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On a generalized Pexider equation connected
with the iteration theory

By MARIUSZ BAJGER (St. Lucia)

Abstract. Let X, Y, Z be arbitrary nonempty sets. We consider the following
functional equation (iterative) of Pexider type Fst = kst 0 Hs 0 Gy for (s,t) belonging to
the domain of a binary operation on a groupoid K, where {F;}icx C ZX, {Gi}iex C
YX, {Ht}iex C ZY are unknown families of functions and ks; belongs to the group of
all bijections of Z onto Z. It is shown that, in the case when there exists a unit element
e € K and H. is an injection, G is a surjection, the equation can be reduced to the
Cauchy equation. Some conditions are established under which the Cauchy equation
has continuous solutions. Finally, as an application, using some facts from the iteration
theory, we give solutions of the Pexider equation in some special cases.

Notations and definitions

Let K be a nonempty set endowed with a binary operation (i.e. a
mapping of a subset D(K) of K x K into K). The set K with the binary
operation is called a groupoid (cf. [5]). If (s,t) € D(K) then we say that
the product st is defined. An element e € K will be called a unit if for
every t € K the products te and et are defined and te = et = t.

By In(X,Y), (Sur(X,Y), Bij(X,Y)) we denote the set of all injections
(surjections, bijections) of a set X into (onto) a set Y.

Ran f (Dom f) means the range (the domain) of the function f and
idx stands for the identity function on the set X.

Let X, Y be topological spaces. We say that f : X — Y is an open
map if f maps open subsets of X onto open subsets of Y. The set of all
homeomorphisms of X onto Y will be denoted by Hom(X,Y").
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To simplify the notations, we write In X, Sur X, Bij X, Hom X in the
case when X =Y.

Further, by Q, R and C we will denote, as usual, the sets of rationals,
reals and complex numbers, respectively.

Let X be a subset of R™. A family of continuous functions {7} : X —
X, teR} {T;: X — X, t € Q}) is said to be an iteration group (resp., a
rational iteration group) if

Tsit =TsoTy for s,t € R (resp., for s,t € Q).

If for every x € X the mapping t — T;(z) is continuous then the iteration
group is said to be continuous (cf. [8] or [11]). The set {T3(z), t € R (ort €
Q)} is called the orbit of x.

Let K be a groupoid and X, Y, Z be arbitrary nonempty sets. We
shall consider the following functional equation of the iterative type (i.e.
the equation in which compositions of unknown functions appear)

(P) Fs = kst o Hs 0 G, (s,t) € D(K),

where {Fi}iex C Z%, {Giliex C YX, {Hi}iex C ZY are unknown
families of functions and ks € Bij Z for (s,t) € D(K). Similar problems
have been also studied in [2], [3], [7], [10], [12], [13], [14].

Main results

Theorem 1. Let K be a groupoid such that there exists a unit element
ein K. If {Fihiex C Z%, {Gihiex C Y, {Hihex C ZY satisfy the
equation (P), where kg, € Bij Z for every (s,t) € D(K) and H. € In(Y, Z),
G. € Sur(X,Y), then there exist functions a € In(Y,Z), b € Sur(X,Y)
and a family of functions {T} }scrx C Y'Y such that

(1) Ty=T,0T,,  (s,t) € D(K)

F,=kioaoT;0b,
(2) Gt:TtOb7
Ht:GOTt, te K.
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Conversely, if a € ZY, b € YX, ky € Z% for (s,t) € D(K) and
{Ti}terxx C YV satisfies (1) then the functions Fy, Gy, H; given by (2)
satisfy equation (P).

Proor. Put F, =: F(t), Gy =: G(t), H, =: H(t), k; := k(t). Setting
t = e in (P) and then s = e we get

(3) F(s)=k(s)oH(s)oG(e), seK,

(4) Ft)=k(t)oH(e)oG(t), teK.

