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On generalized rectangular and
rhombic functional equations

By J. K. CHUNG (Guangzhou), B. R. EBANKS (Louisville),
C. T. NG (Waterloo), P. K. SAHOO (Louisville) and W. B. ZENG (Louisville)

1. Introduction

In [2], the functional equations

flxr +y1, 22 +y2) + f(z1 +y1, 22 — y2)+

(RE) +f(z1 — vy, 22 +y2) + f(z1 — 1,22 — y2) =4 f(z1, 22)
and
(RH) flar +yuz2) + flon — g1, 22)+

+f(1'1,$2 +y2) + f($17$2 - y2) = 4f(.’L'1,£U2),

among others, were considered for f mapping 22 into R (the reals). For
obvious geometric reasons, these equations are referred to as the rectan-
gular and rhombic equations, respectively. Their general solutions are the
same: f(x1,x2) = A(z1,22) + B(z1) + C(z2) + o, where A is an arbi-
trary biadditive map, B and C' are arbitrary additive maps, and « is an
arbitrary constant.

In the present paper, we generalize those results in three ways. For
one thing, we consider a more general right hand side. Also, we generalize
the domain to a product of groups and the range to a field. And thirdly,
we deal with functions of any finite number of variables. Specifically, we
consider the equations

D et wayln) =
(GRE) O1yee,0n==%1
= f(xla ,.flfn) g(y17 7yn) + h’(y17 cey yn)
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and

Z Z f(.fEl, ey g1, iny;-ji, 113'7;+1, ceey .flfn) =
(GRH) i=1 o;==%1

= f(@1, s 2n) D(Y1s oy Yn) + @Y1, s Un)

for f,9,h,p,q: G1 X Ga X+ - x G, — K, where each G; (i =1,2...,n) is a
group and K is a quadratically closed (commutative) field of characteristic
different from 2.

In Section 3 of the paper, we find the general solution of the general-
ized rectangular equation (GRE). In Section 4, we show that the class of
all f satisfying the generalized rhombic equation (GRH) is identical with
the class of all f satisfying a generalized rectangular equation. Then the
result of Section 3 is invoked to obtain the general solution of the general-
ized rhombic equation. In Section 5, we complete the link between (GRE)
and (GRH) and give the regular solutions of these equations.

2. Some preliminaries

The proof of the main results are by induction on n, the number of
variables. Hence our starting point is provided by the following result,
which covers the initial step n = 1.

Lemma 1. The general solution f,g,h,: G — K of

(2.1) flay) + flzy™) = f(z) 9(y) + h(y)
with f satisfying the factorization condition

(FC) flayz) = flzzy)

is provided by

(2.2) f(x) =7, g arbitrary, h(y)=[2-g(y)];

(2.3) flx) =Qx) + A(x) +v, gy) =2, h(y)=2Q(y);

(24)  f@) =av@) +8¢@) "+ gy) =0 + oy
My)=v{2- W) +v) '} o) £l

or by

(25) f(z) = [A(z) + aftp(z) +v, g(y) =29(y)

hy)=2v[1-9@), v =v) " #1,
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where «, 3,7 € K are arbitrary constants, ) : G — K is a quadratic
function:

Q(zy) + Qzy™") = 2Q(x) +2Q(y),
A : G — K is an additive function:
Ary) = A(z) + A(y),
and ¢ : G — K is a nonzero exponential function:

Y(zy) = P(z) Y(y), Y # 0.

PROOF. Equation (2.1) is a special case of an equation treated in
Theorem 3.1 in [3]. An exhaustive case-by-case reduction of the solutions
provided there leads to (2.2)—(2.5).

Remark 1. The condition (FC) essentially allows us to operate as if the
function is defined on the abelian group G/C, where C is the commutator
subgroup of G (see [4, p. 136]).

Remark 2. Any such quadratic function () as above can be described
as the diagonal of a biadditive function A5 : G x G — K (see [1]). We
choose the quadratic nomenclature and notation here to avoid confusion
with the many other multiadditive functions which will appear.

In the next section, we shall solve the generalized rectangular equation
(GRE) under the supposition that f satisfies the factorization condition
(FC) in each variable. In describing the solutions of (GRE), the following
definition will be helpful. Any function S : G; X Gg X --- X G, — K of
the form

S(xl,l'z, ceey l’n) = A12..,n($1,$2, ceey xn)—l—
+ [Alz.--(n—l)(whma ey Tp1)
—|—A23_..n($2,I3,...,IEn)] +
+o [Ar(zn) + o+ An(a)]
where each Aj,..;, : Gj, x -+ xGj, = K (1 <j < - < jr <n)
is additive in each variable, is termed a sum of multiadditive functions
(SMAF) of order n. For example, any function of the form Ajs(z1,z2) +

Aq(z1) + Aax(z2) + «, where Apo is biadditive and A; and A, are additive,
could be written as S(x1,x2) + a, where S is a SMAF of order 2.
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3. General solution of (GRE)

Now we are ready to establish the first main result.

