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A uniform convergence for non-uniform spaces

By I. KUPKA (Bratislava) and V. TOMA (Bratislava)

Abstract. In order to obtain some new insight concerning Dini theorem we define
a kind of convergence for functions f : X — Y, where X is an arbitrary set and Y is
a topological space. In general, this convergence is stronger than the uniform one. In
the case when Y is uniform and X is compact topological space it coincides with the
uniform convergence. If Y is regular, it preserves continuity.

Introduction

A concept of convergence, called strong convergence, presented here
crystallized naturally during a research devoted to several subjects: Dini
generalized theorems, UC' spaces, a continuity-preserving convergence in
case of non-uniform range spaces. The common point always was: how
to obtain some “uniform-looking” results without uniformity? Using the
strong convergence we will prove here some continuity preserving results.
This notion is in connection with UC' spaces (metric spaces X on which
every continuous function from X to R is uniformly continuous). In gen-
eral, of course, is the strong convergence stronger than the uniform one,
e.g. the strong convergence preserves the property to have a fixed point
(see [5]).

Strong convergence

How to define in general a uniform-like convergence, having Y non-
uniform? A great number of papers was devoted to this subject. Let

The authors would like to thank the referee for many valuable suggestions to the original
version of the paper.

Mathematics Subject Classification: 54A20; Secondary 54E15.

Key words and phrases: Strong convergence, uniform convergence structure, continuity
preserving convergence.



300 I. Kupka and V. Toma

us mention for example papers working with the idea of replacing the
uniformity with some quasi-uniformity (PERVIN in [7]; FRANCAVIGLIA,
LECHICKI and LEVI in [4]), or working with a “uniform convergence struc-
ture” (COOK and FISHER in [2], DEL PRETE and LIGNOLA in [3]) or with
a convergence of filters (BRACE in [1]).

The convergence we are introducing here and working with uses no ad-
ditional structures. It is characterized directly with the aid of the topology
of the range space.

One can realize that uniform convergence of functions with the range
in a metric space Y, can be defined with the aid of “e-covers” of Y i.e. of
open covers of Y containing all open balls with radius e > 0. The use of all
covers, not only the e-ones, will give us in general a stronger convergence.
Of course, Y need not be metric now.

Definition 1. Let X be an arbitrary set and (Y,7) be a topological
space. Let (f, : v € I') be a net of functions from X to Y. Let p be an
open cover of Y. We say, that a net (f, : v € I') converges to a function
f: X — Y p-uniformly if

Jwel VeeX Vy>~v 3F0€p:f(r)eO and fy(z)e€O.

We say that the net (f, : v € I') converges to the function f strongly if it
converges to f p-uniformly for every open cover g of the space Y.

Remark 1. If (Y,d) is a metric (or uniform) space, then the strong
convergence implies always the uniform one. In fact a net of functions
(fy : X = Y),er converges to a function f : X — Y uniformly iff (fy)yer
converges to f pe-uniformly for every p. := {B(y,e) : y € Y} where
B(y,€) is an open ball with the centre y and the radius e.

Before we state the theorem saying under which hypothesis the two
convergences are equivalent, we shall reformulate the notion of strong con-
vergence in terms of uniform convergence structures.

Let P be the family of all open covers of the space Y. For each open
cover o € P we can define the set

R(p) = J{Ox0:0 € p}

and we can state the strong convergence of a net of functions (fy : vy € I')
in the form

VoeP Ipel Yy>vy VeeX:(f(x),f(x)e R(p).

Notice that each R(p) contains the diagonal A := {(y,y) : y € Y} and if
©1 is a refinement of py (in the sense that VG € p; IH € po : G C H)
then R(p1) C R(p2). So the family {R(p) : p € P} is a base of a filter
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R =:R(r) on Y x Y. In general, this filter need not to be a uniformity
on Y. But it generates a uniform convergence structure on Y described in
the following proposition.

Proposition 1. Let Y be an arbitrary topological space and (Y xY)
denotes the collection of all proper filters on Y x Y. There is the smallest
family u of filters on Y x Y satisfying the following conditions:

a) Reu

b) Feu, FCGep(Y xY)=Geu

c) Nucu

d Feu=Fleu

e) wu is centered uniform convergence structure i.e. u is coarser then the
discrete UC'-structure u,.

PROOF. Let us define
u={FecplY xY):RCF}

We show that u has the properties a) — e). The properties a), b), c) are
obvious.

To prove d), we verify first the inclusion R € R™1. If A € R, then
there is p € P such that R(p) C A, consequently R(p)~! c A=l But
R(p)~! = R(p), so A1 € R which is equivalent with A € R™1. Let us
take F € u. Then R C F and therefore R™' ¢ F~'andso R C F~ 1. It
means that F~! € u.

