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On completely integrable systems

By Y. VILLARROEL (Caracas)

The objective of this paper is to give a geometric formulation, using
contact theory, for differential systems of order £ and dimension n over a
differentiable manifold. In the case k = 1 we obtain the classical Frobenius
theorem.

Let (M,N,7) be a fibred manifold and J*M the k-jets bundle of
cross-sections of (M, N, 7). Two functions defined on a neighborhood of
X € JFM are and identified, and the equivalence class is called a germ of
functions at X. The set of all germs at X is denoted by QxJ*M. Given
an open set U C J*M, let QU = ({Qx, X € U}.

A System of Partial Differential Equations (P.D.E.) of order & in
(M, N, ) is defined as an open set U in J¥M, together with a locally,
finitely generated, subsheaf of ideals ® of QU [3]. The set U is called the
domain of the S.P.D.

A cross-section f of (M, N, ) is said to be a solution of the equation
® = 0 (or a solution of ®, for simplicity) if and only if, for any € Dom f,
the jet j¥ f is in the domain of ® and F(j*f) = 0, for any F belonging to
o, If jg’{fof = X we say that f is a solution at Xj.

An integral jet X of a S.P.D. ®, with domain U, and order k is a k-jet
X € U such that F(X) = 0, for all F belonging to ®z. The set of all the
integral jets of ® is denoted by J®. A cross-section f of (M, N, ) is then
a solution of @ if and only if j*f € J®, for all x € Dom f.

A system @ of order k defined on a fibred manifold (M, N, ) is said
to be completely integrable at Xy € J® if there exists a solution f of ®
at Xo.

Denote by C*™M, the contact bundle of order k of n-dimensional
submanifolds in M, and by C¥S the contact element of order k at x € S C
M [2].
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Given an imbedded submanifold W c C*" M, we will define an asso-
ciated system of partial differential equations ® in (V, U, ), where V- C M
is an open subset fibered over the open set U C R". We will give suf-
ficient conditions on W for the complete integrability of ®. Moreover, if
Xo € W and S C M is an n-submanifold such that C*S € W, for all
z € S and CF S = Xj then, we can obtain a solution of ® using a local
parametrization of S in a neigborhood of xg.

This allows us to give a geometrical interpretation of a completely
integrable system of order k, using contact theory.

For k = 1, the submanifold W defines a integrable distribution on M,
yielding the classical Frobenius Theorem.

1. Jet theory and completely integrable systems

Let (M, N, 7) be a fibred manifold, and f, g two cross-sections whose
domains contain xg € N. Let k be an integer, k > 0. We say that f and
g are k-equivalent at x if the following condition is satisfied:

For any fibred chart (z,y), where the domain of (z) contains xp, and
for any partial derivative 8’ in (z) of order I < k we have: 0'f7(xg) =
0'g7 (o), where f7 =y’ o f (vesp. ¢/ = 9/ o g) is the expression of f (resp.
of g) in terms of (z,y).

If f is a cross-section whose domain contains g, the equivalence class
containing f is called k-jet of f at x¢ and will be denoted by j!jo f. Denote
by J¥(M, N, ) the set of all k-jets at = of cross-sections of (M, N, ), and
by J¥(M, N, ) the set of all k-jets of cross-sections of (M, N, 7). We shall
write JEM (resp. J¥M) when there is no possibility of confusion.

If X =j%f weset a(X) =z and B(z) = f(z), thus a (resp. 3) is
a map of J¥M into N (resp. N), which is called the source map (resp.
target map).

Denote by I} = (i1, -+ ,4;) an ordered [-uple of integers 1, - ,n, with
n =dim N.

Let (z;,%’) be a fibred chart defined on U ¢ N. If X = jiof is in
B~YHU) and f7(x) is the expression of f, then (m,y,pJI'l (X)), 1 <1<k,
will be called the chart of J*M associated with (x,v), where

o :

Jj _ J
Pp(X) = oo o).

We consider the manifold structure on J*M given by these charts.
We have that (J¥M, N,«) and (J*M, N, 3) are fibred manifolds.
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For [ < k, consider the map
gk e JEM — Gl f e J'M,

then (J*M, J'M, 7F) is also a fibred manifold [1].

Two functions defined on a neighborhood of w € M are identified if
they coincide in some neighborhood of w. The equivalence class is called
germ of functions at w. The germ of a function ¢ at w will be denoted by
[#]w. The set of germs of functions at w is a ring, and will be denoted by
QM.

We set QM = | J{QuM; w € M} If & is a subset of QM, we set
O, =dNQ,M.

A function ¢ defined on an open set U C M is said to be in ¢ (denoted
¢ € D) if [¢]y, € P, for any w € U.

