On direct decompositions of torsion free abelian groups.

By J. ERDOS in Debrecen..

§ 1. Introduction.

In his paper [1]') R. BAER has given necessary and sufficient conditions

for partial reducibility and for complete reducibility®) of torsion free abelian
groups. As one of the most important consequences of these results he obtains

that every direct summand of a completely reducible group, satisfying a cer-
tain  condition (see [1] p. 109 and p. 115) is also completely reducible. In
BAER’s criterion of partial reducibility of groups there are imposed four con-
ditions (see [1] p. 109—110, (b 1)—(b 4), two of which are much more com-
plicated than the others. In the present note we investigate a class of groups
(§ 3) for which the corresponding criterion contains only the two simpler
conditions.

In the case of groups of finite rank A. G. KurosH deals in [2] p.
199—200 with an immediate proof — due to L. JAo. KuLikov — for BAER’s
theorem on complete reducibility of the direct summands of completely redu-
cible groups. We shall give here an immediate proof of this theorem in a
much more general case (§ 4). Finally we show that this cannot be extended
to the pure subgroups of completely reducible groups. Our counter example
yields at the same time a simple instance of indecomposable groups of rank 2.

§ 2. Preliminaries.

In what follows by a group we shall mean always an additive forsion
free abelian group, i. e. the only element of finite order in the group is O.
The rank of a group G is the (invariantly determined) cardinality of a maxi-
mal independent system of elements in G. A subgroup S of G is called a
pure subgroup if na € S (for an arbitrary element a € G and for any rational
integer n==0) implies a € S. A certain classification of all elements (==0) of
G can be established by the following notion of the type of an element (see
[1], [2]). Let a be an arbitrary element ==0 of G, and let p,,ps, ..., P, ...

1) The numbers in brackets refer to the Bibliography at the end of this paper.
2) For the notation and terminology see § 2.
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the increasing sequence of all prime numbers. We denote by k, the greatest

non-negative integer for which the equation

k"
Ph X=a

is solvable in Gj in case there is no maximal exponent of this property we
write k, == oo, The sequence

() = (Kis Keas o ooy Kny o o)

so defined is called the characteristic of the element a € G. Considering two
characteristics (k,) and (k!) equivalent if k, ==k, for all but a finite number
of indices n with &, ==~ and k== o, we get an equivalence relation in the
set of all possible characteristics. The equivalence class containing the
characteristic of a is called the fype of a. Types will be denoted by small
Greek letters. The set of all types is partly ordered by the following relation.
Let « = 2 hold between the types « and 8 if and only if they can be repre-
sented by characteristics (k,) and (/,) satisfying k, = [, for all indices n (o is
regarded greater than any of the rational integers). Concerning this partial
ordering any two of types « and § have a greater lower bound (or meet)
eng; if ¢ and @ are represented by the characteristics (k.) and (/,) then the
characteristic
(min (k,, 1), ..., min (K., L), .. .)

represents «ng. In what follows we need only the next three properties of
types.

(1) If a and b are non-zero elements of the group G then the type of
their sum (if it differs from O) is = than the meet of their types.

(2)If G=A+B, a€A, beB, a==0, b=-0, then the type of a+b
coincides with the meet of the types of a and b.

(3) If two non-zero elements of a group are dependent, then they have

the same type.
In our investigations the following subgroups of a group G will play

an important role.

(1) The elements of the group G having types = than some fixed
type «, form a subgroup together with O (according to (1°) and (3’)). This
group will be denoted by G(e = »).

(2”) By G(« < ») we mean the subgroup of G generated by its elements
of types > «.

(3”) G(e == ») is the subgroup of G generated by the elements of G
having types = c.

It is easy to see that 5

Gle<v)SG(e = v)nG(e £ 7),
but the equality does not hold in general.



On torsion free abelian groups. 283

A group H is homogeneous if all its elements (==0) are of the same
type; this common type of non-zero elements is said to be the type of the
group H, if H==0. For instance all groups of rank 1 belong to this cate-
gory of groups. It is known that the equality of the types of two groups of
rank 1 is not only a necessary, but also a sufficient condition to their iso-
morphism and every type occurs as the type of some group of rank 1.

§ 3. Direct sums of homogeneous groups. ")

Let M(G) denote the partly ordered set of types of the elements ==0
of the group G.

Theorem. Let G be such a group that M(G) satisfies the ascending
chain condition (i. e. every non-void subset of M(G) has a maximal element).
Then G is a direct sum of homogeneous groups if and only if

G(e <) is a direct summand in G(e = v)
and '
Gle<r)=G(e=r)nG(e zz )
for any type c. :
ProOF. First we verify the necessity of the conditions of the theorem,

supposing nothing at all of the partly ordered set M(G). Let G be a direct
sum of homogeneous groups:

G= -'\‘Hr!