Theorem 1. The general solution f,g,h : Gy x --- x G, — K of
(GRE) with f satisfying (FC) in each variable, is given by (with X =
($1,£C2, "'7:1771)7 Y = <y17y27 7y7l))

(3.1) f(X) =1, garbitrary, h(Y)=~[2"—g(Y)],
(3.2) f(X):S(X)+O‘+ZQi($i)7

gY)y=2" nYy)=2" Z Qi(ys),

(f<X) = Z [501,-~-70k(xp17"'axpn—k)

01y, 0==%1

n—=k k
(3.38,) +a01 ,,,,, O'k] H ¢;Di (xpz) H w'r’j (xrj)aj + Y
1=1 j=1

g(V) =[] [i(w) + i) '], h(Y) =~[2" — g(Y)]

\ 1=1

f(X) =1[S(z1,..., 20) + 0] Hwi(xi) + 7,
(3.3b) Yi() =i()7 i =1,2,..,n,
g(Y)=2" Hwi(yi) 2", WY)=7[2"-g(Y)],
\ =1

where k is a fixed integer (1 < k <n), a,, v and &, ... 5 (01,...,0, = £1)
are arbitrary constants, S and S,, .. -, (01,...,0p, = £1) are SMAF’s of
order n and n—k, respectively, (Q; is quadratic and 1); is a nonzero exponen-
tial (i = 1,2,...,k), ¥p, (i =1,2,...,n — k) satisfies also ¥, (-) = 1, (-) 71,
Ur, (j = 1,2,..., k) satisfies also i, (-) # 1, (-)7", and {1,2,...,n} is the
(disjoint) union of the sets {p1,...,pn—k} and {ry,...,rg}.
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Here we have adopted the convention that in (3.3a)

Sorrion(@Tpyy s @p, ) =0
C1 nok
(©D) and H Yp, (xp,) =1 if k=n.
i=1

77777

k = 0. The statement and proof of the theorem seem clearer, however, if
we separate this case.

ProoOF. The proof is by induction on n. For n = 1, it is Lemma 1.
Suppose now that the statement is true for n = N > 1, and consider
(GRE) for n = N + 1.

If f =, then (GRE) yields 2"y = vg(Y) + h(Y). This gives solution
(3.1) immediately, and henceforth we assume that f is nonconstant.

Putting y; = e; (the identity of G; ) for i = 1,2,..., N in (GRE), we
get

2V f(z1, ey TNy TN 1YN1) + FT1, ~--7$N,$N+1yﬂz1+1)] =
= f(xla ooy I‘N+1)g(€1, ey evaNJrl) + h(ela - EN, yN+1)'
Since char K # 2, this can be written as
f@1, N, enpyn) + F(@1, 0 TN, BN YN L) =
= f(z1, ., xn41)9 (Un41) + P (Yn41).

For each fixed (z1,...,xx) € G1 X---x Gy, this is an equation of the form
(2.1). By Lemma 1, f must have one of the following three forms, with
@n~+1 quadratic, Ay4q additive in its last variable, and ¥y4+1 a nonzero
exponential:

(3.4) f(@1, o anygr) =

=Qn+1(xn+1) + At (21, .o, oNy1) + B(2g, .., zN),

(3.5) (@1, oni) = Az, on) v (@vg)+
+B(x1, . an) Ungr(@ns1)  Hy with g (2) # Ynga(z)

(36) f(:El,...,l‘N+1) = [AN+1<$1,...,IN+1)+
+B(x1, .., xn) | Uns1(eng1) v with Yy (z) = 1/1N+1(ac)_1 £ 1.
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In writing (3.5), we have used implicitly the fact that nonzero exponentials
are independent if distinct.

We consider each of these cases in turn.

Case 1. Substituting the form (3.4) of f into (GRE), we simplify using
the fact that Qnxy1 is quadratic and Ay is additive in its last variable.
Thus we arrive at

(3.7) 2V QN1 (wnt1) + Qngr (yvs1)]+

+2 Z [AN+1($1yi‘17"'7xNy7\7N7$N+1)+B(x1yi‘la"'7xNy7\fN)]

01,...,oN=%1
= [@N+1(TN+1) + ANsr (@1, s N 41) + B2y, o) g(Y) + A(Y).

