On the closure of the basic subgroup.
By ZOLTAN PAPP in Debrecen.

§ 1. Introduction.

A result of KuLikov ([1], Theorem 11) states that an abelian p-group G
containing no elements of infinite height is a direct summand of every abe-
lian p-group in which G is a pure subgroup if and only if G is the closure
of its basic subgroup. In this paper we prove that in the general case, i.e.
if we omit the condition that G shall not contain elements of infinite height,
a similar statement holds for the reduced part of G. More precisely, an arbit-
rary abelian p-group G is a direct summand of every abelian p-group
in which G is a pure subgroup if and only if G can be decomposed into
a direct sum of an algebraically closed group A and a group B* which is
the closure of a basic subgroup of G. We should like to note that even in
the special case of groups without elements of infinite height, treated by
KuLikov, our proof seems to be simpler than the origial one.

§ 2. Preliminaries.

By a group we shali always mean an additively written abelian group.
(As every abelian torsion group admits a decomposition into the direct sum
of its uniquely determined primary components, the latter being p-groups —
i. e. groups every element of which is of p-power order, where p denotes a
fixed prime number — our considerations can be extended to arbitrary abelian
torsion groups in a natural way.) Let G be a group, O(g) the order of g (€ G),
nG the set of all elements of the form ng (n is a rational integer, g¢G).

If there exists an element of maximal order r in G, then we say that
G is an r-bounded group. The r-bounded group G will be called regular if

r
,—G
£€ 0

for each element g€ G. In his paper [2] T. SzeLe has proved the following



Z. Papp: On the closure of the basic subgroup. 257

Lemma 1. A regular r-bounded subgroup H of an arbitrary abelian
group G is a direct summand of G if and only if AnrG=0. Moreover. if
H is a regular r-bounded direct summand of G, then any subgroup K of G,
which is maximal among the subgroups of G having zero intersection with H
and containing rG, is a direct complement of H, i.e. G=H+ K.

Let H be a subgroup of G. If for each a€ H the solvability of nx =a
in G implies its solvability in H, then H is said to be a pure subgroup of G.

An abelian group A is called algebraically closed (in an other termi-
nology divisible or complete) if for each a€ A and every positive rational
integer n the equation nx=a is solvable in A. It is well-known that every
abelian group is the direct sum of its (uniquely determined) maximal aigeb-
raically closed subgroup and of a reduced group, i.e. a group without non-
zero algebraically closed subgroups. The latter is often mentioned as the
reduced part of the group (though it is determined merely up to isomorph-
ism).

The height of an element a==0 in G is defined as follows. For a
nonzero element a of the p-group G the maximal non-negative integer k for
which the equation p*x=a is solvable in G is said to be the height of a.
If there is no maximal k& with this property, then a has infinite height.

Let G be a p-group and B, (n=1,2,...) a maximal p"-bounded
regular direct summand of G,., (n=1,2,...), where G,=G and G, is
the complementer direct summand of B,-, (the existence of such subgroups
follows by Lemma 1 and by Zorn’s lemma). Then

G=Bl+Gl=Bl+Bz+ 62=”‘="BI+BE+“'+Bn+Gn='”r

and B,+ B,+ ---+ B, is a maximal p"-bounded direct summand of G. It has
been proved by T. SzeLE in (2] that B=B,+By+ -+ B.+ -+ is a basic
subgroup of G in the sense of KuLikov [1], i.e. B is a direct sum of cyclic
groups and is a pure subgroup in G, while G/B is an algebraically closed
group. The torsion subgroup B* of the complete direct sum of the B,’s is
called the closure of B. B* can be considered as the set of all infinite ,vec-
tors“
s B iivala, i) (b€ By, b,€B,s, ..., 0,€B,,...)

(with exactly one component from each B,) having finite order with respect
to the addition defined component-wise. KuLikov has proved that B is a
basic subgroup of B* and that any group without elements of infinite height
can be considered as a pure subgroup of the closure of its basic subgroup.
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§ 3. Groups with Property P.

In what follows we turn to the description of all p-groups which have
the following

PrROPERTY P. G is a direct summand of any p-group in which it is a
pure subgroup.

First we prove a Lemma which seems to be of some interest in itself,
though we need only a part of it in the proof of our Theorem.

Lemma 2. An abelian p-group G has Property P if and only if every
proper direct summand of G has Property P.

PrROOF. Let G be a group with Property P and G = A+ C an arbitrary
direct decomposition of G. We have to show that, e. g.,if A is a pure sub-
group in H, then A is a direct summand of H. Let us take a group C’ iso-
morphic to C and having no nonzero elements in common with H, then
G'= A+ C’ also has Property P. Considering K= C'+ H, it follows easily
that G’ is pure in K and therefore K=G' +D=A+C'+D. Now H=A+
+ [H n (C + D)] proves our first statement.

Conversely, suppose that every proper direct summand of G has Property
P and G=A+B (A==0,B=0). (If G has no proper direct summands then
it is either a cyclic or a quasicyclic group and so has Property P.) Let G
be a pure subgroup in H. We shall prove that G is a direct summand of H.
Since A too is a pure subgroup in H and has Property P, there must be a
direct decomposition H=A+C. Now G=A+4(Cn G) shows that CnG
(= B) is also a group with Property P and is pure in C; for a suitable
subgroup D of C this gives C=(Cn G)+D. Thus we have H=A+C=
=A+(Cn Q)+ D= G+ D, which completes the proof of Lemma 2.

Now we are ready to state our

Theorem. An abelian p-group G has Property P if and only if G can
be decomposed into the direct sum G — A+ B* of an algebraically closed group
A and of the closure B* of a basic subgroup B of G.