Hence Ran(k(t)~" o F(t)) € Dom(H(e)~"). Thus we have

(5)  (k(t)oH(e)) Lo F(t)=H(e) tok(t) ' oF(t), te K.
Comparing the right hand sides of (3) and (4) for s = ¢, we obtain
(6) H(t)oG(e) = H(e)oG(t), teK.

Hence, by the relation G(e) € Sur(X,Y), we infer that Ran H(t) C
Dom(H(e)™!) for t € K.

Now, introduce on X an equivalence relation R:
1Ry G(e)(x) = Ge)(y).

Let X = X/R and let g be an invertible mapping such that g([z]) € [],
where [z] stands for an equivalence class containing x. Thus the function
G(e)og: X — Y is a bijection. From (3) we obtain

F(t)yog=k(t)oH(t)oG(e)oyg,  teK,
whence
(7) H(t)=k(t) P o F(t)ogo (G(e)og)™?, te K.
Hence (P) may be written as follows:

(8) F(st) = k(st) o k(s) ™" o F(s) o g o (G(e) 0 g) " 0 G(t)
for (s,t) € D(K).

By (4) and (5) we have

(9) G(t)=H(e) ' ok(t)"t o F(t), te K.
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Next (6) implies

(10) G(t)=H(e) ' o H(t) o G(e), te K.

Define

(11)  T(t):=H(e) tok(t) toF(t)ogo(G(e)og)™t, teK.
Hence, calculating k(st)™! o F(st) from (8) and by (9) we can write
T(st) = H(e) ' ok(st) ' o F(st)ogo (G(e)o )

=H(e)™ ok(s)" o F(s)ogo(Ge)og)~ oG(t)ogo(Gle)og)™

—H(e) Y ok(s) P oF(s)ogo(G(e)og) toH(e)  ok(t)™?
oF(t)ogo(Ge)og)™

=T(s)oT(t).

Then (1) holds, where T} := T(t), t € K. By (7) and (11) we have
(12) H(t)=H(e)oT(t), teK

and from, (12) and (10),

(13) G(t) =T(t)oGle), te K.

Substituting (13) into (4) we obtain

(14) F(t) = k(t) o H(e) o T(t) 0 Gle), te K.

Putting a := H(e), b := G(e) we get from (14), (13) and (12) the for-
mula (2).
The converse statement is easy to check.

Remark 1. As an immediate consequence of Theorem 1 we have The-
orem 1 from [3] concerning the solutions of the equation

FSt:HSOGt7 (S,t)ED(K).
To see this it is enough to take ks = idz for s € K in formulas (2).

Let X, Y be topological spaces. Let f € Sur(X,Y) and R be an
equivalence relation on the space X defined by

tRy it f(x) = f(y).
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Denote by X /R the quotient space X/R endowed with the usual quotient
topology i.e. the final topology determined by the canonical surjection
k: X3z [z] € X/R (cf. e.g. [6]). Let g be an invertible map such that
g([z]) € [z]. Define a map f: X/R — Y putting f = fog. It is easy to
see that f is a bijective map.

Using the obvious fact that k is a continuous map, one can easily show
the following Lemma (see e.g. [6], Chap. 7).

Lemma. If the map f is continuous (resp., open) then the map f is
continuous (resp., open).

Let K be a group with a unit element e and X, Y, Z be arbitrary
topological spaces and let {F; }iexr C 2%, {Gihiex CY X, {Hi e C ZY.
Assume the following hypotheses:

(a) H; is a continuous map for ¢t € K and H, is an open map;

(b) Gy is a continuous map for ¢t € K and G, is an open map;

(¢) F; is a continuous map for ¢t € K, F, is an open map and H, is a
continuous open map;

(d) G is a continuous map for t € K and G., H, are open maps.

Proposition. Let {Fi}iex C Z%, {Giliex C YX, {Hiliex C ZY
be families of functions satisfying the equation (P) for s,t € K, where
ki € Hom Z for t € K. Suppose that H, € In(Y,Z), G, € Sur(X,Y). If
one of the hypotheses (a), (b) or (c) holds then there exist a € In(Y, Z),
b € Sur(X,Y) and a family of mappings {T;}:cx C HomY satisfying
equation (1) for s,t € K such that (2) holds.