Since Qn+1(+), Ant1(x1,...,2N, ) and 1 are linearly independent (if non-
zero), we deduce that

(3.72) 2V QN1 (zng1) = QN1 (Tng) 9(Y),
(3.7b) > Anpa(aylt e anylY  ong) =

01,...,o0nN=%1

1
= AN+1(3317 ) $N+1) 5 g(Y),

(3.7¢) > Bl . anyi) =
01,...,o0N=%1
1 1 N+1
= B(z1,.,2n) 5 g(Y) + 3 [h(Y) = 2" Qi (yni1)] -

Now let us consider three subcases. First, suppose that g(Y) = 2V+1,
Then (3.7a,b,c) yields

(38&) Z AN+1(£C1yi‘1,...,{ZJNyUNN,:CN+1) =

=2Y Ay (21, TNt1),

(3.8b) Z B(z1y7", .., anyy) =

01,...,0N=%1

=2V B(z1,...,an) + % [h(Y) =2V Qnpa (yn11)]-
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Equations (3.8a) and (3.8b) are of the form (GRE), to which we can apply
the induction hypothesis. Note that with the particular form of g here,
(3.1) is a special case of (3.2), while (3.3a) and (3.3b) are not possible. (In

the case of (3.3a), Hf\il[wz(yz) +bi(y;) 7Y = 2% is possible only if 1; = 1
for each 7. But this is impossible, since k > 1.) Hence we obtain from
(3.8a) and (3.8b) that

(3.9a)  Anti(x1,.., N, 2N41) = Sa(T1, s zn;aN+1) + Ca(@nir),

(3.9b) B(w1, . ty) = Sp(a1, . tn) + o+ > Qils),
=1
1 N
(3-9¢) B hY) = 2YQn i1 (ynya) =2V ; Qi(yi),

where S 4 is a SMAF of order N in its first N variables, Sp is a SMAF of
order N, and Q; (i =1,2,...,N) is quadratic.

Moreover, since Any1 is additive in its last variable, (3.9a) and the
linear independence of Sa(z1,...,xn4+1) and Ca(zyy1) as functions of
x1,.,xn (if nonzero) show that S, is additive in its last variable and
that C'4 is additive. Hence, the map S : G; X --- X G411 — K defined by

S(x1, .y xnt1) = Salzr, . xn;ene1) + Calenyr) + Sz, ..., oN)

is a SMAF of order N + 1. Together with (3.9a,b,c) and (3.4), this shows
that in this case we have a solution of the form (3.2) for n = N + 1.

Next, suppose that g(Y) # 2V*1 and Ay, = 0. Then by (3.7a) we
have

(3.10) Qn41 = 0.

Now (3.4) reduces to f(x1,....,xn+1) = B(x1,...,xx). Moreover, (3.7c)
(now with @ n4+1=0) is, for each fixed yn 1, of the form (GRE) with n=N.
Applying the induction hypothesis, since B is nonconstant, we conclude
that B, 5g, 3h have the forms of f, g, h (respectively) in either (3.2), (3.3a)
or (3.3b) for each yn 1. The first case, (3.2), is impossible as g(Y) = 2V
contradicts the hypothesis g(Y) # 2¥*!. In the second case, the solution
is of the form (3.3a) for n = N +1, with ¢N+1 =1, where py+1- = N+1
and each Sy, o (Tp,, ... s Tpn k) = So1....0n (:vpl, ey Tpy ). Similarly,
in the third case the solution is of the form (3.3b).

Finally, suppose that g(Y) # 2¥*! and Ayxy1 # 0. We again get
(3.10) from (3.7a). Furthermore, (3.7b) shows that g(Y") is independent of
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yn+1. Thus, for each fixed zn+1, (3.7b) is of the form (GRE) for n = N
with A = 0. By induction hypothesis, we deduce that

ANnt1(z1, ..., N, T N4+1) must be of the form (3.3a) or (3.3b) in the first NV
variables, for each fixed 1. We also find that

N
(3.11) =TT (i) + wulye) 1] # 2V

i=1
and that v =0 in (3.3a), (3.3b). That is, Any1 is given by

AN—H(X) = Z |:S((7114,)...,0'k($p17""aij—erEN“‘l)—’—
O1yeney or==1
(3.12a) N—k k
+all) o (anen)| TT woitep) TT e, ()
i=1 j=1

or
(3.12b) Ani1(X) = [S(A)(l'la“-;xNaxNJrl)"’_

N
+ a(A)($N+1)} H%’(%’), Vi(-) =vi()7Y, i =1,2,..., N,
i=1

.....