PROOF. The condition is necessary. As a first step we show that if a
group G with Property P contains a nonzero element of infinite height, then
G has a nonzero algebraically closed subgroup.

Let Q be a quasicyclic group, i. e. a group which is generated by the
elements ¢, cy, ..., Cn, ... and is defined by the relations pc, =0, pe;=oc,,...,
PCa=Cn-1, ..., and denote by H the direct sum of G and Q: H=G+Q.
Suppose that g,€G is an element of order p and of infinite height in G,
so that there exist elements g,,g,,...,8x,... (€G) such that g,=pg, =
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— p*g, =+++=p"g.—---, and let us consider the factor group H — H/|g,—c¢.}-
Since Gnl{g,—a}=Qn{g,—c}=0, there exist in H subgroups GG
and Q== Q which are the images of G resp. Q under the natural homo-
morphism H~ H. We show that GnQ={g,)={c} ). From g,—¢, =0t
follows that g,=¢,; supposing that @ — g, where §€G and §€Q we obtain
g—¢ =0 and hence g—q=kg,—kc,,i.e. g—kg,=q—kc,. Since Qn G=0
we can infer that g-=—kg, resp. ¢=kc,. This shows that g¢{g,} and
gela), but &, =g, and so GnQ={g,} = {¢,} as desired. Let us now imbed
G and Q in H with the aid of the identifications §—=g (g€G) and §=—g¢q
(g€ Q), respectively. In the sequel no distinction will be made between G and
G, and between Q and Q. Then H={G, Q} and Gn Q={g,} == {c,}. Now
G is a pure subgroup in H since g=p‘h=p*(g'+rc.) (g,8€G, heH
and r is a rational integer) implies pfrc,=g—p*g’€(Qn G)={g,} and so
for a suitable integer s we have pfre,—=sg,—sp*g: which gives
g=p(g +5g). Thus H= G+ K, which implies ¢,=g,, c.=g+fs,--.,
corsCn=@heb Lo, ... (€K, ....[u€K,...) and it follows that {g,,4,...,
vey@ny ...y i8S a nonzero quasicyclic subgroup of G.

Now let us consider an arbitrary group G with Property P. G has a
decomposition G = A+ C where A is the maximal algebraically closed sub-
group of G and C is a reduced group. Thus, by Lemma 2, C has Property
P and by the statement proved above it can have no nonzero elements of
infinite height. So we merely h~ve to refer to KULIKOV's result that a group
C without nonzero elements of infinite height can be considerea as a pure
subgroup of the closure B* of its basic subgroup B and to the fact that C
cannot be a proper direct summand of B*. From this it follows immediately
that C= B*, and since a basic subgroup B of C is also a basic subgroup
of G, this is the statement which was to be proved.

The condition is sufficient. First we prove that if the group G is the
closure of its basic subgroup B then G has Property £. We prove this by making
use of the construction B=="8,+ B,+ --- + B, + -+- of the basic subgroup given
by T. SzeLe, where G=B,+G,, Gi=B:+G,,..., Go-1=B.+G., ....
Let G be a pure subgroup in H. We shall see by induction that H = B, + H,,
H=H+Byy..., Hy..=Hy+By,... . If we fake B,=0, Go=G and
H,= H, then we have H= B, H,, G,< H, and so we can proceed to the
inductive step at once. Supposing H=B,+H,, Hi=8,+H,, ..., H, o=
= B,1+H,..; and G.S H, we have to prove H,.,= B,+ H, and G,S H,.
Since B, is a p"-bounded regular subgroup of H, .1 (as B, 4+ G, = G.-1E H,-1),

1) If h € H, then we denote by h the image of & under the natural homomorphism
H~H.
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Lemma 1 shows that it is sufficient to prove {G,, p"H..1} N B,= 0. Consider
b=g+p h (b€B,,g€G,, h€H,.,). As prh=b—g€(B,+ G,)= G, and
Gy-1 is pure in H,_,, there exists an element "+ g’ (b'€ B, 2 €G,) in G4,
for which p"(b'+g’)==p"h. But p"b’=0 and so we have b=g+p"g'c
€ (B.n G,)=0, and hence b=0.

Thus we can get for every A€ H the decompositions

h=b1+h1=b1+bﬁ+h3:‘“ =b1+bg+"'+bn +hu= i
(blethlEHU bﬁEBQs h'ze Hg, sss ,buEBu, hﬂ,e Hn, ...).

It is easy to see that the mapping h—<b,, b,,..., b.,...> (where <b,, b,
<oy by, ...> is an element of B*= (@) is a projection of H onto G (i.e. a
homomorphism under which the elements of G remain invariant) and this
proves that G is a direct summand of H.

As to the general case, let G = A+ B* be a pure subgroup in H, where
A is an algebraicaly closed group and B®isthe closure of a basic subgroup
of G. Since A is algebraically closed, H can be decomposed into a direct
sum H=A+C such that B*<SC. B* is pure in C, so by what we have
proved above B* is a direct summand of C, i.e.,, C=B*+4+ D. Hence H—
=A+C=A+B"+D=G+ D and this completes the proof of the Theorem.

In view of the fact that a group of bounded order is the closure of its
basic subgroup, we get the following

Corollary. Every p-group of bounded order has Property P.

Bibliography.

[1] 1. 9. Kynukos, K Teopun abenessix rpynn npoW3BOALHON MomHocTH, Ma T.
Coopuuk 16 (58) (1945), 128—162.

[2] T. Szere, On direct decomposition of abelian groups, J. London Math. Soc. 28 (1953),
247 —250.

[3] T. SzeLe, On the basic subgroups of abelian p-groups, Acta Math. Acad. Sci. Hung. 5
(1954), 129—141.

(Received August 1, 1957.)