The set @ is called a subsheaf of QM if the following two conditions
are satisfied for any w € M:

1) ® is not empty,

2) For any a € ®,, we can find a function ¢ defined on a neighborhood
of w such that a = [¢],, and ¢ € P.

If U is an open subset of M and ® is a subsheaf, | J{¢,; w € U} is
a subsheaf of QU and is called the restriction of ® to U. A subsheaf ®
of QM is called a subsheaf of ideals when ®,, is an ideal of €, M for any
w € M.

Let I,...,Fs be a finite set of functions defined on an open set U €
M, and ®,, w € U, the ideal of Q,M generated by [Filw,...,[Fs]w-
Then ® = | J{¢w; w € U} is a subsheaf of ideals of QU which is said to be
generated by QU.

A subsheaf of ideals is said to be locally finitely generated when its
restiction to an open neighborhood of each point is finitely generated.

A system of partial differential equations (P.D.E.) of order k in
(M, N, ) is an open set U € J*M, together with a locally finitely gen-
erated subsheaf of ideals of QU. The set U is called the domain of the
P.D.E. .

An integral jet of a P.D.E. ®, with domain U, of order k, is a k-jet
X € U such that F(X) =0, for all ' € ®. We denote by J® the set of
integral jets of .

A a solution of ® is a cross-section f of (M, N,r), defined over an
open set U C a(U) such that, for any z € U, the jet j*f € U. If Xy € U
and jﬁof = Xo, with ¢ € U, we say that f is a solution of ® at xy.

Let Fy,...,F, be a finite set of functions on an open set U € J*M.
Then the subsheaf ® of ideals of QU generated by Fy,..., Fs is a S.P.D.
of order k.



240 Y. Villarroel

Assume that U is contained in the domain of the chart (x,y,pgl)

associated with a fibred chart (z,y). Then a cross-section f = (z, f7) is
a solution of the equation ® = 0 if f7(z) is a solution of the system of
partial differential equations

F.(j*f)=0, 1<r<s.

The system ® is complete at X € U if for any function F', defined on
an open set V C U, which vanishes on J® NV, the restriction of F' to an
open neighborhood of X belongs to ®.

Let F be a function defined on an open set U C J*M and 6 a vector
field on a(U) C N. The formal derivative of ' with respect to 6, denoted

by 87 F, is a function on (7f71)~1(U) defined as follows:
O o gi M = 0ay(F o f),

where j*f : Dom f — J*M is defined by 2 —— j¥f. This definition is
independent of the choice of representative f [3].

Let ® be a P.D.E. with domain U C J*¥M. For any
Xk ¢ (7FtH)=1(U) = U, let (p®)xx11 be the ideal of germs at X**!
generated by

(Forftl 9FF, Fcdyx, 6cx(a(U))}.

The subsheaf of ideals of QU’ generated by (p®)xx+1, with X*+1 ¢
U’, is called the prolongation of ® and denoted by P®.

Given X* € J*M denote by Qx+J*M (or Qx» when there is no
possibility of confusion) the set,

Qxr = kernel {drf | : Txr J*M — Txx—1 J* 1M}
and Cxr»® the vector subspace defined by
Cxr®={veTxrQxr :v(F)=0; F & dxr}.
This subspace is called the Symbol of ® at X*.

A system of partial differential equations ® is said to be completely
integrable at X € J® if the following conditions are satisfied:

1) Cx® =0,

2) The image of J(P®) by m; ™! is a neighborhood of X in J®,

3) @ is complete at X.
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Theorem 1. Assume that a P.D.E. ® of order k is completely inte-
grable at X € J®. Then there is a solution f of ® at X; moreover, the
germ of f at a(X) is uniquely determined.

PROOF. (see [3]).

A system of partial differential equations ®, with domain U, is regular
at X € @ if:

i) J® is a submanifold on a neighborhood of X,

ii) there exist functions {Fy,--- ,Fs, F; € ®}, where s + dim J® =
dim U, such that, {dF},--- ,dFs} are linearly independent at X (as ele-
ments in T3 U).

Proposition 1. Let ® be a regular S.P.D. defined on an open set
U c J*M. Suppose that J® is a regular submanifold in J*M, fibered on
U C N by «, then

J(P®) = J* M N JY(J®,U, ).
PROOF. Let X € J(P®) be an integral jet of the prolongation of @,
defined by X = j*+!f and
Hx = T.(j* /) (T.U).
It is clear that if Y € J(P®) then,
X =Y <= Hy = Hy,

then X can be identified with the subspace Hx. Moreover, X € J(P®) if
and only if Hx C Tﬂllz—}—l(X)Jq), indeed:

X € J(PP) & F(X)=0, and 07 (FoJ"f)|x =0, Fed

& o (Foj*f)=0 & F(X)=0, Fed
ST (D) =0 & P =0
& Tu(55 f) (ai) € Tx(J®).