Moreover, if the hypothesis (c¢) holds then the families {F};}ick,
{Gi}ier, {Hi} ek are families of continuous mappings.

ProOOF. Note that by the proof of Theorem 1, we obtain (cf. (14))
Fy=koH,oT, oG,
(15) Gy =T, oG, for teK,
H;,=H, 01y,

where {T}}1erx C Y'Y satisfies (1) for s,t € K.

Thus it suffices to prove that T} is a homeomorphism for every t € K
and {Fi}iek, {Gt}ierx, {Ht}iex are families of continuous mappings in
the case (c).

Let o be an equivalence relation on the topological space X defined
by:

xzoy iff Ge(z) = Ge(y).
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Denote by X the quotient space X/p endowed with the quotient topology.
Let g be an invertible mapping such that g([z]) € [z]. Define the maps
Gi: X — Y and F; : X — Ran F; setting

ét =Giog, ﬁt =Fiog
for t € K. Substituting in (P) s = e and then ¢ = e we get respectively:
(16) F,=koH,oG, tekK,
(17) Fy=ksoH,0G., sck.
Comparing the right hand sides of (16) and (17) for s = ¢ we have
(18) H,oGy=H;oG,, te K.
Note that by (15) we get

(19) T, = H ' o H,, te K.

Setting ¢t = e in (19) we obtain
(20) T, = idy .

Using (20) and the fact that {T} };+c x satisfies (1) for s,¢ € K one can easily
check (cf. e.g. [15], Remark 1, p. 218) that T} is a bijection for ¢t € K. By
virtue of (18) and (19) we have

(21) T, =G,0(G,)™Y, tek.

Having disposed of the preliminary steps, we proceed to investigate the
three cases separately.

First assume that hypothesis (a) holds. Then the map H, : ¥ —
Ran H, is a homeomorphism. Thus, by (19), we get the continuity of the
map T3 for every t € K.

Suppose that hypothesis (b) holds. By the Lemma, the map G, is a
homeomorphism. Fix t € K, t # e. On account of (18) and (19) we have
Gy = T; o G.. Whence Gy is a surjection. From (19) we deduce that the
function H; is an injective map. Hence, by (18), we obtain

Gt(z) = Gt(y) iff Ge(x) = Ge(y)7 z,y € X.

Consequently, by the Lemma, ét is a continuous map. Now (21) implies
the continuity of T;.
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Finally suppose that hypothesis (c¢) holds. On account of (16) we get
Gi=H 'ok 'oF, teK.

e

Hence G, is a continuous map for ¢ € K. Moreover GG, is an open map
since F, is an open map and H.: Y — Ran H, is a homeomorphism.

By the Lemma, the bijective map G, is a homeomorphism. From (17)
and the injectivity of H; we infer that F,: X > RanF, isa bijective map
for t € K and in view of the Lemma, F} is continuous. Now note that (17)
yields

Hy=k'oF,0(G)™", tek.

Consequently H; is a continuous map for ¢ € K. This implies, by (19), the
continuity of T; for t € K.

To finish the proof, observe that T; is a homeomorphism for ¢ € K,
since (T;)~! = T;-1 and each T} is a continuous function.

Remark 2. From the above proof, one can see that when the hypothe-
sis (a) holds, it suffices to assume that K is a groupoid with a unit element
e € K, to obtain the continuity of T; for t € K.

Applications

Using the above results and some facts from the iteration theory we
will solve the Pexider functional equation

(22) Fort = ksyyo Hg o Gy, s,t € R,

(or s,t € Q), where {F;}, {G:}, {H:} are unknown families of functions
which map a real interval (or the unit circle, or a subset of R™ space)
into itself and k; is a homeomorphism for ¢ € K. More precisely, we shall
show under some additional assumptions, that the functions F;, G;, H;
satisfying the above equation, are conjugate (in some sense) with some
special families of functions.

