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Moore-automata in which the sign-equivalence
is a Moore-congruence

By I. BABCSANYI! (Budapest) and A. NAGY?2 (Budapest)

Abstract. In [3], we investigated Mealy-automata in which the output-equivalen-
ce is a congruence. In present paper we prove similar results for Moore-automata. We
give a construction for strongly Moore-simple Moore-automata and, using this result,
we construct all Moore-automata in which the sign equivalence is a Moore-congruence.
These automata are exactly the Moore-automata which have strongly Moore-simple
state-homomorphic image.

1. Preliminaries

A Mealy-automaton A = (A, X,Y,d,\) is called a Moore-automaton
if there is a single-valued mapping p: A — Y such that

Aa,z) = p(d(a, 7))

forevery a € A, x € X. Thus, for a Moore-automaton, we use the notation
A= (A, X,Y,d, ). The function p is said to be the sign function of A.

Conversely, for every quintuple A = (A, X, Y, d, u) with nonempty sets
A, X,Y and functions § : Ax X — A, u: A — Y we can associate a Mealy-
automaton (A, X,Y,d,\), where A is defined by

Ma,z) = p(d(a,z)) (a€ A, ze€X).

It is evident that this Mealy-automaton is a Moore-automaton with the
sign function pu. Moreover, A is determined by restriction of p to the subset

(A, X)={d(a,x); a€ A, x€ X}

!Supported by the Hungarian National Foundation for Scientific Research (OTKA)
grant No. 7608.
2Supported by the Hungarian National Foundation for Scientific Research (OTKA)
grant No. 1903.



394 I. Babcsanyi and A. Nagy
of A. Thus two sign functions define the same output function \ if their
restrictions to 0(A, X) are equal.

In this paper we suppose that the transition function é and the output
function \ are extended as in [3].

Let A= (A, X,Y,6,u) and A" = (A, X,Y,d', ') be Moore-automata.
We say that a mapping o : A — A’ is a state-homomorphism of A into
Al if
a(d(a,z)) = 0'(a(a), z), p(a) = p'(a(a))

for all @ € A and x € X. If a is surjective then A’ is called a state-
homomorphic image of A. If « is bijective then « is called a state-
isomorphism and the automata A and A’ are said to be state-isomorphic.

An equivalence relation 7 of a state set A of a Moore-automaton
A= (A X,Y,0,u) is called a congruence on A if

(a;b) €7 = (ap,bp) €7 and u(ap) = p(bp)
for all a,b € Aand pe X™T.

Let pmax denote the relation on the state set A of a Moore-automaton
A= (A XY, ) defined by

(a,0) € pmax <= p(ap) = p(bp) forallp € X+ ([3)).
We note that ppax is the greatest congruence of A.

An equivalence relation 7 of a state set A of a Moore-automaton
A= (A XY, ) is called a Moore-congruence on A if

(a,b) e 7 = (ap,bp) e 7 and p(a) = pu(b)

for all a,b € A and p € X . It is trivial that every Moore-congruence of a
Moore-automaton A is a congruence of A.

Let my.x denote the relation on the state set A of a Moore-automaton
A= (A X,Y, ), ) defined by

(a,b) € Tmax <= p(ap) = p(bp) forallp e X* ([2]).
We note that my.x is the greatest Moore-congruence of A.

Denoting the identity relation of a Moore-automaton A by ¢, we say
that A is Moore-simple if mpnax = t. As known a Mealy-automaton is
called simple if ppax = t- AS Tmax C Pmax, every Moore-automaton which
is simple is also Moore-simple. It is easy to construct an example which
shows that the converse is not true, in general.
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It can be proved that m,.x is the greatest Moore-congruence of A and
A/Tmax is Moore-simple.

On a Moore-automaton A = (A, X,Y, 6, u) define the following two
equivalence relations

m={(a,0) € Ax A: pla) = pd)},
p={(a,b) e AxA: (Vx € X) u(d(a,z)) = u(s(b,z))}.

7 is called the sign equivalence and p is said to be the output equivalence
of A.

It is easy to see that mTpax = Pmax N7 C p N .

For notations and notions not defined here, we refer to [3], [4], and [5].

2. Some remarks on Moore-automata with p = ppax

In [3], we described Mealy-automata in which p = ppax. In this paper
we deal with Moore-automata in which 7 = m,.x. The following lemma
shows that the Moore-automata with m = 7.« form a subclass of the
Mealy-automata with property p = pmax.

Lemma 1. If 1 = mya« in a Moore-automaton then p = ppyax.

