On the distritaition of real roots of almost-periodical
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1. It was one of the first questions of algebra, to draw conclusions
about the number of real zeros in an interval of a rational polynomial with
real coefficients; I mention only the rules of DESCARTES—HARRIOT, JACOBI,
BUDAN—FOURIER and STURM. Concerning the new literature we mention
only the papers of LAGUERRE, POLYA, FEKETE, |. SCHUR, SZEGO, SCHOENBERG,
OBRESCHKOFF, LITTLEWOOD—QFFORD and LIPKA, It was LAGUERRE'), who
investigated the case when the exponents of the polynomial are not necessarily
integers; he proved e. g. the analogon of DESCARTES—HARRIOT’s rule for
polynomials

fix)=: 2 avxh, 0=A<h<...<4,

or — and this is the same — for the functions

(1,1) 2(x) =,=Zu a, et

It is an interesling question how to generalise theorems concerning rational
polynomials to polynomials of the form (I, 1); in this connection | mention
only the recent investigations of L. SCHWARTZ?).

2. A parallel theory has been developed relating to the cosine-polynomial

n

h(x) = ; @, Cos ¥ X

resp to the general trigonometrical polynomial

1(x)= ; (a,cosvx+ b, sin »X).

Some investigations in the theory of zeta-function of RIEMANN led to the
question, to find an upper bound as good as possible of the number N(H, a, d)
of the real zeros of the almost periodic cosine-polynomial

v=0

O=4<t<...<, a, real
1) E. LAguerre: Ouvres. Bd. L p. 3.

?) L. Seuwarrz: “Etude de sommes exponentielles reélles”. Actualités Scientifiques
et Industrielles (1943).
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in the interval

(2,2) a—d=x=a.
In the classical case when 4,’s are integers, we have obviously, if A(x)==0,
Nk, a, d) = [1+[%]]1.,.

In the case, wh:n
a—d=—T,a=T, T large
N(H,T,2T) has been investigated by M. KAC®) who proved in the case of

linearly independent 4’s that
lim N(H, T,27)

T 27
exists and can be expressed as a double infinite integral, whose integrand
contains infinite products. This expression depends upon all coefficients and
exponents in a complicated way. It is somewhat surprising that — anyway
in the case of positive coefficients — an estimation of the type

N(H) aI d) 3::: Cﬂ(al d! nr ln)
holds independently of 2, 4,,..., 4,_, (the ’s are not necessarily linearly

independent any more) and the numerical values of the coefficients. More
exactly we shall prove the following

Theorem 1. For the number N(H, a,d) of the real zeros of the po-
lynomial

H(x) sz_: aycosd,x, 0=4 <4 <...<A4,
in a—d=x=a we have -—— if all the coefficients are positive — the estimation
(2,3) N(H, a, d)gﬁnlogm—(l(ﬂ,ﬂ—%ﬁdlﬂ.
3. It is natural to raise the analogous question for the polynomial

R(x)= 2, b.5inA,x.

y=

For this polynomial we have
Theorem Il If the coefficients of R(x) are positive, we have

3, 1) N(R,a,d) = 1+6nlog 2-4—(!-‘%1*_@ +6da,.

As the examples H(x) =cosix and R(x)==sinix show, the estima-
tions (2,3) and (2, 4) are in a sense not far from being best-possible, The
very interesting question as to what can be said removing the restriction
the coefficients being positive remains unsettled as well as the analogous
questions for the polynomial

%) M. Kao: “On the distribution of values of trigonometric sums with linearly in-
dependent frequencies”, Amer. J. Math., 65 (1943), p. 609--615.
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L(x)= > (a,cosi,x+ b,sin i,x).
v=10

If for L(x) there is an estimation of type (2,3) independently of the sign
of its coefficients then replacing x by x4 a we obtain even

N(L,a.d)=C,(d,n,4,)
what is realiy the best one can expect.
As to the complex zeros of L(x) see?).
What we can actually prove, is the estimation

N(H,a,d)<6n iogﬁ(!‘g‘*'—‘nﬁog jaol+. ..+l g0

@+ ..+a,]
without any restriction on the coefficients. Hence if e. g.
o)+ . . 4|,
: <™
@+ ..+ a,|

we oblain the inequality (2,3) again essentially.
4. First we reduce the proof of theorem | to the case, when a=d.
Suppose we proved for a=d

4, 1) N(H,a,d)< (2n+ 1) log
If a<d, a>0 then

24a
d

+3da4,.