Theorem 2. Let A be either a real open interval or the unit circle,
{Fi}ier, {Gt}ier, {Ht}ier be families of functions mapping A into A
and satisfying the functional equation (22),where k; € Hom A for t € R.
Suppose that Hy € In A, Gy € Sur A, the function t — Hy(x) is continuous
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for every x € A and Hy(x) # Hi(z) for x € A. If one of the hypotheses
(a), (c) or (d) holds then there exist a € In A, b € Sur A such that

F,=kioaop oA opob,
(23) Gi=¢ loA0pob,
Ht:CLO(p_IOAtO(p, t €R,

where, in the case where A is a real open interval,  is a homeomorphism
of A onto R and Ay(x) = x+t for z,t € R and, in the case where A is the
unit circle, ¢ is a homeomorphism of A onto A and A:(x) = e*™®!g for
r € A,te€R and some a € R.

Conversely, ifa € A®, b€ A®, k, € A®,t € R are arbitrary functions,
¢ is a bijection of A onto R (or A onto A), { At }rer is a family of functions
mapping Ran ¢ into Ran g and satisfying the Cauchy equation (1) for
s,t € R, then the functions Fy, Gy, H; given by (23) satisfy the Pexider
equation (22).

Proor. Note that on account of the Proposition we have the repre-
sentation

Fy=kioaoT;0b,
(24) Gy =T, 0,
Ht:CLOTt, tER,

where {T}}icr is an iteration group on A such that T; € Hom A for every
t € R. Moreover, by (19), the mapping ¢t — T}(z) is continuous for every
x € A and T3 has no fixed points.

Suppose first that A is a real open interval. It is well known (see [9],
Th. 6 or [11], p. 99) that such a continuous iteration group {7}}icr is
conjugate with the group of translations P;(z) = x +t; that is there exists
a homeomorphism 7 : A — R such that

(25) T,=n"toPon tcR.

Now, assume that A is the unit circlei.e. A = {z € C: |z| = 1}. Then
by Theorem 2 in [15], which states that every continuous iteration group
of the homeomorphism 77, such that 77 has no fixed points or T} = ida,
is conjugate with a group of rotations of the circle Q;(z) = 2™z for
some « € R, we infer that there exists a homeomorphism v : A — A such
that

(26) T, =4 'oQiow, teR.
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Finally, substituting (25) and (26) into (24) respectively, we obtain
the required formulae (23).
The converse statement is easy to check.

Under a stronger regularity assumption i.e. assuming the continuity
of the function (z,t) — Hy(x), it is possible to obtain similar results in the
multi-dimensional real case, namely:

Theorem 3. Let D C R™ be a nonempty set and {Fy}icr, {Gt}ier,
{H¢}+er be families of functions mapping D into D, satisfying the Pexider
equation (22), where k; € Hom D for t € R, and such that Hy € In D, G, €
Sur D. Suppose that for every x € D, t € R the mapping (z,t) — Hy(x) is
continuous, Hy(x) # Ho(z) forx € D, t # 0 and there exists a hypersurface
I' € D homeomorphic to R"~! such that Hy(I') has exactly one common
point with every orbit of {H;, t € R}. If one of the hypotheses (a), (c)
or (d) holds, then there exist a € In D, b € Sur D and a homeomorphism
¢ : R™ — D such that (23) holds, where {A;, t € R} is the one-parameter
group of translations i.e. Ay(x) = x + ta fort € R, x € D and an o € R",
a # 0.

Conversely, if a € DP, b € DP, k; € DP for t € R are arbitrary
functions, {A;}ier is a family of functions satisfying the equation (1) for
s,t € R, ¢ is a bijection from R™ onto D then the functions F;, G¢, H;
given by (23) satisfy the equation (22).

ProOF. We shall use a result of M. C. ZDUN ([17], Th. 1) which
states that the iteration group {f'};cr defined on D C R™, such that the
mapping (z,t) — f!(x) is continuous, is given by the formula

i) =9 He(x)+at), teR, zeD,

where ¢ : R® — D is a homeomorphism, iff f© = id, fi(z) # z for
x € D,t # 0 and there exists a hypersurface I' C D homeomorphic to
R"™~! which has exactly one common point with every orbit of {f!,¢ € R}.