in all variables but the last, and where S, Sc(r?,.,.,ak, (4) and ag’i)m’ak

are additive functions of x 1.
Using (3.10) and (3.11), we obtain

Z B(zyi', .., anyy) =

01,.- ,UN—:|:1

(3.13) 1
-7717---’ H @Z% yz + v yz) } + §h(Y)

=1

from (3.7c¢). This shows that h(Y"), is independent of yx1. Applying the
induction hypothesis, we see that B is given by (3.3a) or (3.3b). Moreover,

the form of B corresponds to the form of Ayx41 given in (3.12a) or (3.12b),
according to the set of indices {p1, ..., py—_x } for which ¥, (z) = 1y, (z;)~*
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If Any1 is given by (3.12a) then B and h are given by

B(X) = Z [Sgﬁ?..,ok(xpl’"‘7xp1\l7k)+a0’1 ----- o | X

01,...,0,==%1

N—k k
X H wpi (xpz) H w"'j (ij)Uj +7
i=1 j=1

In this case, defining py_g+1 := N + 1, ¥n41 = 1, and

. q4) .
Sor,son (xplv 0y xpN+1—k) = Sal,...,ak (xpp D) pr_me—H)"f_

+O‘<(7?,).A.,ak (xN-&-l) + Sg?,)“.,ak (xpla e xprk)’

we deduce from (3.4) that f has the form given by in (3.3a), with n = N+1.
We see that g and h are as given in (3.3a) also.

The other possibility is that Axy; is given by (3.12b). In the same
manner as the previous case, we find that the solution is of the form (3.3b)
forn =N +1.

Case 2. Substituting (3.5) for f into (GRE) and simplifying, using
the fact that ¥4 is nonzero exponential, we find that

Z [A(iﬁ?ffl» --~733Ny7\[N)77Z}N+1($N+1)

o1, on==%1
(3.14) +B(z1y7" s ey ) N1 (@n 1) T [N (yvn)+
+on (v ) T+ 2V Ty = (A, 2n) Yng (e )+
+B(z1, o 2n) Ynp1 (@) T ] g(Y) +R(Y).
Since ¥y 1(x) % Gyt ()-L, it follows that ¥y s1(), ¥ws1()-L and 1

are linearly independent. Thus, we deduce from (3.14) that

(3.15) Z A(zry]", ., enydfy) X

01,.-,0N=%1

X [Un1(ynv+1) + On1(yng1) ] = Az, o, an) g(Y)
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(3.16) Z B(z1y?*, .., YRy ) X

01,...,on==%1

X [Un1(yn+1) + Un1(yn1) ] = B(a, . an) g(Y)

(3.17) 2Ny = 5 g(Y) + h(Y).

Furthermore, as we have supposed that f is nonconstant, (3.5) shows
that at least one of A or B is nonzero. Suppose, without loss of generality,
that A # 0. Then (3.15) (with yny41 = eny1) yields

(318&) Z A(xlyi-l?"';xNy%N) =

(3.18b) g(Y) = %g(yl, o YNsen+1) [Un1(ungr) + Unga(ynven) ]

By the induction hypothesis, all solutions of (3.18a) must be of the
form (3.1), (3.2), or (3.3). The solution can be of the form (3.1) with A # 0
and no h-term only if (cf. (3.15)) 2g(y1,...,yn,en+1) = 2V, But then by
(3.18b) this solution is a special case of (3.3). Similarly, the solution can be
of the form (3.2) with A # 0 and no h-term only if Q; =0 (i =1,2,..,N),
and again such a solution is a special case of (3.3).

Therefore, the solution of (3.18a) must be of the form (3.3) with no
h-term. That is, either

Az, ..yxy) =

D I NI
(319&) O1y.-,0=2%1

N—k k
X H djpi (xpz) H 77[]7"3' (xrj)aj + s
=1 =1

or
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and

N

1

§g(y17"'7yNaeN+1 H 1/)1 yz +wl yl) 1} .
=1

It follows from (3.18b) that

N+1

(3.20) g(Y) = H [iyi) + iy) ] -

i=1
Moreover, either v = 0 or g(y1,...,yn,ent1) = 2L In the latter case,
(3.20) shows that ¢; =1 (i = 1,2, .., N). Hence, (3.19a) is impossible and
(3.19b) reduces to A(X) = S (X) + o) + . Thus (absorbing v into
o) if needed) we may drop 7 from (3.19) in either case and write