To prove e), according to the definition of centered uniform conver-
gence structure, (cf. [6] p. 175) we must prove that

uNu, =u,

where u, = {N,(y) x N,(y) : y € Y} is the discrete uniform convergence
structure and N, (y) := {S C Y : y € S} is the discrete ultrafilter of y.
Equivalently we must prove that v < u, in the sense that © D u,. To prove
the inclusion it is sufficient to notice that

R CN(A) CN(y:y)  (VyeY)
where for each A C Y xY we put N, (A) :={S CY xY :AcC S}
Obviously N, ((y,y)) = N, (y) x N,(y) and e) is proved.

If «' is another UC-structure verifying a) and b), then necessarily
u C v’ which ends the proof of the minimality of w. [

We shall denote the UC-structure of the previous Proposition by
u = [R] and we shall call the corresponding convergence R-uniform con-
vergence. Now we can claim the following
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Proposition 2. IfY is a regular topological space then the uniform
convergence structure [R] is a locally quasi-uniform structure.

PROOF. For each y € Y let us denote by R(y) the filter on Y with
the base {R(p)[y] : ¢ € P} and by R o R we denote the filter on ¥ x Y
with the base {R(p1) o R(p2) : @1, p2 € P}. The locally quasi-uniform
structure is characterized by the condition

(*) R(y) C (RoR)(y) (VyeY)

so we are going to verify it. Let us take an open cover p € P and a point
y €Y. Then

yeO0: =Ry =(H{Gep:yea}
By the regularity of Y there are open sets U, W such that
yeUcUcCWcCWcO.
Now we can proceed to prove that R is locally a quasi-uniformity. Putting
o1 :={W, onU", WleP

we show that
(R(p1) o R(p1))[y] € R(p)ly] =: O

which will confirm the inclusion (). Whenever z € (R(p1) o R(p1))y],
then there is a point ¢ € Y such that (y,t) € R(p1), (t,2) € R(p1). Since
R(p1) =W2U(0NT)2U (W2 and y € U it must be (y,t) € W2. Then
teW,so (t,z) & (W)? and therefore (t,z) € W2 or (t,z) € (ONT")2.
In both cases we have z € O so (x) is proved and the proposition follows.

O

Proposition 3. If'Y is a paracompact space, then R is a uniformity
onY.

PRrROOF. It suffices to prove, that the base {R(p) : p € P} of the filter
R is actually a uniformity base. It means that for every R(p) (p € P)
there is R(p1) (with some p; € P) such that

R(p1) o R(p1) C R(p).

Let us take an open cover p € P and his refinement p; € P verifying the
property:

(s5) VGep F0ecp : | J{Hep : HNG# 0} CO.
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For every (z,y) € R(p1) o R(p1) there is a transition element t such that
(z,t), (t,y) € R(p1). Therefore 3G, H € p; : (x,t) € G?,(t,y) € H? and
consequently ¢t € G N H # ). Owing to (x*) there is U € p such that

(z,y) € U C R(p)
and the assertion follows. J

Let us consider a uniformity & on Y compatible with the topology of
Y, i.e. for each y € Y the system U(y) := {Uly] : U € U} is a neighbour-
hood filter. If such a uniformity exists, the topology of Y is necessarily
completely regular. If we consider a base B of the uniformity U consisting
of open and symmetric subsets of Y x Y then B(y) := {Uly] : U € B} is a
base of the neighbourhood filter U(y). For each U € B we have U = U~}
and there is V € B such that V oV C U. Therefore for each y € Y,
V]y] x V]y] C VoV and obviously {V[y] : y € Y} =: p is an open cover
of Y. So we have proved

YVUeld FpeP:R(p) CcU

and therefore the inclusion U4 C R is true. In special cases we can prove
even the equality.

Proposition 4. If U is a uniformity on Y compatible with the T5-
topology on Y we have U C R. If'Y is compact space then U = R.

Proor. The inclusion U4 C R was proved by the considerations made
just before Proposition 4. We prove the opposite inclusion supposing that
Y is compact space. Then Y is also paracompact and so R is a uniformity
on Y compatible with the toplogy of Y. Y being compact Hausdorff space
is also regular and it is known that in each compact regular space there is
only one uniformity compatible with its topology. So it must be true that
U=rR. O

The inclusion 4 C R means that the strong convergence implies the
U-uniform convergence. In general the converse is not true but, under the
continuity assumption of the limit function, we can claim:

Theorem 1. Let X be a topological space and let U be a uniformity
on Y compatible with the topology of Y. If a net (fy : X — Y ) er
converges U-uniformly to a continuous function f, then (fy)ycr converges
to f locally R-uniformly.