On the other hand, a (k+ 1)-jet X € P® if and only if there exists a
section 0 : U — J® such that X = jé(X)a. This is clear because, as we
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have shown, Hx € kaﬂ( X)J ®. In consequence, we have:
k

XecJPP) e X=4"f f.U—VCM section
& X=3jlo, 0:U— J® section
e XeJ T IMnJNJe,U,«). O

2. Contact manifolds and jet theory

Let M be a smooth (n+m)-dimensional manifold, k an integer, k > 0,
and JF(M™, M) be the k-jets at 0 of maximal rank maps from SR” into M.

Given X1, Xy € JF(M™, M) with B(X,) = B(X3) =z € M. We say
that X; and X, are equivalent at = € M if there exist Y € JF(R", R"™)
such that Xo = X;0Y.

A class of this equivalence relation is called the contact element of
order k and dimension n at x, denoted by [j¥f]. Let C¥"M denote the
set of all contact elements of order k at x, and C*"M the set of all k-
contact elements of dimension n on M.

Let S C M be an imbedded n-dimensional submanifold and f, g, two
local parametrizations of S at x € M over a neighborhood V' C M, with
f(0) = ¢g(0) = z, then

g Hvrs: VNS — R
is a local diffeomorphism and
h=glof:ACR" — BCR"

is a local diffeomorphism such that j5 f = j5g o j&h, thus [j& f] = [i5g].
The equivalence class [j5 ] is called the contact element of order k of
S at x € S and denoted CkS.
Two imbedded submanifolds S, S5 have contact of order k at x €
S1 N Sy if there exist local parametrizations given by imbeddings

fl,fQ:UCSRn—>M

and a local coordinate system (V,y?), 1 < j <m, about z € M such that
f1(0) = f2(0) = x and the partial derivatives at 0 of y7 o f; and y’ o f5 are
equal up to order k.
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Remarks.
1. Cleary C1S; = CLS; if and only if T,,S; = T,,S5.

2. Given a map f : U CR" — M of maximal rank defined on a
neigborhood U C R", with f(u) = z € M, and 7, the traslation in R"
such that 7,(0) = u. Then,

Jo(for) € J5R" M) & [j5(for)] € CymM.

Let X € CH"M and f: Up=Dom f — V C M such that [j& f]

Consider a local coordinate system (V,p = (2,47)), 1 < i
1 < j < m, such that:

x' o f = £, the canonical coordinates in R"™.

Denote by 7 : R"T™ — R™ the canonical projection.

Then (V,Uy,p), with p = 7o ¢, is a fibred manifold, said to be
associated to X, and f is a cross-section.

Define a neighborhood V of X as:

V={Y =CFnU) e C*"V : h:U — V section, u € U}.
Let

X.
n?

IA

v JNV,Up) — V

given by
U(juf) = g (f o )],

this map is a bijection and will be denoted by ¥, when there is no possi-
bility of confusion.
A coordinate neighborhood at X = [j& f] is given by:

(U= HU),no w1,

where (U, 7) is a coordinate neighborhood at j&f € J*V.

Consider the manifold structure in C*™M given by all coordinate
neighborhoods defined above.

With this differential structure the natural projections,

pE:CFS e CP"Mr—zeM, & pf:CtS+——ClSecCl"M
are submersions, and the natural injections,
i*reSr—Cks et M
and
L OptS € ORI M Clig(CFS) € CH(CP M)

are immersions.
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Moreover we have the differential map
bk JY IRV, e, U) — CP(CFY)

defined by
Ja(0) = Cg oy (T (o (U)).

3. Differential systems of order k and dimension n

Definitions. By a differential system of order k& and dimension n in
M we mean an imbedded submanifold W c C*" M.

A solution of a differential system W at X € W, is a n-dimensional
imbedded submanifold S C M, with z = pf(X) € S, such that C*S c W
and C¥S = X.

Example. Let D be a differentiable distribution of n-planes defined on
M. By Remark 1, we can identify a plane D, € D with a contact element
D, € CY"M. Consider the map,

Y:xeM— D, e CV"M.

If D is a differentiable distribution, then this map is an imbedding,
and J(M) is a differential system of order 1 and dimension n in M.

Moreover, if D is an involutive distribution, then the differential sys-
tem W has solution.

Definition [5]. The first prolongation of a submanifold W c C*" M
is defined as:
PW = C'"W ncktirag,

where C*T17 M is identified with its image by ¥ in CL™(C*"™M).