(321&) O1,...,0=2%1

N—k k
X H Vp, (2p,) erg xr] 7
=1 j=1

or

N

(3.21b) A(X) = [S(A)(X) + a(A)] sz’(l’i)a Yi(-) =i ()"

=1

Note that we know that g has the form (3.20) with determined nonzero
exponentials 11, ..., x+1. Assuming that A has the form (3.21a), it follows
from (3.16) and the inductive hypothesis that

(322) O1yeeny or==x1

for the same {p1,...,pny—x} and {r1,...,7x} as in (3.21a). Recalling that
Yni1(z) # Yypi(x)™L, we define 7441 := N + 1. Then (3.5), (3.21a),
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(3.22), (3.20) and (3.17) give (3.3a) for n = N + 1, as soon as we define

. q(A ._ q(B

SO'1 ..... O'k,]. T S§'17),,,7 (o SO’1 ..... D'k,—]. T S(g-l7),__7g-k7
(A) . (B)

aUl 50k, 1= aal, oL aala‘--70ka_1 T 01,0k "

Similarly, if A is given by (3.21b), we get a solution of the form (3.3b).

Case 3. Suppose finally that f has the form (3.6). Substituting (3.6)
into (GRE) and simplifying, using the additivity of Ay in its last vari-
able and the fact that ¥y41(z) = Yye1(z) ™ # 1, we deduce that

2 Y [Anvp(@nd, o an R e )+

01,...,o0n==%1

+ Byl ooy 2y N1 (Eng1) U1 (Un 1) + 2N+1'Y _

:{[ANJrl(Ily ceey xN+1)+

+ B(ay, o an)lbn 1 @y 1) + 9 9(V) + h(Y).

(3.23)

Again, considerations of linear independence lead to

Z Anii(zylt, ey aNy1) =
(3.24) Ula~-'7UN::t1

= An (X)) g(Y) 21 (1)

Suppose that Ax11 # 0. Applying the induction hypothesis, we con-
clude similar to Case 2 that

N

(3.25) g(Y) = [Jli(ys) + ¢i(yi) "] [2¢n 41 (yn1)]

i=1

and that either

AN+1($1, ~~-7-TN+1) =

= Z [S},j‘} o (Tprs oo Tpy 3 TN41 )+
(3.26a) R
N—k
+afl) o (TN ] Vp (Tp,) H@% ;)77

=1
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or

(3.26b) Ani1(X) =

N

= [SD (@1, aniznin) + o (@nn)| [Tl i) = i)™

=1

where each S,(,ﬁ),.,,gk is a SMAF of order N — k in the first N — k variables

and additive in the last variable, S(*) is a SMAF of order N in the first

N variables and additive in the last variable, and a) and each Oa(;?,),..,ak

are additive.

Since Y41 # 1, then linear independence, (3.23), and (3.25) draw
also

(3.27) S By o) =

01,...,o0N==%1

N
= B(xy,...,7N) H[T/h(%) + iys) ',

(3.28) h(Y) =21 —g(Y)}.

Similar to Case 2, (3.27) leads to the form (3.22) for B with the same
{p1,...,pN_r}and {ry,...,r,} asin (3.26). From (3.22), (3.26), (3.6), (3.25)
and (3.28), we arrive at solution (3.3) again for n = N + 1, as soon as we
define py_g+1:= N + 1,

. qA .
501,-~,Uk (xpw ) xpN7k+1) = Sgl,)...,ak (xpla "'7$pN7k7xN+1)+
A B
+Oégla)~-~70'k (.’L‘N+1) + Sg'l,)...,o'k (xpp IR xpN_k)a
(B)

and oy, o 1= Oy ....,04, fOr €ach oy, ..., 0, = £1.
The only other possibility is that Axy; = 0. Now (3.6) takes the form

(329) f(xla *"7$N+1) = B(le? JxN) ¢N+1(xN+1) +7,

with ¥ny1(-) = Yy1(-)™t # 1. Here we know that B # 0, since f is
nonconstant. We show that the solution of (GRE) is of the form (3.3).
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Consider (3.23) with Ay41 = 0. Since )41 and 1 are linearly indepen-
dent, we find that

(3.30) > Bawlanyd) =

= B(z1,...zn) 9(Y) (2¢n+1(yn+1)) ",
and that
hY) = 2V —g(Y)],

the latter of which is in agreement with a solution of type (3.3) for n =
N + 1. Applying the induction hypothesis to (3.30), we deduce that the
solution must be among three possible forms.