N(H,a,d)=N(H,a+d, 3d)
and applying (2, 3) to the intervals 0=x<=2d—a resp. O0=x=a-+d we
obtain in this case
4,2) N(H,a,d)<2N(H, 2d, 2d) =2(2n+1) log 241-64d4,.
If a=0 then, since H(x) is even, we have
. N(H,a,d)= N(H; |a|+d, d)
i. e
(4, 3) N(H, a,d) < (2n+1)log Lﬁ‘”%da,.
From (4,1), (4,2) and (4,3) we have finally _
N(H, a,d)=2(2n+ 1) log W—i—ﬁdlngﬁnlog ﬂ%“’”—d)-i-sdz_,

i.e. theorem I. will be proved, if (4, 1) will be.
5. The proof of the inequality (4, 1) is based upon a lemma which [
used for various purposes®). This runs as follows.

4) G. Pérva: Untersuchungen iiber Liicken und Singularititen von Potenzreihen.
Math. Zeitschrift Bd. 29 (1929), p. 549 —640, esp. p. 594. Footnote.

3) P. TurAn: “On the gap-theorem of Fabry”. Acta Hung. Math. (1947), p. 21—29.

— “Sur la theorie des fonctions quasi analytiques”. Comptes Rendus 1947 , p. 1750 - 1752.

— “On Riemanns h{pothesis". Bull. de I’Acad. des Sciences de 'URSS. p. 197—262. In the

first two and last of these papers one can find a simple proof of this lemma. As P. Erpds

ointed out to me one can replace this lemma by the classical approximation theorem of
IRICHLET ; of course the upper bound becomes then much worse.
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If |2,)=1,|2/=1,...,|24/=! and m =N then
N | N W
5,1 m-."\:r_!f?:r(gm ezt +. .. Fexzi] > (—22“”?] G+ .-+l
: 1 2n+41
Replacing N by (2n+1), m by F(2n+l),y by x ———, further
§ 2 i B Y JinEia g
21=1' Zg=€ Zn+l . 23=e 2u+l By 23“1:(? 2n+l
P T TS N | s
: 1~ ™py | e 2 J Yagy N 2 guiny c_'ln+l"'" 2
we obtain '
n ‘ d 2+l
. YO o g MR
(5, 2) a_gga:xﬁa ,%0 cos ,,xI >( 24a lay+. ..++a,

Let x==x, be the value for which this absolute maximum of H(x) with
respect t0 a—d <= x=a is assumed The quantity N(H, a, d) is obviously not
larger than the number K of the zeros of H(2) in the circle |z—x,|=d.
Hence estimating K by JACOBI--JENSEN’s inequality we oblain

|H(2)]

Nt OISt i TR

and applying (5, 2)

N(H, a,d) < (@n+1)log ~5"+log max T .

Since — owing to the positivity of the a,’s —

|H@)| < (|a| + a4 . . +]a,]) e*ed=|a,+. . . 4a,|etd,
we have

24a

+3da,. (Q e d)

6. The proof of theorem Il cannot be dOne similarly to that of theorem I.
But we can ‘reduce to it remarking that applying ROLLE’s theorem we have

N(R,a,d)<1+N (9K 4.4]

Since % is a polynomial of type (2, 1) and its coefficients are again po-
sitive, we can apply theorem | and we obtain

N(R,a,d)=1+6nlog _?_‘l(_l_t%"tg).

N(H,a,d) < (2n+1)log

+6di,.
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