ProOOF. We must prove the assertion
Vege X VSeR HdopenU3sdxy el Vy>vy VeelU:
(f’y(x)a f(l‘)) S S
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Obviously it suffices to prove the assertion only for S = R(p) with g being
an open cover of Y. For such a cover g, there exist a set O € p and a
symmetric set W € U such that

f(zg) €O and (W oW)[f(x)] C O.
Since (f)yer converges U-uniformly to f we have

I el Vy>v VreX: [ (z)eWf(z).

Denote U := intf =1 (W|[f(x0)]). Then

VeeU: W[f(x)] C O

and so

(fy(z), f(x)) €O x O C R(p). O

Corollary 1. If X is compact topological space then U-uniform con-
vergence of a net (f,: X — Y),cr to a continuous function f is equivalent
to the strong convergence of the net.

PROOF. Let p be an open cover of Y. Owing to the above theorem, for
all z € X there exists a neighbourhood U, such that on this neighbourhood
the net (fy)yer converges p-uniformly, it means

Fve €T Vy>v, VzeU,: (fy(2),f(2)) € R(p).

The system V := {U, : x € X} is an open cover of X, so there is a finite
open cover of X : {U,,,...,U,, } C V. Take a v9 > v,, (1 = 1,2,...,n).
Then we have

Vy >0 VzeX:(fy(2),f(2) € R(p)

and the proof is complete. [J

The following example shows that if X is not compact, then the uni-
form convergence need not imply the strong one.

Ezxample 1. Let X =Y = R. Let us define functions f, g, f., 9n
from R into R as follows: f(z) = z, g(x) = 1 (x € X), and Vn € N :
fal@) =2+ L1 g,(x) =14+ 1 (z € X). The graphs of functions f, g,
fn, gn are lines and f,, = f, g, = ¢ holds. It is easy to verify that the
sequence (g, )n>1 converges to g strongly. However, the sequence (f,,)n>1
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does not converge to f strongly. To prove this let us choose an open cover
of Y in the following way: let

> 1 1 1
A= U{(Qn—Q,Qn—1—2—> ; (2n—1——,2n—1+—>;
ne1 n n n

1 1
2n —1+ —,2 —
(n +2n’ n+2n>}

and put p={(—o0, 3) JUA. Sofor a,, = 2n—1 we have | f(a,) — fn(an)|=2
for every n € N, and there is no O € p such, that f(a,) € O and f,(a,) €
O would hold. [

Let (Y, 7) be a topological space which topology is induced by the
topological convergence structure 7 on Y. Let p denote the convergence
structure on Y corresponding to the uniform convergence structure w in-
duced by R. That is, for every filter F on Y we define

y € Lim” F <— R(y) C F.

A convergence 7 on Y is said to be Ry (cf. [6] p. 181) if for every y,z € Y
the following implication is true

z € Lim" N,(y) = y € Lim" N, (z).

Theorem 2. The convergence p is centered pretopological conver-
gence and it satisfies the Ry separation axiom.

PROOF. pis called pretopological convergence iff it is isotone i.e. F C
¢ = Lim” F C Lim” G, and if y € Lim” N,(y), where N,(y) := ({F €
o(Y) : y € Lim” F} is the neighbourhood filter of y. That the convergence
p is isotone is obvious. Owing to the equality

No(w) =({F € o(Y) : R(y) € F}
we see that also R(y) C N,(y) and therefore
y € Lim” N, (y).

To verify the Ry separation axiom we must prove for every y,z € Y
the implication

(*) R(z) CN.(y) = R(y) CN.(2).

The inclusion R(z) C N,(y) means that for every A C Y if R(p)[z] C A,
for some p € P, then y € A. However, it is equivalent with the condition

VoeP dJGep:z,yelG
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and so we can see that (x) is true.

To prove that the convergence p is centered it is necessary to ver-
ify that p is coarser then the discrete convergence ¢, i.e. ¢ C p. This is
equivalent to the assertion that for each filter F € ¢(Y') we have

UF] C p[F]
and this can be written in the form
F-Yy = F-Ly (Vy € Y).

But the only filter F which converges in the discrete convergence ¢ is the
trivial ultrafilter N, (y) and so it suffices to verify the inclusion

(%) R(y) C N, (v).

Let us take a set A € R(y). Then there is p € P such that R(p)[y] C A.
Since R(p)ly] = U{G € p : y € G}, and g is a cover of Y, we have that
JG € p : y € G and consequently

y € G CR(p)y] C A

So we have proved that y € A and hence (*x*) holds, therefore p is centered.
O

Remark 2. Tt would be possible to prove Theorem 2 using some results
of [6] concerning the interplay between uniform convergence structure [R]
and the corresponding structure p.