The first possibility is that B is a nonzero constant o and
g(YV) [29Nn51(yns1)]”" = 2V, In this case, (3.29) shows that we have
f(X) =avnii(xny1) + 7, a solution of type (3.3).

The second possibility is that B(X) = S(x1,...,zn) + @ and
gY)2¥ni1(ynvs1)] 7t = 2V, By (3.29), we again have a solution of the
form (3.3).

The third and final possibility is that either

BX)= > S8 o, (wptpya) + 0l | X
01,..,0,=%E1
N—k k
X H Vp: (Tp,) me (z,)7
i=1 j=1
or
N
B(X) = [$P) (@1, coan) +af [Twa@) () =wi() ™
=1
and

N
gY) 29¢nNi1(yn+1)] H ilys) +¥ilys) 7
1=1

Again, (3.29) shows that f and g have the form specified in (3.3) for
n=N+1.

This exhausts all possible cases. Since the converse is easy to check,
this concludes the proof of the theorem.
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4. General solution of (GRH)

We solve (GRH) by showing first that any f satisfying (GRH) satisfies
also (GRE).

Lemma 2. If f,p,q: Gy x --- x G,, — K satisfy (GRH), then f,g,h
satisfy (GRE) with g, h given by

(4.1a) g(¥) =] {plyx] — 2(n - 1)}
n k—1
(4.1b) h(Y)=>2""%qly) [ {plyi] = 2(n - 1)},
k=1 =1

where [yx| represents (€1,€2, ..., €k—_1, Yky €kt1s -y En)-

PROOF. First, assuming that f, p, g satisfy (GRH), put y; = e; (i # k)
to get

(4.2) Z F(@1s o, 1, TRYLE Tty ooy Tn) =
or==+1

= f(x1, - zn) {Plyr] — 2 (0 — 1)} + qlyx],

for each fixed k € {1,...,n}.
Next, we establish by induction on j that

> et eyl =

O1ye-y0n==%1

= Z f(xl,...,a:j_l,g:'jy;j,...,xnyzn) X

Ojyee,on==%1

(4.3)

j—1 j—1 k—1
< [{ply] =2 = D} + > 2 Fqlu] [[{plyi] —2(n— 1)},
=1 k=1 i=1

for each j = 1,..,n. For j = 1, (4.3) is an identity. Suppose that (4.3)
holds for j = J € {1,...,n — 1}. Applying (4.2), we find the right side of
(4.3) can be written as

J—1
Z Z f(xlﬂ"'7$J—1;ny§J7"';xnygn) H{p[yl]_Q (n_ 1)}
=1

O'J+1,...,Un:j:1 O‘J:il
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J—1 k—1
+ > 2" Faly [ [{plyi) —2(n — 1)}
k=1 =1

= Z {f (xlv"wava—l—ly;iﬁla"'7xnygn) {p[y]] —2(71- 1)}

O'.]+1,...,O'n::|:1

J—1 J—1 k—1
+q [y} [[{plwil=2 (= 03+ 2" Fqlyi) [[{plyi] —2(n —1)}
=1 k=1 =1

J
= Z f($17"'7xJ7$J+1y§i_E17"'7mnyzn)H{p[yi] —2(”— 1)}
=1

J—1 J—1 k—1
+2" 7 q[y] H {plyil =2 (n — D}+ D 2" Fqly] H{p[yi] —2(n—1)},

which gives (4.3) for j = J + 1. Thus (4.3) is valid for j =1, .., n.
Finally, observe that (4.3) for j = n is

S f @y e aaylt) =

01,...,0n==1

n—1
= 3 flen s, zayl) [[{plvi] -2 — 1)+
=41 =1

+ i 2" " qy] ﬁ{p[yi] —2(n—1)}.
k=1 i=1

Applying (4.2) once more (for kK = n) on the right hand side of this equa-
tion, and defining g, h by (4.1a) and (4.1b), we have (GRE). This finishes
the proof.

Now we are ready for the second main result, which is the following.