—
7

on the types of which we may assume that they differ in pairs (H, =0 has the
type »), since the direct sum of homogeneous groups of the same type is
also homogeneous according to (2,2°). In the above summation the index »
runs over the set of all types, some of the H,’s may be equal 0. It is obvious
by (2, 2°) that the relations

Gle=v)=2> H,,

asy

G(({ “:... P) — 2‘.H)r,
G(e=v)= ' H,
hold. As a consequence of these equalities we obtain

G(e=1)=2 H,=Hu+ 2 H,=H.+ G(e < ¥),

%) In [1]: partially reducible groups.
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i.e. G(e<v) is a direct summand in G(e = »); further
Gle=v)nG(e £ r)= ZH,. n>D H,=

a=y aI=y

= (Hat 2 H)NZ Hy+ 2 Hy) = 2 H, — Ge <),

proving the necessity of the conditions of the theorem.
In order to prove the sufficiency of the conditions:

G(e <) is a direct summand in G(e =)

Ge<v)=GC(e=r)nG(eZ=»)
for arbitrary type «, we define the subgroups H, of G so, that
G(e =rv)=H.+ G(e < 7).
Clearly, H. is a homogeneous group of type « (if H.==0). Now we are
going to prove that G is the direct sum of the groups H, such constructed.

First we show that the subgroup of G generated by all these H.’s is
their direct sum, that is, the sum of non-zero elements

ol ioon i (e; is the type of a., i=1,...,n)

belonging to different H.'s, always differs from 0. Suppose that for the
elements under consideration

aa,+"'+arln:O

and

holds, i. e.
Aoy = _(a*'fl + il +a¢n-l)s

where «, is a minimal one among the types «,,..., @, 1,e,. Then we have

Qa, = _(aﬂs + e +aﬂ'n—'l) 6 G(“n ;; ");
whence

Qa, € G(@, = )N G(@, 2z v) = G(a. < 7).
Therefore, according to the construction of the H.’s,
de, € Hy 0 Glas < 7)=0,
which contradicts the assumption.

Secondly, in order to prove that G is generated by the H.’s we assume
that the ascending chain condition is satisfied by M(G). Thus we can use
transfinite induction with respect to M(G). If « is a maximal element of
M(G) then every element of G having type « is contained in > H,, since

-
by G(e <7»)=0
G(e = v)=H.+G(e < v)=H. S 2 H,.

Now suppose that all elements of G having types = 3 (3¢ M(G)) belong to
D' H,. Therefore

G(;j< l')g ZHI‘!
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from which we get
GE=v)=Hp+G@E< S H,,

i. e. all elements of G of type @ are elements of > H,. This completes the

L 4

proof of the theorem.

Corollary 1. A group G of finite rank can be decomposed into a direct
sum of homogeneous groups if and only if

G(e < r) is a direct summand in G(e¢ = )
and
Gle<r)=0(«=»)nG(ezz7)
holds for every type «.

ProOF. It is sufficient to show, that M(G) satisfies the ascending chain
condition in this case. If ¢, € M(G) and «¢ <3 then G(¢ = r)2G@E =),
having for their finite ranks r.,rs r.>rg, since these groups are pure sub-
groups of G. So every chain

By B v S

of types belonging to M(G) breaks off after a finite number of terms i. e.
M(G) satisfies the ascending chain condition. ‘)

Corollary 2. Let G be a group the set of types of the non-zero elements
of which is a totally ordered set satisfying the ascending chain condition.
Then G is a direct sum of homogeneous groups if and only if G(e <)
is a direct summand of G(« = v) by every type c.

§ 4. Direct sums of groups of rank one.”)

In the considerations of this section we need only the following theo-
rem (cf. [2] p. 197): if G is a direct sum of isomorphic groups of rank 1,
then every pure subgroup of G has this property.

Theorem. /f G is a direct sum of groups of rank I, the partly ordered
set of the types of which satisfies the ascending chain condition, then every
direct summand of G can be decomposed into a direct sum of groups of rank 1.