ProOOF. Let A = (A, X,Y, 0, 1) be a Moore-automaton with the prop-
erty that m = mmax. If (a,b) € p then (6(a,x),d(b,x)) € = for all z € X.
In this case p(axq) = p(bxq), for all z € X and ¢ € X*, which means that
(a,b) € pmax- O

Corollary 1. A = (A, X,Y, 4, u) is a Moore-automaton withm = p = ¢
if and only if 1 is injective and

(Vz e X) 6(a,x) =6(b,x)) = a=h.

We note that p = ppax implies T = mpax if and only if 7 C p. Next we
give two examples for Moore-automata in which p = pp.x and, in the first
example, T # Tpax, in the second example, 1 = mpax. We remark that
they determine the same Mealy-automaton, because their output-functions
are equal.

Ezample 1. Let the Moore-automaton A = (A, X,Y,d, 1) be defined
by the following transition-output table with A = {1,2,3,4,5}, X = {z},
Y = {yb Y2, 3/3}:
Y1 Y1 Y2 Y2 ¥

2345
1131

firy
Py
[
[\S)
w

1
x| 1
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It is easy to see that the m-classes are {1,2}, {3,4}, {5}, the Tax-
classes are {1,2}, {3}, {4}, {5}, the pmax-classes are {1,2,3,5}, {4} and
P = pmax- Lhis example shows that the converse of Lemma 1 is not true.

Ezample 2. Let the Moore-automaton A = (A, X,Y,d, u) be defined
by the following transition-output table with A = {1,2,3,4,5}, X = {z},
Y = {y17 Y2, 93}3
Y

[y

Y1 Y2Ys Yy
2 345
1131

—_
[\
w
[\

1
x| 1

It is easy to check that the w-classes are {1,2}, {3,5}, {4}, Tmax = T,
the pmax-classes are {1,2,3,5}, {4} and p = pmax-

The next construction plays a basic role in our investigations.

Construction I. Let A = (A, X,Y,6,n) be a Moore-automaton and
xo ¢ X be a symbol. For an arbitrary state a of A, define the mapping a,
of X U{xo} into Y as follows:

[ u(d(a,x)) ifzeX,
%al®) = { wu(a) if z = xo.

Let A = {a,;a € A} and, for every a € A and z € X, let
5’(aa,x) = O§(a,x), :u/(a/a) = M(a>7 )\/(Oéa, Cl]‘) = Hl(dl(aaa iL'))
Consider the following quintuple: A = (A, X,Y,d’, 1').

Lemma 2. For a Moore-automaton A = (A, X,Y, 6, ) the following
conditions are equivalent:
(i) The quintuple A = (A, X,Y, ¢, 1) defined in Construction
I is a Moore-automaton;
(il) pNT = Tmax In A;
(iii)) pN7T C pmax in A;
(iv) The quintuple A = (A, X,Y,d’, i) is isomorphic to the
(Moore-simple) factor automaton A /Ty ax.

PROOF. It is easy to see that the quintuple A = (A, X,Y,d, 1) is a
Moore-automaton if and only if ¢’ is well-defined, that is, for every a,b € A,
a, = oy if and only if Tax[a] = Tmax[b]-

(1) = (i7): Assume that ¢’ is well-defined. Let a,b € A be arbitrary
elements with (a,b) € pN 7. Then a, = o and so (a,b) € Tmax. Thus
p N T C Tax. It is trivial that . € p N7
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(i) = (1): If Tmax = pN 7 then a, = ap implies a5(4,0) = As(p,2)
for every a,b € A and x € X. It means that ¢’ is well-defined.

(i7) <= (d13): It is trivial.

(i) = (iv): If &’ is well-defined then the mappping o — Tmax|al is
a state-isomorphism of A onto A/mpax-

(iv) = (i): It is evident. O

Corollary 2. If p = ppax in a Moore-automaton A = (A, X,Y, 0, u)
then the quintuple A defined in Construction I is a Moore-automaton.

PROOF. AS Tpax = Pmax M 7, the condition p = pyax implies that
Tmax = p N m. Hence, Lemma 2 proves our assertion. O

As the following example shows the converse of Corollary 2 is not true.

Ezample 3. Let the Moore-automaton A = (A, X,Y, d, u) be defined
by the following transition-output table with A = {1,2,3,4,5}, X = {z},
Y ={y1,p2}:

=
=
=
[\
N

Y1y

2
2

Y1 Y2y

1 345
x| 2 4 4 3

It can be easily verified that the m-classes are {1,2,3}, {4,5}, the p-
classes are {1,2,5}, {3,4}, the mpax-classes are {1,2}, {3}, {4}, {5}, the
Pmax-Classes are {1,2}, {3,4}, {56}. Evidently, p N7 = Tiax but p # pmax-

3. Strongly Moore-simple Moore-automata

Definition. A Moore-automaton will be called strongly Moore-simple
if m =, that is, the sign function is injective.

