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Normal flow space forms and their classification

By J. C. GONZÁLEZ-DÁVILA∗ (La Laguna),

M. C. GONZÁLEZ-DÁVILA∗ (La Laguna) and L. VANHECKE (Leuven)

Abstract. We introduce the normal flow space forms in the class formed by
the Riemannian manifolds equipped with a unit Killing vector field. We study their
curvature and discuss their classification.

1. Introduction

Real, complex, quaternionic and Sasakian space forms are the simplest
examples of Riemannian manifolds in the framework of Riemannian, com-
plex, quaternionic and contact geometry. Their geometric properties have
been studied extensively and a lot of characterizations are well-known.
At many occasions they are considered as model spaces for comparison
purposes. The first three kind of space forms are special cases of sym-
metric spaces whilst the Sasakian space forms are not symmetric but ϕ-
symmetric. This last notion has been introduced in contact geometry
by T. Takahashi [16]: A complete Sasakian manifold is said to be a
ϕ-symmetric space if and only if the reflections with respect to the char-
acteristic flow lines are global isometries. On Sasakian manifolds these
flow lines are the integral curves of a unit Killing vector field. This led
the authors to the consideration and study of the more general case of
Riemannian manifolds equipped with a unit Killing vector field such that
the reflections with respect to the flow lines are local or global isometries.
These spaces are called (locally or globally) Killing-transversally symmet-
ric spaces (briefly KTS-spaces). We refer to [4]–[10] for more details, results
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and classification theorems. These papers treat some aspects of what we
call flow geometry.

The main purpose of this paper is to give the definition and to treat
the curvature and classification of a notion of space form in the framework
of flow geometry. It will turn out that in the considered cases these space
forms are KTS-spaces. For that reason we start in Section 2 with some
general information about flow geometry and some particular facts about
KTS-spaces. In Section 3 we study the sectional curvature and use the
results to introduce the notion of a normal flow space form in Section 4
where we also give some classification theorems.

2. Flow geometry, locally and globally Killing-transversally
symmetric spaces

Let (M, g) be an n-dimensional, smooth, connected Riemannian man-
ifold with n ≥ 2. ∇ denotes its Levi Civita connection and R the corre-
sponding Riemannian curvature tensor with the sign convention

RUV = ∇[U,V ] − [∇U ,∇V ]

for all U, V ∈ X(M), the Lie algebra of smooth vector fields on M.
A tangentially oriented foliation of dimension one on (M, g) is called

a flow . The leaves of this foliation are the integral curves of a non-singular
vector field on M and hence, by normalizing length, a flow is also given by
a unit vector field with respect to g. In particular, a non-singular Killing
vector field defines a Riemannian flow and such a flow is said to be an
isometric flow . See [18] for more information.

In what follows we denote by Fξ an isometric flow generated by a unit
Killing vector field ξ. The flow lines of Fξ are geodesics and moreover,
a geodesic which is orthogonal to ξ at one of its points, is orthogonal to
it at all of its points. Such geodesics are called transversal or horizontal
geodesics.

A Riemannian foliation is locally a Riemannian submersion. So, for
each m ∈ (M, g), let U be a small open neighborhood of m such that ξ
is regular on U . Then the mapping π : U → U ′ = U/ξ is a submersion.
Further, let g′ denote the induced metric on U ′ given by

g′(X ′, Y ′) = g(X ′∗, Y ′∗)

for X ′, Y ′ ∈ X(U ′) and where X ′∗, Y ′∗ denote the horizontal lifts of X ′, Y ′

with respect to the (n − 1)-dimensional horizontal distribution on U de-
termined by η = 0, η being the dual one-form of ξ with respect to g. Then
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π : (U , g|U ) → (U ′, g′) is a Riemannian submersion and this allows us to
use the tensors A and T introduced by O’Neill in [13] (see also [1], [15],
[18]). In our case T = 0 since the leaves are geodesics. Further, for the
integrability tensor A we have

AUξ = ∇Uξ, AξU = 0,

AXY = (∇XY )V = −AY X, g(AXY, ξ) = −g(AXξ, Y )

where U ∈ X(M), X, Y are horizontal vector fields and V denotes the
vertical component.

Next, put
HU = −AUξ

and define the (0, 2)-tensor field h by

h(U, V ) = g(HU, V ),

U, V ∈ X(M). Since ξ is a Killing vector field, h is skew-symmetric. More-
over, it is easy to see that

AXY = h(X,Y )ξ =
1
2
η([X, Y ])ξ.

This gives

(2.1) h = −dη.