Theorem 2. The general solution f,p,q : Gy x --- x G,, — K of
(GRH), with f satisfying the factorization condition (FC) in each variable,
is given by

(4.4) f(X)=~,  parbitrary,  q(Y)=~[2n—pY)],

(4.5) f(X)=S(X)+a+)_ Qi(z:), p(Y)=2n, ¢¥V)=2 Qi(y),
i=1 i=1
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( f(X) = Z [501,--~,0k (xpu "'7$pn7k)+
O1y.-,0 =21
n—k k

(4.6&) +a01 ----- Uk] H wpi(xpi) H %«j (xrj)aj + Y

p(Y) = Z [ilya) + i(w) '], (YY) =~[2n —p(Y)]

f(X) =[5(X) + o Hwi(%) +7,

(4.6b) p(Y) =2 Z’tbi(%) # 2n,

\ oY) =~ [2n—pY)], () =)

where k is a fixed integer (1 < k <n), a, v and &, ... 5, (01,...,0, = £1)
are arbitrary constants, S and Sy, - (01,...,0, = £1) are SMAF’s of
order n and n — k, respectively, QQ; is quadratic and 1; is a nonzero expo-
nential (1 <i < n), ¥, (i =1,2,...,n—k) satisfies also 1, (x) = 1, ()1,
U, (j = 1,2,..., k) satisfies also ¢, (x) # p, (x)”!, and {1,2,...,n} is the
(disjoint) union of the sets {p1,...,pn—k} and {ry,...,ry}.

Here again we have adopted the convention (C1) in (4.6a) (cf. Theo-
rem 1).

ProOF. If f satisfies (GRH), then Lemma 2 shows that it also satisfies
an equation of the form (GRE). Since f also satisfies (FC), we may apply
Theorem 1 to obtain the possible forms of f. We consider the three forms
of f case by case.

First, suppose f is constant, as in (3.1). Substituting f(X) = ~
into (GRH), we get 2ny = vg(Y) + h(Y), which gives solution (4.4).
Henceforth, we assume that f is nonconstant.

Secondly, suppose that f has the form given in (3.2). Inserting this
into (GRH) and simplifying, we arrive at

2n[S(X) + a + Z Qiz;)] + 2 Z Qily:) =

=[S(X)+a+ Z Qi(z:)]g(Y) + h(Y),
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where we have used the facts that S is a SMAF of order n and that Q;
(1 = 1,2,...,n) is quadratic. Since f is nonconstant, at least one of the
functions S, @1, ..., @, must be nonzero. Thus, by a linear independence
argument, we obtain from (4.7) that g(Y) = 2nand h(Y) =237 | Qi(v:).
That is, we have solution (4.5).

Finally, suppose that f is as in (3.3). Substituting form of f from
(3.3a) into (GRH) and simplifying, we come to

(4.8) Z [Sal ,,,,, o (Tpys s Tp, ) +

01,...,0,==%1

n—k k n—k
+ a01,~~-70k] H wpi(xpi) erj (xrj)Gj {Z2wpi(ypi) +
i=1 j=1 1=1
k
+ ) [, () + U, ()7 20y
=1

- { Z [Sgl ~~~~~ Uk('zplv--wxpn,k) +

01,...,0,==E1

n—k k

+ Qg . ok] H wpi(xpi) H w'l"j (xrj)aj +y g(Y) + h(Y)

Here we have used the facts that Sy, . - (01,....,0p = £1; 1 < k < n)
is a SMAF of order n — k, that v, (z) = ¢, ()™ (i = 1,..,n — k),
and that each 1); is nonzero exponential (i = 1,...,n). Again using linear
independence considerations, we conclude from (4.8) that

n—k k
- Z 2 wpi (ypz + Z wr] yr] + w’“] (yTJ) 1]
i=1 Jj=1

and that h(Y) = 2ny — yg(Y).
Thus we have (4.6a). Similarly, if f has the form in (3.3b), then we
arrive at (4.6b). This completes the proof.
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5. Some further results

We complete the link between (GRE) and (GRH) with the following

converse to Lemma 2.

Lemma 3. If f,g,h : G1 X Gy x -+ X G,, — K satisfy (GRE) then
f,p, q satisfy (GRH) with p,q given by

(5.1a) p(Y)=2"" Zg[yz-],
(5.1b) g(Y) =2'-" Z hlyi),

where, as before, [y;] = (€1, ., €i—1,Yiy €it1y -, €n)-

ProOF. For each fixed ¢ € {1,...,n}, setting y; = e; for all j # i in
(GRE), we get

211—1 Z f(xla ---7331'—17337;92”7%—&-1’ 7xn> - f(X)g[y’L] + h[yz]
O'i=:|:1

Summing over i, we have

n
2n—1z Z f(:l:l,...,xi_l,xiygi,mHl,...,xn):

i=1 o;==+1
= f(X) Zg[yi] - Z hlyi),

which is (GRH) with p, ¢ given by (5.1a), (5.1b).

This lemma provides a new way of proving Theorem 2. Namely, for
nonconstant f, we apply the formulas (5.1a), (5.1b) to (3.2)—(3.3), obtain-
ing thereby (4.5)—(4.6), respectively.