Theorem 3. Let 7 be a topological convergence on Y. Then the
convergence p (of the previous Theorem) verifies p < 7, and the equality
p = T takes place iff T verifies Ry separation axiom.

Proor. The relation p < 7 means that p C 7 i.e. we must prove
VyeY VFeopV):F-Dy = F Ly

By definition F — y is equivalent with N, (y) C F where N, (y) is the
filter of all neigbourhoods of y. But it is easy to see that R(y) C N, (y) so
we have R(y) € F and F - y follows.

To prove the equality p = 7 it is necessary for 7 to verify Ry separation
axiom, because following Theorem 2 it is verified by p. We prove that
p C 7 supposing that 7 is Ry. First we prove that NV, (y) C R(y). Take
an open set G # Y, y € G and choose z € Y \ G. Then Ni(z) - y and
because of Ry separation axiom verified by 7 we have A, (y) - z. Thus
N+ (2) € N,(y) and there exists an open V, € N;(z) such that y ¢ V. For
the open cover p := {V, : 2 ¢ G} U {G} we have G = R(p)[y] € R(y).
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Thus N, (y) € R(y) C F provided F - y. The sufficiency of Ry follows
and the theorem is proved. [

The p-convergence is a consequence of R-uniform convergence as we
can prove in

Proposition 5. Let (fy : v € I') be a net of functions from a set
X to a topological space Y, which converges R-uniformly to a function
f X — Y. Then the net converges p-pointwise to f.

PrOOF. The R-uniform convergence of the net (f, : v € I') to the
function f means that the assertion

VoeP el Vy>ry VzeX 30€p: (fy(z),f(z) €O’
holds. As a consequence of this we can claim that
(%) VeeX VpeP Fypel Yy>r: fy(x) € R(p)lf(x).

If we define the filter 7 on Y which base is the family {{f,(z):v >0} :
Y0 € I'}, then we can write the assertion (x) in the form

Vee X :R(f(x)) CF
which is evidently equivalent with the condition

Ve e X : f, () — f(z)

and the proposition follows. [

Combining Proposition 5 with Theorem 3 we get the following useful
fact.

Corollary 2. Let X be a topological space and Y be a T or regular
topological space. If a net of functions (f,)yer converges strongly to a
function f : X — Y then it converges pointwise to f.

PROOF. Strong convergence can be formulated as the R-uniform con-
vergence and thanks to the hypothesis on the target space Y, the pointwise
convergence of a net (f, : X — Y'),¢cr is the same as its p-pointwise con-
vergence, and the assertion follows. [

Remark 3. The assertion in Corollary 2 can be proved easily using
only Definition 1 of the strong convergence.

The following Lemma which was communicated to us by the referee,
turns out to be very useful to prove that the strong convergence preserves
continuity.
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Lemma 1. Let X be a topological space and (Y,U) a locally quasi-
uniform space such that U admits a base of symmetric sets. If the functions
fyv: X =Y (y€l) are continuous at a point xo and the net (f, :vy €I
converges to f locally U -uniformly at xy then f is continuous at x.

Theorem 4. Let X and Y be topological spaces and Y be regular.
Let (f,)~—r be a net of continuous functions from X into Y, that converges
strongly to a function f : X — Y. Then f is continuous.

Proor. This Theorem is in fact a special case of the Lemma 1 in
which we consider the locally quasi-uniform structure R in the place of U
and the Lemma applies.

We give yet another proof based only on the definitions of the strong
convergence and the continuity. Let z € X and V C Y be an open
neighbourhood of f(z).

Y is regular, so there exist two disjoint open sets U and W such that
f(2) € U and X \V C W. Denote p = {U, V, W}. Since (f, : v €T
converges to f strongly and hence pointwise, there exists 79 € I' such that
for each v > vy, f,(2) € U and moreover

(%) Vy>v VYeeX 30€p: (fy(x), f(x) €OxO.

So f+,(2) € U holds and since f,, is continuous, there exists an open
neighbourhood Z of the point z such that f, [Z] C U holds. So Vx € Z :
fro (@) & W. Therefore by (%) f[Z] C V holds and the theorem follows. [J

If Y is not T3, the strong convergence need not imply the pointwise
one and the strong limit of a net of continuous functions need not be
continuous—as the following example shows.

Ezxample 2. Let Y = {a, b} with the topology T' = {0, {a},{a,b}}. Let
us define functions f : R — Y and g : R — Y as follows: Vo € R\ {0} :
f(xz) =0b, f(0) =a; Vx € R:g(x) =b. Put Vn € N: f,, = g. Then the
sequence (f, : n € N) converges strongly to f. But it does not converge
pointwise to f. Of course, f is not continuous. [J
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