
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Let wy, = uy, + jvy, denote the paracomplex coordinates in H?" C R?"
viewed as image of the Cayley transformation

¢: Dpan — H?" = {wp = up, + joy
2
= (Upye ooy Upy U1y .eyUy) € R 2y >0},

which we define by

n

(21 + 27‘)(51 — 2’/‘) + Z ZZ'Z;

wy = 2r 222
(21 —2r)(z1 — 2r) + > 2%
=2
and
8 2
Wy, = M — L 2<k<n,
(2“1 — 27’)(21 — 27’) + Z 2’1'52'
i=2
where K = —1/r2.
Consider on H?"™ the metric
Z dwy, - dwy
—_ =
gH2n = K U%

Then, as a long but straightforward computation shows, the transforma-
tion

C: (DR2"79DR2n) — (HQn, gHzn)
is an isometry. From which it is immediate that the Cayley transformation

c¢:(D,gp) = (H™", ggmn)

obtained by restricting ¢, is also an isometry.

Consequently, (M, g) is locally isometric to a pseudo-Riemannian
“Poincaré” half-space, and then TRICERRI-VANHECKE’s argument ([7,
p. 55]) shows that £ = —Kwu10/0u; is the vector field associated to a non-
degenerate pseudo-Riemannian structure on H™™", denoted S, defined
by

SxY = g(X,Y)E — g(V,6)X, X,Y € X(H™"),

which holds ¢(§,¢&) = —K # 0. O
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