It is a straightforward job to work out the continuous solutions of
(GRE) and (GRH) on R", based on Theorems 1 and 2. Such continuous
quadratic, additive, and nonzero exponential functions from fR into C (the
field of complex numbers) are of the forms

Q(z) = ba?, A(z) = ax, P(x) = e,
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respectively, for complex constants a, b, c. We call any function P : R"—C
of the form

n n—1
P(xl, ceey $n) = A12...n HQ?Z + a12...n—1 H i+ +
i=1 i=1

n
+a93...n HQS‘Z + -+ apx, +ag
=2

a sum of multilinear functions (SMULF) of degree n. It can be shown [4]
that if S : R" — C is a regular SMAF of order n, then for any constant
a, S+ «a is a SMULF of degree n. Moreover, it is also true that f is
continuous in (3.2) and (3.3), (4.5) and (4.6) if and only if each SMAF,
each quadratic @);, and each nonzero exponential v; is continuous.

Therefore, one obtains the continuous versions of Theorems 1 and 2
on R™ by replacing each SMAF by an appropriate SMULF, each Q;(x) by
bix?, each vy, by 1, and each ¢, (x) by €3 (¢, #0).

It is also possible (but rather tedious) to work out explicit forms of
the real-valued solutions of (GRE) and (GRH) on R™. Since R is not
quadratically closed, Theorems 1 and 2 do not immediately apply in this
case. One may proceed by screening the complex-valued solutions to obtain
those which are real-valued. As an illustration, we describe the process for
finding the continuous real-valued solutions of (GRE) for n = 2. It turns
out that the @);’s and the SMULF’s have the same form as above, but with
real constants. From (3.1) and (3.2), we obtain respectively

f($1,$2) =7,

g arbitrary real-valued function

h(yi,y2) =74 —g9(Y)];

f(z1,22) = a1ar129 + @121 + asxy + ag + b1t + box,
9(y1,y2) = 4,
h(yh y2) =4 (blx% + wa%) )

where all constants are real. Case (3.3b) is impossible, since each ¥; = 1
but g(Y) # 2". The situation for (3.3a) is more complicated. Each 1y,
is equal to 1, but there are two alternatives for each 1),.,. Because g must
be real-valued, when 1 (z) # ¥ (z)~!, we have either 1)(z) = e’ for real
b(# 0) or ¢(x) = cosbxr + isinbx for some real b(# 0), where i is the
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imaginary unit. When k£ = 1, the solutions are given by

f(z1,22) = (@172 + a1) e + (a272 + ) e” " + 7,
9(y1,y2) = 2 (e + eV,
h(yi,y2) =74 —g(Y)];
f(z1,22) = (azw2 + a3) cosbzy + (asz2 + aq) sinbry + 7,
9(y1,y2) = 4cos by,
h(y1,y2) =v[4—g(Y)],

where all constants are real, and two similar forms obtained by interchang-
ing x1 with o and y; with ys. Finally, when & = 2 in (3.3a) there are
again four forms, since each of 11 and 15 can have either of the forms e?®
or €% for some real b (# 0).

We conclude the paper with an example illustrating the non-equival-
ence of (GRE) and (GRH) when char K = 2.

Ezample. Let G1 = (Za,+), G2 = (R,+), K = Z,, and define f :
G1 X G2 — K by

1 if(L’g%O

UCE { 0 ifay=0.

Then the left side of (GRE) is
fry+yi, 22 +y2) + f(21 — Y1, T2 + y2)+
+ flxr +y1, 22 —y2) + f(x1 — y1, 22 — y2)
=2f(z1+y1, 22 +y2) +2 f(x1 +y1,22 —y2) =0,

so f satisfies (GRE) with ¢ = h = 0. But f does not satisfy (GRH) at
all. Indeed, suppose that f did satisfy (GRH) with some p, ¢. Then, as
flz14+y1,z2)+ f(x1—y1,22) = 2 f(z14+y1,22) = 0, (GRH) would become

(5.2)  flx1, 22 +y2) + f(w1, 02 — y2) = f(z1,22) p(Y1,y2) + q(y1,92).

Putting 22 = 0 in (5.2), we obtain ¢(y1,y2) = 0. Using this with yo =1 in
(5.2), we get

[y, 20+ 1) + f(21,22 — 1) = f(21,22) (Y1, 1).
But this equation yields, with x5 = 1, 2, respectively,

p(y1,1) =1 and p(y1,1) =0,

a contradiction.
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