Theorem 1. For a Moore-automaton A = (A, X,Y, §, ) the following
conditions are equivalent:

(i) The quintuple A = (A, X,Y, ¥, 1), where A, &', i/ are de-
fined in Construction I is a Moore-automaton and p' is in-
jective;

(il) 7 = Tmax in A;

(ili) A/Tmax is strongly Moore-simple.

PROOF. (i) = (ii): Assume that A is a Moore-automaton such
that p’ is injective. Then, for arbitrary elements a,b € A with (a,b) € ,
we have

() = p(a) = p(b) = p'(ap)
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from which we get o, = . It means that p(d(a,z)) = p(5(b, z)), that is,
(6(a,x),d(b,x)) € m for every x € X. From this it follows that 7 is a
Moore-congruence of A. Hence m = 7y ax.

(i1) = (i): Assume that m = Ty is satisfied in a Moore-automaton
A. We show that u’, ¢’ are well-defined and g’ is injective. Assume
g = ap for some a,b € A. Then pu(a) = aq(zo) = ap(zg) = u(b). Thus
wWiag) = 1/ (ap), that is, ' is well-defined. As 7 is a congruence, pu(a) =
u(b) mplies p(3(a,2)) = p(3(b,)) and p(6(8(a, ), 2)) = p(6(6(b, ), 2))
for every z,z € X. Consequently 54,2 = Qs(p,4), that is ¢’ is well-defined.
If /() = p/' (), for some a,b € A then p(a) = p(b) which means that
(a,b) € m = Tmax. From this it follows that, for every =z € X,

aq(z) = p(d(a, x)) = p(d(b, z)) = ap(z),

because 7 is a congruence. Moreover, a,(zo) = p(a) = pu(b) = ap(xp).
Thus a, = ap. Consequently, 1/ is injective and so (i) is satisfied.

(i) <= (ii1): It is evident. O

Next, we give a construction for strongly Moore-simple Moore-auto-
mata.

Construction II. Let M be a non-empty subset of the set Y X U{zo}
of all mappings of X U {xg} into Y such that a« = [ if and only if
a(zg) = B(xg) for every a,3 € M, where X and Y are arbitrary non-
empty sets and xop ¢ X is a symbol. Consider the Moore-automaton
M= (M,X,Y,0* u*), where 6* is arbitrary and p* is defined as follows:

p (o) = a(xg), o€ M.

For non-empty sets X and Y, denote M[X,Y] the set of all Moore-
automata defined in Construction II. It is evident that 4 € MI[X,Y]
supposing that m = myax in the Moore-automaton A = (A, X,Y, 4, ).

Theorem 2. A Moore-automaton is strongly Moore-simple if and only
if it is state-isomorphic to a Moore-automaton M = (M, X,Y,6*, u*) de-
fined in Construction II for some X, Y, 0* and p*.

ProoF. It is trivial that Moore-automata defined in Construction II
are strongly Moore-simple.

Conversely, let A = (A, X,Y,6, ) be an arbitrary strongly Moore-

simple Moore-automaton. For this Moore-automaton consider A defined
in Construction I. By Lemma 2, A is isomorphic to A € M[X,Y]. O

For a Moore-automaton M = (M, X,Y,6*, u*) € M[X,Y] consider
the automaton (p*(M), X, ) without outputs, where ¢ is defined by

S(pt(a), ) = p* (6" (e, z)), aeM, zeX,
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Lemma 3. M,=(My, X,Y, 07, u3), MQZ(MQ,X,Y,ég,ug)EM[X,Y]
are state-isomorphic if and only if (pi(My), X, 61) = (u5(Ms), X, d2).

PROOF. Assume that M,, M, € M[X,Y] are state-isomorphic. Let
¢ be a state-isomorphism of M; onto M,. Then, for every o € My,
pi(a) = pi(p(a)) which means that pj(Mq) = ps(Mz). Furthermore

01(pr (@), x) = pi (01 (e, 7)) = pa(p (03 (e, 2)))
= 11303 (p(er), ) = da(p3(0()), )

for all @« € M7 and z € X. It is easy to see that 51 = 52.

Conversely, assume that (uf(My),X,6) = (ui(My), X,d,) for some
M, M, € M[X,Y]. It can be proved that (u3)~1u} is a state isomorphism
of M, onto M,. O

By the help of Lemma 3 we can give the number of all non-isomorphic
automata of M[X,Y] in that case when X and Y are finite.