By the Proposition we have the representation (24), where {T}}ier is
an iteration group. Moreover Ty = idy, Ty(x) # z for x € D, t # 0 and, by
(19), the mapping (x,t) — Ti(x) is continuous since the mappings (z,t) —
Hy(z) and Hy' are continuous. Now, observe that by the injectivity of
Hjy and (19) we can infer that the intersection I' N {7}, ¢ € R} is a single
element set for every orbit of {7}, t € R}. Thus, by the mentioned theorem
of M. C. Zdun, we obtain

(27) Tt :@_loAto% t ER?
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where ¢: R” — D is a homeomorphism and A;(x) = = + at for t € R,
x € D and some a € R", o # 0. Substituting formula (27) into (24) we
get (23), as claimed.

Checking the converse statement is a mere calculation.

Finally, we shall show that in the case where the families {F}}, {G:},
{H:} mapping a real open interval into itself and satisfying the Pexider
equation are indexed by rationals, we do not need any regularity assump-
tions to obtain representations like (23). More precisely, the following
result holds:

Theorem 4. Let I be a real open interval and {Fi}icq, {Gt}icqs
{H:}1eq be families of functions mapping I into I and satisfying the equa-
tion

(28) Fs+t = kert o) HS o Gt for S,t c @,

where k; € Hom 1[I for t € Q. Suppose that Hy € Inl, Gy € Surl and
Hy(z) # Hy(x) for x € I. If one of the hypotheses (a), (b) or (c) holds
then there exist a € Inl, b € Sur I such that

Ft:ktoaoy_loBto'yob,
(29) Gi=~"oBionob,
thaoq/—loBtOfy, teqQ,

where either { B }1cq is the group of rational translations and v is a home-
omorphism mapping I onto R, or {B;}tcq Is a special rational iteration
group of piecewise linear homeomorphisms mapping I onto I and ~ is a
homeomorphism of I onto I.

Conversely, ifa € I', b€ I, k, € I' fort € Q are arbitrary functions,
7 is a bijection mapping I onto I (or I onto R) and {B,;}cq Is a family
of functions mapping Ran v into Ran ~y satisfying the Cauchy equation (1)
for s,t € Q, then the functions Fy, G, Hy given by (29) satisfy the Pexider
equation (28).

PROOF. By the Proposition we get the representation (24), where
{T}}+eq is a rational iteration group. Observe that by (19), 77 has no
fixed points since Hy(z) # Hi(z) for x € I. Consequently for every ¢t € Q,
T; has no fixed points (see e.g. [1]). Now consider the set L(z) of the limit
points of the orbit {73, t € Q}. In paper [16](Th. 1) (see also [18], Prop. 1)
it has been proved that the set L(x) does not depend on x. Denote this
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set by L. Further, either
1) L=cllI or
2) L is perfect and nowhere dense in I.

In case 1) the rational iteration group {7;}+cq can be embedded in a
real iteration group (see [16], Th. 4) which is conjugate with the group of
translations. Thus, there exists a homeomorphism ¢ : I — R such that

(30) Ty=¢p toAiop, teQ

where Ay(x) =x+t, xze€l, teQ.

In case 2), by Theorem 2 in [4], the rational iteration group {7}}:cq
is conjugate with a special rational iteration group {p:;}icq of piecewise
linear, fixed-point-free homeomorphisms. More precisely, there exists a
homeomorphism 1 : I — [ such that ¢ (z) = x for z € L and

(31) T, =v¢ ' op o, t e Q.

Substituting (31) and (30) into (24) we obtain the desired formulae.
The converse statement is easy to check.

Remark 3. The iteration group {p;,t € R (or ¢t € Q)} has been
constructed and examined by M. C. ZDUN in [18] (see also [4]).
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