Further, the Levi Civita connection ∇′ of g′ is determined by

(2.2) ∇X′∗Y ′∗ = (∇′X′Y ′)∗ + h(X ′∗, Y ′∗)ξ

for X ′, Y ′ ∈ X(U ′). Note that A = 0, or equivalently h = 0, if and only if
the horizontal distribution is integrable. In this case, since T = 0, (M, g)
is locally a product of an (n− 1)-dimensional manifold and a line.

From all these formulas one derives by straightforward computations
the following

Lemma 2.1 [6]. We have

(∇ξh)(X, Y ) = g((∇ξA)XY, ξ) = 0,(2.3)

R(X,Y, Z, ξ) = (∇Zh)(X, Y ),(2.4)

R(X, ξ, Y, ξ) = g(HX, HY ) = −g(H2X,Y )(2.5)

for horizontal X, Y, Z.

Note that R(X,Y, Z, W ) = g(RXY Z,W ).
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Using this lemma it follows that the sectional curvature K(X, ξ) of
the two-plane spanned by X, ξ is non-negative for all horizontal X and
since Hξ = 0, K(X, ξ) = 0 for all horizontal X if and only if h = 0.
Moreover, K(X, ξ) > 0 for each horizontal X if and only if the skew-
symmetric endomorphism H is of maximal rank n − 1. In this case, n is
necessarily odd and from (2.1) we see that η is a contact form on M. This
leads to

Definition 2.1. An isometric flow Fξ on a Riemannian manifold (M, g)
is called a contact flow if η is a contact form or equivalently, if the endo-
morphism H is of maximal rank.

In what follows we will need extensively another special type of iso-
metric flow which has been introduced in a natural way in [6]. We recall
its definition:

Definition 2.2. An isometric flow Fξ on a Riemannian manifold (M, g)
is said to be normal if R(X, Y, X, ξ) = 0 for all horizontal vector fields X, Y.

From Lemma (2.1) we then get the following useful

Proposition 2.1 [6]. Let Fξ be an isometric flow on (M, g). Then Fξ

is normal if and only if

(2.6) (∇UH)V = g(HU,HV )ξ + η(V )H2U

for all U, V ∈ X(M).

Further, for a normal flow the curvature tensor satisfies the following
identities:

RUV ξ = η(V )H2U − η(U)H2V,(2.7)

RUξV = g(HU,HV )ξ + η(V )H2U,(2.8)

U, V ∈ X(M). Hence, by using (2.2), the corresponding curvature tensors
of ∇ and ∇′ are related by (see [6])

(R′X′Y ′Z
′)∗ = RX′∗Y ′∗Z

′∗ − g(HY ′∗, Z ′∗)HX ′∗(2.9)

+ g(HX ′∗, Z ′∗)HY ′∗ + 2g(HX ′∗, Y ′∗)HZ ′∗

for all X ′, Y ′, Z ′ ∈ X(U ′). So, from (2.9), one may easily prove the follow-
ing relation for the sectional curvatures:

(2.10) K ′
m′(u′, v′) = Km(u′∗, v′∗) + 3{hm(u′∗, v′∗)}2
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where {u′, v′} is an orthonormal pair of Tm′U ′, m′ = π(m). So

K ′
m′(u′, v′) ≥ Km(u′∗, v′∗).

Here the equality holds on M if and only if the horizontal distribution is
integrable.

Now we shall define the Killing-transversally symmetric spaces. The-
refore, let Fξ be an isometric flow on (M, g). Let m ∈ M and denote by σ
the geodesic flow line through m. A local diffeomorphism sm of M defined
in a neighborhood U of m is said to be a (local) reflection with respect to
σ if for every transversal geodesic γ(s), where γ(0) lies in the intersection
of U and σ, we have

(sm ◦ γ)(s) = γ(−s)

for all s with γ(±s) ∈ U , s being the arc length of γ. The linear isometry
Sm = sm∗(m) on TmM is given by

Sm = (−I + 2η ⊗ ξ)(m).

Since ξ is a Killing vector field, the local reflection sm satisfies

sm = expm ◦ Sm ◦ exp−1
m .

Definition 2.3. A locally Killing-transversally symmetric space (brief-
ly, a locally KTS-space) is a Riemannian manifold (M, g) equipped with
an isometric flow Fξ such that the reflection sm with respect to the flow
line through m is an isometry for all m ∈ M.