Theorem. Let W C C*"M be an imbedded submanifold such that
the following conditions are satisfied:

1) P£—1 W — C’k_l’"M, is a local immersion in a neighborhood

of X e W.
2) pZH : PW — W is a local submersion in a neighborhood of X,

then there exists a solution S C M of the differential system W passing
through X. Moreover, if S is another submanifold of W passing through
X, then there exists an open set A C M, x = pk(X) € A, such that
SNA=S5nA.
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PRrROOF. Let f: U CR" — V C M, x € V be an immersion such
that X = [j¥f], and (V,U, p) the fibered manifold associated to X given
above.

Let

V:UcCJWV —VcohmV

be the local diffeomorphism defined above.
Let Fi,--- ., Fs be differentiable functions defined in a neighborhood
of X (also written V), such that:

VAW ={X€eV:F =-=F, =0}

Consider the system of partial differential equations ® of order k in
(V,U, p) with domain U = U~1(V), generated by {G; = F;j o ¥}. Let
Y =0 H(X).

We will verify that ® satisfies the hypothesis of Theorem 1.

First, we observe that the integral jets J® are given by ¥=1(W).
Indeed:

YeJbeGi(Y)=0& (F0®)(Y)=0&0(Y) e W.
Now, by hypothesis pf _, : (W N V) — C*¥~1V is an immersion, then
ar_ (JONU) — JFY,
is also an immersion and the kernel of Ty 7wk | vanishes, i.e.

Tymy_(TyQy) =0,

where Dy is defined above.
Then

Tyrf_1(Ty J® N Ty Qy) = Tymf_, (Cy (®)) = 0,

in consequence, the symbol Cy (®) of ® at Y € J® vanishes, and condi-
tion 1) of Theorem 1 is verified.
To verify that 7T : J(P®) — J® is a local submersion we consider

the commutative diagram:
1k
ctky —L— CHCFV)

\Pk_HT T\I,Lk

T JHJRY)

ik

where, .
Z-l,lf :j5+1g c Jk—FlV — ]Jlsg(]kg) c J1<Jk,U, Oé)
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is the natural immersion [4].
Now using Proposition 1 we have,

Z € J(P®) & Uk (7) e cVrw n kY = PW.

Hence W% (J®) = PW.
Now, by hypothesis:

pZH :PW — W

is a local submersion and

Uk o 7r11§+1 = szrl o Wkt
Consequently:
it P(J®) — JO,

is a local submersion, and condition 2) of Theorem 1 is satisfied.

Finally, ® is complete in Y because it is a sheaf of ideals generated
by functions which vanish on the regular manifold (¥)~1(W N'V).

It follows that ® is a completely integrable system of partial differen-
tial equations. Hence, there exists a solution v of ® such that:

yO0) =2z, jiv=X, & jPyecJ®, wuel,.
Let S = v(Uy), then clearly S verifies:
reS, CrFS=X, CFScw,

in consequence S is a solution of W at X € W.

If S is another solution of W at X, then C*¥S = C*S.

In particular 7,5 = T, 965” and therefore there are a fibred manifold
(V,U, p), associated to X, and parametrizations -y, 4 of S and S, respec-
tively, which are sections of the fibred manifold (V, U, p).

Since S (resp. S) is solution of W at X we have: j¥y C J® (resp.
j*5 c J®), and jby = j&4. Then by uniqueness of germ solutions of
completely integrable systems, there exits an open set B C R"™ such that
B =14lB.

Let A= p~'(B), then SNA=SnA. O

Remark. For k = 1 the submanifold W defines a Frobenius system.
Indeed:

By condition 1) p} : — M is a local immersion in a neighborhood V
of X.
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Then it is possible to define a section o = (p}|wnv)~*. Also we can

find coordinate neighborhoods (V,z;,j7) and (V,z;,97,p!) of x and X
respectively, such that the section o can be expressed as,

o(xi,y’) = (xi,yj,Fij(xi,yj)), with F; :V— R,

Then the manifold W defines a differentiable distribution D generated

0 0
L= Fl =
aCL'Z'—i_Z b oyl

This distribution is involutive if and only if:

by:

kFl

OF] OF] N OF,
9k Z Fy = 5ot + X

By condition 2) we have:
2.0 WnCeP M — W.

is a local submersion.
Then given Z € W, there exits Z? € CY"W N C?™M such that
2(ZQ) = 7.
1
Since Z € C?M we have:
pgk(Z) = p?m(Z)

Moreover, Z € CY™W then we have:
S ; ; 3F7 8FJ
2 = (wi,y! F) 0% F)), 0f F) = +Z

In consequence,
Ph(Z%) = 08 F) (xi,y?) = 0 Fl(wiy’) = pl(Z%),

and the involutivity of the distribution D defined above is verified.
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