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On n-algebraically closed groups.

To Professor O. Varga on his 50th birthday.
By MARIA ERDELYI (Debrecen).

§ 1. Introduction.

The concepts of algebraically closed and of weakly algebraically closed
group have been introduced by W. R. ScorT [5]. B. H. NEUMANN has shown
[3] that these two concepts in fact coincide and that an algebraically closed
group is necessarily simple. For an infinite cardinal n we shall call n-algeb-
raically closed those groups which in ScoTT’s terminology are ‘“weakly
algebraically closed n-groups”. By [5] every group is a subgroup of an n-
algebraically closed group. It is the purpose of this note to show that for
n-algebraically closed groups we have an analogue of the well-known pro-
perty of so called algebraically closed abelian groups and of algebraically
closed operator modules (see e. g. [6] and [2]) according to which any such
group, module is a direct summand of any abelian group, operator module
which contains it as a subgroup, submodule. As a corollary we get that if
a group is n-algebraically closed for every infinite cardinal n, then it can
only be the group consisting of one element.

§ 2. Preliminaries.

Let G be a group with identity 1. If S is a set of elements of G, then
let us denote by {S} the subgroup and by {{S}} the normal subgroup of G
generated by S. If 4 is a set of indices, then by (@.)«cs we understand the
set of elements a, indexed by the elements of 4. We denote by X, the free
group generated by the symbols x. (« € J).

A subgroup A of G is called a semi-direct factor of G if there exists
a normal subgroup N of G such that G={A, N} and AnN=1.

Let H be an extension') of the group G, and let h.(€H, e € 4) be a

1) We call any group H an extension of the group G if G is a subgroup of H.
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system of elements, for which
H={G, hq}

holds. We establish a one-to-one correspondence between the elements A, and
the elements x, (¢ € 4), and we consider the free group X,. The mapping

g—g; Xa—ha (g€G; aed)
induces a homomorphism onto H of the group G3.*) Consequently we have

(%) H=~ GyN,

where N is the kernel of the homomorphism considered. To the represen-
tation (¥) of the group H we associate a power p in the following way: let
p be the smallest infinite cardinal, which is greater than the minimal power
of the generating systems of the normal subgroup N. Consider all represen-
tations of the form (%) of the group H, and the set P of cardinal numbers p
belonging to these representations. Let n be the smallest element of the set P.
Then we say that H is an n-extension of the group G.

Consider a non empty set (fp(x.))ser of elements of G%; we call the
system of formal equalities

(1) fo(xa) =1 (per’)

a system of equations over G. We say that (1) is solvable in some extension
H of the group G (which, of course, can coincide with G itself) if H has a
system of elements h. (e« € 4) such that the kernel of the homomorphism
defined by g— g, xa— h. contains all the fz(x.), in other words such that
fo(ha) =1 (for all p€'); such a set (fa)aca is called a solution of (1).
A system of equations (1) over G is said to be compatible, if it is solvable
in some extension of G. A more explicit characterization of compatibility is
given by the following lemma.

acAa

Lemma.’) The system (1) of equations over G is compatible, if and
only if for the normal subgroup M of G} generated by all of the elements
fi(xe) (B€ ') the relation Mn G =1 holds.

Proor. First let (1) be a system of equations which is solvable in some
extension H of G: let f:(h.)=1. The normal subgroup M coincides with the
subgroup of G5 generated by the conjugates in G} of the left hand sides
of (1). Clearly M is contained in the kernel N of the homomorphism defined

%) We denote by G5 the free product G X,. We shall find it convenient to,

denote the elements of GI by f(xa).
%) This is an analogue of a theorem of G. PovLik [4] and of O. VitLamavor [7] on rings
and of a theorem of A. Kertész [2] on modules.
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by g —+ g, xa— he; since G is fixed under this homomorphism, NnG=1
and a fortiori Mn G—=1. Conversely, Mn G —1 implies that in G—=G}/M
the cosets belonging to the elements of G form a subgroup isomorphic to G.
So G is an extension of the group G, in which the system (1) is clearly
solvable.

We call a group G n-algebraically closed, if any compatible system of
equations (1) over G, such that the cardinality of /" is less than n, is sol-

vable in G.

§ 3. n-algebraically closed groups.

First of all we prowe the following generalization of a theorem of
S. GacsALyi (see [1], Theorem 2):

Theorem 1. A subgroup A of the arbilrary group G is a semi-direct
factor of G if and only if any system of equations over A, solvable in G is
solvable also in A.

Corollary 1.') The normal subgroup A of the arbitrary group G is a
direct factor of G if and only if any system of equations over A solvable in
G is solvable also in A.

Corollary 2. Let the group G be the free product of its subgroups A
and B: G=AxB. Then A is a semi-direct factor of G.

PrROOF. Let A be a subgroup and D a normal subgroup of G such
that G={A,D} and AnD=1, and let
(2 foxa)=1 (fe€ A% a€d; 3c)

be an arbitrary system of equations over A, solvable in G. Then a solution
2a(€G; c€d) of the system (2) can be written in a uniquely determined
way in the form

(3) ga:—_aada ((I«EA; daGD; ﬂEJ)
and so the equalities
“ fp(@uda) =1 (3€T)

hold. Since D is normal in G, for any g€ G and d € D there exists ad €D

1) I am indebted to A. Kertész who has called my attention to the fact that this
generalization of the theorem of Gacsiiyi has already been put forward by H. Lepriv in
his Zentralblatt-review of the paper of S. Baicerzvk: Remark on a paper of S. Gacsdlyi
Publ. Math. Debrecen 4 (1956), 357—358 (Zb. Math. 70 (1957), 20—21).