These spaces may be characterized by using the following result:

Proposition 2.2 [6]. Let Fξ be an isometric flow on (M, g). Then
(M, g, Fξ) is a locally KTS-space if and only if Fξ is normal and

(∇XR)(X, Y, X, Y ) = 0

for all horizontal X,Y.

Now we recall two other useful characterizations.

Proposition 2.3 [8]. Let Fξ be a contact flow on (M, g). Then
(M, g, Fξ) is a locally KTS-space if and only if Fξ is normal and

(∇XR)(X, HX, X,HX) = 0

for all horizontal X.
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Proposition 2.4 [6]. Let Fξ be a normal flow on (M, g). Then
(M, g, Fξ) is a locally KTS-space if and only if each base space U ′ of a local
Riemannian submersion π : U → U ′ = U/ξ is a locally symmetric space.

So, according to the terminology used in [19], (M, g, Fξ) is a locally
KTS-space if and only if Fξ is a normal transversally symmetric foliation.

Next, let (M, g) be equipped with an isometric flow Fξ and define the
tensor field T of type (1, 2) (unrelated to the O’Neill tensor given before)
by

TUV = g(HU, V )ξ + η(U)HV − η(V )HU

for all tangent vectors U, V . Then we have TUU = 0. Moreover, ∇ = ∇−T
defines a metric connection which is called the canonical connection of the
isometric flow Fξ [6]. Its torsion K is given by K = −2T and its geodesics
are the same as those of ∇. A direct computation shows that ξ and η are
∇-parallel. Further, Fξ is normal if and only if ∇T = 0 [6] and in this case
the curvature tensor R of ∇ is given by

(2.11) RUV = RUV + [TU , TV ]− 2TTU V .

Using the terminology of [20] we have

Proposition 2.5 [6]. (M, g, Fξ) is a locally KTS-space if and only if
the tensor field T defines a homogeneous structure on it.

This implies that a locally KTS-space is a locally homogeneous space
and T is a naturally reductive homogeneous structure on it [20].

Further, we have

Theorem 2.1. Let (M1, g1, Fξ1) and (M2, g2,Fξ2) be locally KTS-
spaces and o1 ∈ M1, o2 ∈ M2. Further, let L : To1M1 → To2M2 be a
linear isometry satisfying

(i) Lξ1 = ξ2;
(ii) L ◦H1 = H2 ◦ L;
(iii) LR1UV W = R2LULV LW, U, V,W ∈ To1M1.

Then there exists an isometry f of a neighborhood U1 of o1 onto a neigh-
borhood U2 of o2 such that f(o1) = o2, f∗(o1) = L, f∗ξ1 = ξ2. If in ad-
dition M1 and M2 are complete and simply connected, then f is a global
isometry.

Proof. From (i) and (ii) we obtain at once

LT1UV = T2LULV
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and hence
LK1(U, V ) = K2(LU,LV )

for U, V ∈ To1M1, where K1, respectively K2, denotes the torsion of the
canonical connection ∇1, respectively ∇2. Then (2.11) and (iii) yield

LR1UV W = R2LULV LW.

Moreover, by means of Proposition 2.5 we get ∇1K1 = ∇2K2 = ∇1R1 =
∇2R2 = 0. So, from [12, Chapter VI, Theorem 7.4] we may conclude that
there exists an affine isomorphism f of a neighborhood U1 of o1 onto a
neighborhood U2 of o2 such that o2 = f(o1) and f∗(o1) = L. Since ∇1 and
∇2 are metric and L is an isometry, f is an isometry such that f∗ξ1 = ξ2

because ξ1 and ξ2 are Killing vector fields.
The last part of the theorem follows now directly from [12, Chapter VI,

Theorem 7.8]. ¤
Finally we consider some global aspects of flow geometry.

Definition 2.4. Let (M, g) be a Riemannian manifold and ξ a non-
vanishing complete Killing vector field on it. Then (M, g, Fξ) is said to be
a (globally) Killing-transversally symmetric space (briefly, a KTS-space)
if and only if for each m ∈ M there exists a (unique) global isometry
sm : M → M such that

sm∗(m) = (−I + 2η ⊗ ξ)(m)

on TmM .

The isometry sm is called the reflection of M at m with respect to the
flow line of ξ through m. Since it reverses the transversal geodesics through
m, sm is the unique extension of the local reflection at m to the whole of
M . So, it follows that a KTS-space is a locally KTS-space. Further, a
complete, simply connected locally KTS-space is a KTS-space [4]. Hence,
we have

Proposition 2.6 [7]. Let (M, g, Fξ) be a complete locally KTS-space

and let (M̃, Ψ) be the universal covering manifold of M . Then (M̃, g̃ =
Ψ∗g, Fξ̃), where ξ̃ is the lift of ξ to M̃, is a KTS-space.