Corollary 3. If X and Y are finite sets then M[X,Y]| contains

Y|

Z (|5;|)ka|

k=1
non-isomorphic Moore-automata.

ProoOF. Let X and Y be arbitrary finite non-empty sets. By Lem-
ma 3, the number of all non-isomorphic Moore-automata belonging to
MIX,Y] equals the number of all automata (B, X, J) defined by arbitrary
BCYandd: Bx X — B. OJ

In [3] we construct all Moore-automata which are strongly simple
Mealy-automata whose output function does not depend on the input signs
([1]). Theorem 2 of this paper gives all strongly Moore-simple Moore-
automata. The next theorem shows that these two classes of Moore-
automata are the same.

Theorem 3. A Moore-automaton is strongly Moore-simple if and only
if it is a strongly simple Mealy-automaton whose output function does not
depend on the input signs.

PrOOF. Let M = (M, X,Y,d,\) be a strongly simple Mealy-auto-
maton (defined in Construction 2 of [3]) whose output function does not
depend on the input signs, that is, M can be considered as a Moore-auto-
maton with the sign function A. Then the elements of M are constant
mappings of X into Y. Let zg ¢ X be a symbol and M’ the set of all
mappings o' 1 X U {xo} — Y defined by o/(z') = a(zx) for every z’ €
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X U{zo}, z € X. Consider the Moore-automaton M’ = (M’, X,Y, &, u'),
where §'(o/,z) = (6(a,z)) and p/'(¢) = A(a). Evidently, ¢ : o — o/
is a state-isomorphism of M onto M’. Conversely, assume that M’ =
(M, X,Y,¢, 1) is a strongly Moore-simple Moore automaton defined in
Construction II for some X, Y and xy. Consider the Mealy-automaton
M= (M,X,Y,0,)\), where

M={a:X —Y; (V€ X) a(z) = a(zo)},

d(a,x) = B if and only if ¢'(a/,x) = B and A(a,z) = o/(xg) for every

a € M, xr € X. It is easy to see that M is a strongly simple Mealy-
automaton whose output function does not depend on the input signs (see
Construction 2 of [3]). We remember that then M can be considered as a
Moore-automaton with sign function A. Let ¢ be a mapping of M’ onto
M defined by ¢(a’) = a. It is evident that ¢ is a state-isomorphism of M’
onto M. O

4. Moore-automata with m = T«

Construction III. Let M = (M, X,Y,0*, u*) be a strongly Moore-
simple Moore-automaton (defined in Construction II). Consider a family
of sets B,,,, m € M such that B,, N B, =0 if m # m’. For all x € X and
m € M, let ¢y, , be a mapping of B, into Bs«(y 4). Let B =J,,cps Bm-
Define the functions 6° : B x X — B and pu°: B — Y as follows. For
arbitrary b € B,,, let

0°(b, 2) = pm(b) and  p®(b) =m(xo).

It can be easily verified that 0° and u°® are well-defined and so B =
(B, X,Y,6° u°) is a Moore-automaton.

The mapping @m.e @ Bm — Bs«(me) (m € M, x € X) can be ex-
tended by the following way. For all m € M, p € X* and x € X, let
Pm,px = Pmp,x © Pm,p »

where mp here denotes the last letter of 0*(m, p). It is clear that ¢y, ,(a) =
ap for all a € B, and p € X*, where ap denotes the last letter of §°(a, p).

Theorem 4. A Moore-automaton has the property that m = mypayx if
and only if it can be given by Construction III.

PrOOF. Let B be a Moore-automaton defined in Construction III.
We prove that 7 = Tpax. Assume (a,b) € 7 for some a,b € B. Then
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a,b € By, for some m € M. For arbitrary p € X* and x € X,

p°(apx) = p°(0°(ap, ) = p°(PLmp,z © Pmp(a)) = 1 (Pm pe(a))
= 1 (Pm,pz(b)) = 1 (Prmp,z © Pmp(b)) = p°(6°(ap, z)) = p°(bpz).

Thus (a,b) € Tmax which implies T = Ty ax.

Conversely, assume that m = mpax in a Moore-automaton A = (A, X,
Y,0,u). By Theorem 1 and Lemma 2, A = (A, X,Y, ¢, 1) is a Moore-
automaton which is state-isomorphic to the strongly Moore-simple Moore-
automaton A/mpax. Using Construction IIT for M = A, consider the
Moore-automaton B = (B, X,Y,0° u°) such that B,, = mmax[a] and
VYa, » defined by ¢, +(b) = §(b,z) for arbitrary a € A, b € B,,, x € X.
It is easy to see that A =B, 6 =° and p = u°. Thus A = B. OJ
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