On n-algebraically closed groups. 313

for which gd’=dg, so that the equalities (4) can be written in the form
() Jo(aa) = dy (d:€D,BeT),

The elements on the left-hand side of (5) belong to A, while those on the
right-hand side belong to D, and so in view of AnD=1 we must have
for every @€ I' the equality

fo(@a) =1 (Berl).

Thus the system of equations (2) is solvable also in A.

Conversely, let us suppose that any system of equations over A which
is solvable in @, is also solvable in A. Let g.(« € 4) be a system of ele-
ments of G, for which

(6) G —=1{A, (Za)aca}-

Now consider all valid relations of the form

(M fo(ga) =1 (Bel)
connecting the elements of A with the elements g.. The system
(7) Jo(Xa) =1 (Bel)

corresponding to (7) is a system of equations over A which admits the solu-
tion g.(€G;a€ ), and so by our hypothesis (7°) has also a solution
a. (¢ € 4) in A. Let us now consider the subgroup B= {(g«@)acs} of G.
Then on the one hand {A, B} == G since {A, B} contains all elements g. (e € 4)
and (6) holds. Thus a fortiori {A,{{B}}} == G. On the other hand we show
that An {{B}}=1. Since {{B}} is the subgroup generated by the conjugates
in G of the elements g.a.' (e € 4), any element a belonging to both A and
{{B}} can be written in the form

(8) B (Qa@a ) .. b (G @a) i —a  (hi € G),

where &, ..., & = +1. Furthermore, in view of G = {A, B} all elements A;
arise as products of finitely many factors which are elements of A and some
elements g.. Thus (8) is a relation between elements of A and the g.'s; as
such, it is essentially one of the relations in (7); hence it remains valid if
we replace the g.’'s by the corresponding a.’s. This substitution shows that
one necessarily has a=1. Thus we have shown that A is a semi-direct
factor of G, completing the proof of Theorem 1.

Corollary 1 is a special case of the theorem. In order to prove Corol-
lary 2, by Theorem 1 it will be sufficient to show that any system of
equations

9) Jo(xa) =1 (eed jel)



314 M. Erdélyi

over A which is solvable in G is solvable in A. Consider for a solution
Za(e € 4) of the system of equations (9) the representation

(10) gea= a«,ba,auzbaz e aaﬁ_ba,‘. ((C E J)

arising form of the free decomposition G-—=AxB. If we substitute these
elements g. into (9), we get relations between elements of A and of B, the
left-hand sides of which reduce to the empty word. From this it is clear that
the system of elements g« = G4, @e,...0q, (€ A; @ € 4) which arises from (10)
by the substitution b, =1 (i=1,...,k) is a solution in A of the system of
equations (9).

Theorem 2. A group G is n-algebraically closed if and only if it is
a semi-direct factor of any of its m-extensions with m = n.

PrROOF. Let us first suppose that G is a semi-direct factor of any of
its m-extensions with m=n. Let

(11) Jo(xa) =1 (e€a,pel)

be a compatible system of equations over (G, such that the cardinality of /’
is smaller than n. We denote by N the normal subgroup generated in Gj by
the system of elements (fs(x4));c - In view of the compatibility of the system
(11) we have in G the relation NnG=1, and so G)/N—=H is an exten-
sion of the group G, in fact an m-extension for some m =n. So by hypothesis
G is a semi-direct factor of H. Now, since those elements of the group H,
which by the natural homomorphism of G onto A correspond to the elements
X« (e € 4) give a solution of the system (11), by Theorem 1 we obtain that
the system of equations (11) is solvable also in G.

Conversely, let G be an n-algebraically closed group, and let A be an
arbitrary m-extension of G with m=n. Then there exists a system of elements
ha (€ H, « € 4) such that H={G, h.},.,, and that the system of equations
corresponding to the totality of the relations

(12) Sfo(he) =1 (Bel)

existing between the elements of G and the elements h.(« € 4), namely the
system

(13) fixa)=1  (P€l)
is equivalent to a system of equations
(14) Por(Xa) =1 (w € 2),

whose power is smaller than n. Since, on the basis of (12) and by its equi-
valence to the system of equations (13), the system (14) is compatible, it is,
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by our hypothesis, solvable in G. Let g. (¢ € 4) be a solution. Then this is
a solution also of the system (13), and in exactly the same manner as in
the proof of Theorem 1, we can show that for the subgroup K= {(h,2,"),c,}
the relations {G, K} = H and Gn {{K}} =1 hold.

Theorem 3. If the group G is n-algebraically closed for every infinite
cardinal n, then G consits only of the identity.

Corollary. If the group G is a free factor of any group in which it
is contained as a subgroup, then it consits only of the identity.

The Corollary is an immediate consequence of Theorem 3, of Theorem
2, and of Corollary 2 to Theorem 1.

PrROOF OF THEOREM 3. Let G be a group, for which the condition in
the theorem holds. Let H, be a group containing G but having greater car-
dinality than G, and let H be the N,-algebraically closed extension of H,,
which exists by ScoTT [5]. By Theorem 2 G is a semi-direct factor of H,
and so there exists a normal subgroup K of H, for which H= {G, K} and
GnK=1. Then H/K>~ G, and since by NEUMANN [3] H is simple, one has
either K= {1} or K= H. In the first case G~ H, but this cannot be valid
since the cardinality of H is greater than that of G. Thus necessarily
K=H, G={1}.
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