KTS-spaces are homogeneous Riemannian manifolds [7], [10]. Hence
ξ is a regular vector field and the orbit space M ′ = M/ξ admits a unique
structure as a differentiable manifold such that the natural projection π :
M → M ′ is a submersion. Further, the existence of reflections sm, m ∈
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M, implies that M ′ is a symmetric space [7] and that the projection π
intertwines the reflections of M with the geodesic symmetries of M ′.

Now, we concentrate on contact KTS-spaces. Such spaces are always
irreducible Riemannian manifolds [6]. Moreover, in [7] we have proved
that a simply connected reducible KTS-space is a Riemannian product of
a contact KTS-space and a Riemannian symmetric space.

Before starting the next result, we note that a Sasakian manifold is a
Riemannian manifold equipped with an isometric flow Fξ such that

RUV ξ = η(U)V − η(V )U

[2]. Then (ϕ = H, ξ, η, g) is called a Sasakian structure on M . Further,
(M, g, ϕ, ξ, η) is said to be ϕ-symmetric [16], [3] if (M, g, Fξ) is a locally
KTS-space.

Relating to the symmetric base space of a contact KTS-space we men-
tion now two useful results.

Proposition 2.7 [7]. Let (M, g, Fξ) be a contact KTS-space such that
the base space (M ′, g′) is an irreducible symmetric space. Then the sec-
tional curvature K(X, ξ), X horizontal, is a non-vanishing constant c2.
Moreover, (M, c2g, c−1H, c−1ξ, cη) is a ϕ-symmetric space which fibers
over the Hermitian symmetric space (M ′, c2g′, c−1H ′).

Note that H ′X ′ = π∗(HX ′∗), X ′ ∈ X(M ′).

Proposition 2.8 [7]. The base space (M ′, g′) of a simply connected
contact KTS-space (M, g, Fξ) is a (simply connected) Hermitian symmetric
space. Moreover, we have

(i) if M ′ = M ′
0 ×M ′

1 × · · · ×M ′
r is its de Rham decomposition

and Hi, i = 0, 1, . . . , r, are the smooth distributions obtained
by taking the horizontal lifts of the tangent vectors of M ′

i ,
then H(m) = H0(m)⊕H1(m)⊕· · ·⊕Hr(m) is an H-invariant
orthogonal decomposition of the horizontal subspace H(m),
for each m ∈ M ;

(ii) each sectional curvature K(Hj , ξ), j = 1, . . . , r is a positive
constant c2

j ;

(iii) the (1, 1)-tensor field

(2.12) J = J0 × 1
c1

H ′
1 × · · · ×

1
cr

H ′
r
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is a Hermitian structure on (M ′, g′) where J0 denotes the
canonical almost complex structure on M ′

0=E2p(x1, . . . , x2p)
and H ′

j = H ′ ◦ pj , j = 1, . . . , r where pj : M ′ → M ′
j denotes

the projection of M ′ onto M ′
j ;

(iv) H ′
0 = H ′ ◦ p0 on E2p(x1, . . . , x2p) is given by the matrix




−µ1

0
. . .

−µp

µ1

. . . 0

µp




for certain positive real numbers µ1, . . . , µp.

Remark 2.1. Proposition 2.6 shows that the universal covering M̃ of
a complete contact locally KTS-space (M, g, Fξ) is a simply connected
contact KTS-space and then, using Proposition 2.8, we can consider each
local submersion π : U → U ′ = U/ξ as a mapping onto an open subset
U ′ of the Hermitian symmetric space M ′ which is the base space of M̃ .
This means that for the complete contact locally KTS-space (M, g, Fξ) the
foliation Fξ is transversally modelled on M ′ (see [19]). Let M ′ = M ′

0 ×
M ′

1 × · · · ×M ′
r be its de Rham decomposition, with dimM ′

0 = 2p, and put
U ′ = U/ξ = U ′0×U ′1×· · ·×U ′r where U ′i , i = 0, 1, . . . , r, is a connected open
subset of M ′

i . Then it follows again from Proposition 2.8 that there exist
r + p real numbers c1, . . . , cr, µ1, . . . , µp and, on each distinguished chart
U ⊂ M, smooth distributions H0, H1, . . . , Hr satisfying, for U and U ′, the
conditions (i)–(iv) of Proposition 2.8. Note that the cj , µj and dim Hj are

the same for every U and that
{(

∂
∂x1

)∗
, . . . ,

(
∂

∂x2p

)∗}
is an orthonormal

frame field of H0 which satisfies K
((

∂
∂xk

)∗
, ξ

)
= K

((
∂

∂xp+k

)∗
, ξ

)
= µ2

k,

k = 1, . . . , p.