PrOOF. Let G be a direct sum of groups of rank 1, the partly ordered
set M of the types of which satisfies the ascending chain condition. After
summing the summands of equal type », G decomposes into the direct sum

4) For this reasoning see [1] p. 109.
) In [1]: completely reducible groups.
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of the homogeneous groups so obtained:
G=_2 H,.
reM
We remark here — as it has done in the proof of the theorem of § 3 too
— that if a group G is decomposed into a direct sum of homogeneous
groups of pairwise distinct types:

G=2H,,

- reM
then the relations

(1) Gle=v)=2H, and G(e<v)=_ H,

hold in case of any type e.
Let A be a direct summand of G:
G=A+B.
The component Gi(¢ = ») of G(e = ») in A is a subgroup of G(e = »).
Indeed, if a = 0 is the component of g€ G(«¢ = ») in A:
g=a+b (b€ B),
then the type of a is = than that of g, so = «, consequently
a€G(e=r).
As to B
Ge(e =) S G(e=).
From these relations we obtain

(2) Gi(e =)+ Gp(e = v)=G(e = 7).
Similarly for the components of G(e < »)
3) Ga(e <)+ Gple <v)=G(e < 7)

is true. (1) and (3) show that G.(« < ») and Gg(« < ») are direct summands
in G, thus we can write
(4) Gue=r)=Aca+Ga(e<r) and Gg(e = )= Ba+ Gp(e < ).
(According to (2), (3), (4)
(5) G(e =7v)=(Ac+Ba)+G(e <),
so A.+ B. is a homogeneous group of type e if it is % 0.) Our aim is to
prove that A is the direct sum of the groups A. defined above by (4). For
this it is sufficient to show that

G— 2 (Ar+B),
since this implies the existence of the direct sums

SAGA md SBEE
reM reM

and thus, by G=A+B, > A, —A.

reM
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First of all we prove that one can speak about the direct sum
‘.-\: (A,+B,) of the subgroups A, - B, in G. For this reason let us consider
reM

an arbitrary decomposition
G=_2 H;

reM
of the group G into a direct sum of homogeneous groups. Then we have
by virtue of (1) and (5)

6) G=22H,+GCl@a=v)=_2 H,+[(Aet+Bs)+Gla< )=

aszy LE

“(Aat+Bo)+ (2 Hi+ 2 Hy) = (Aat+Ba) + 2 Hy

@y

in case of any type «. Now let «,,...,«,€ M. Applying the equality (6) n
times (changing succesively the H; ’s, for the A, - B, 's) we get

G=(Aq+ Ba)+ 2 Hi=[(Ae,+Ba) + (At Ba) + 2 Hi=

1y T2V

= =[(Ae+Ba)+ + (At B+ 2 H.

ey EnEY

(We remark that this process is legitimate only if it consists of a finite num-
ber of steps.) This implies that the direct sum

(Ae,+Ba)+ -+ +(Aa,+Ba,) S G
always exists, consequently > (A,+ B,)S G exists too.
ryeM

Secondly we show by a transfinite induction with respect to M that

each element of G occurs in > (A,+B,). Let « be a maximal one among
reM

the elements of M. Then H.S > (A.+B,), since by (1) and (5)
reM

H.S G(e =7)=(Aa+Bu)+ Gle <7)=
— (A«+BR)+ZH)'= Aa+B“Cz(Ay+B’,).
a- v re M
Now suppose that for all types o >3 (0, 7€ M)
Ho ™ (A4 05
re M
Then we get by (1) and (5)
HyS G =r)=(As+Bp)+G(B< »)=(As+Bp) + QZ_‘ H,S g(A,-{-B,,).
per rel
Thus indeed
G=2 (A, +B,)
rveEM

Finally we have to show that A, is a direct sum of groups of rank 1.
According to (1) and (5) we have A.+ B.~ H., hence A.+ B. is a direct
sum of isomorphic groups of rank 1. By virtue of the lemma mentioned
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before this theorem, we conclude that our statement is true. Thus A — A
reM
is a direct sum of groups of rank 1.

REMARK. This theorem cannot be extended to the case of pure subgroups

of direct sums (of a finite number) of groups of rank 1, as it is shown by
the following counterexample.

Let R,, R,, R, be groups of rank 1 having types
(005 00, 0,0,:0:50; 55 00,000,054, 0, i 3 (05005 00,0550 .0.)
Let G=R,+R,+ R, and
@mER, @®mER, a;€ER,,
each of which differs from zero. Let us consider the least pure subgroup S
of G containing the elements
S=a+a, and g,=a,+a;.
The existence of such a group is obvious and it has rank 2. The types of
the elements
g, & &—8—8:—=a—a, &= +&=—a+2a,+4+a;

of § are

(20, 000, ool vody TR O-E0 L s h con A0 00 O 0 < 3 Okl

(01 R |

in G, and by the purness of S they are the types of these elements in S
too. So S has elements of four different types. This involves the indecom-

posibility of S into a direct sum of groups different from S and 0. For, in
the contrary, S would be a direct sum of groups of rank 1:

S=R+R,

but the direct sum of two such groups contains elements at most of three
different types, namely those coinciding with the type of R or R; or with
the meet of these types.
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