3. H- and ξ-sectional curvatures

In this section we focus our attention on the sectional curvature func-
tion on (M, g, Fξ) when we restrict it to some particular planes.
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Let m ∈ M . A plane section in TmM is called an H-section if there
exists a horizontal X in TmM such that {X, HX} is a basis of this sec-
tion. The sectional curvature K(X,HX) of an H-section is called the
H-sectional curvature corresponding to X. In a similar way, a plane sec-
tion in TmM spanned by ξ and a horizontal X is called a ξ-section and the
corresponding sectional curvature K(X, ξ) is called the ξ-sectional curva-
ture corresponding to X.

Now, let (M, g) be equipped with a flow Fξ such that the ξ-sectional
curvature is globally constant, that is, independent of X ∈ TmM and
m ∈ M . Then (M, g) is said to be of constant ξ-sectional curvature. By us-
ing (2.8) we may easily see that a Sasakian manifold is a Riemannian man-
ifold equipped with a normal flow Fξ such that the ξ-sectional curvature
equals 1. Moreover, if a normal Fξ on (M, g) is such that K(X, ξ) = c2 > 0,
then (M, c2g, ϕ = c−1H, c−1ξ, cη) is a Sasakian manifold. So, [2, Chap-
ter V] yields

Proposition 3.1. Let Fξ be a contact normal flow on a Riemannian
manifold (M, g) with constant ξ-sectional curvature. Then the H-sectional
curvatures determine the curvature of (M, g) completely.

Note that on a Sasakian manifold a plane section π is a ϕ-section (or
equivalently, an H-section) if and only if it is ϕ-invariant, that is, ϕ(π) = π.
In the general case considered above, an H-section is not necessarily H-
invariant. In fact, we have

Proposition 3.2. Let Fξ be a contact normal flow on a Riemannian
manifold (M, g). Then all H-sections are H-invariant if and only if (M, g)
is of constant ξ-sectional curvature.

Proof. Because of the remarks made above we have only to prove
the “only if” part. Therefore, let m ∈ M and suppose that all H-sections
are H-invariant. Let {X1, . . . , X2n, ξ} be an orthonormal basis of TmM,
dim TmM = 2n + 1, and λ1, . . . , λn real non-vanishing numbers such that

HX1 = λ1X2, HX2 = −λ1X1,

. . .

HX2n−1 = λnX2n, HX2n = −λnX2n−1.

Put X =
n∑

i=1

(α2i−1X2i−1 + α2iX2i) for X horizontal. Then

H2X = −
n∑

i=1

λ2
i (α2i−1X2i−1 + α2iX2i).
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Since Fξ is contact and g(H2X, HX) = 0, we have for an invariant section
{X, HX}, H2X = λX, λ ∈ R − {0}. Hence, since X is arbitrary, we

get λ = −λ2
i , i = 1, . . . , n. So, from (2.5) we obtain K(X, ξ) = −λ and

hence the ξ-sectional curvature does not depend on X ∈ TmM, that is, λ

only depends on m. Further, let γ be an arbitrary unit speed tranversal

geodesic. Then (2.5) and (2.6) yield

γ′K(γ′, ξ) = γ′g(Hγ′,Hγ′) = 2g((∇γ′H)γ′,Hγ′) = 0.

Further, we also have ξK(X, ξ) = 0 for any horizontal ξ-invariant field X

since ξ is a Killing vector field. All this yields the required result. ¤

An H-section on (U , g|U ) defines an H ′-section on the base space
(U ′, g′) of the local fibration π : U → U ′ = U/ξ. Using (2.5) and (2.10) one

derives the following relation between the H- and H ′-sectional curvatures:

(3.1) (K ′(X ′,H ′X ′))∗ = K(X ′∗,HX ′∗) + 3K(X ′∗, ξ)

where X ′ ∈ X(U ′). This implies that Sasakian space forms M(k), that is,

Sasakian manifolds of constant ϕ-sectional curvature k, fiber locally over

Kähler manifolds of constant holomorphic sectional curvature k + 3 (see

also [14], [21]).

Now, let (M, g, Fξ) be a complete, contact locally KTS-space. From

Remark 2.1 we know that Fξ is transversally modelled on a Hermitian

symmetric space M ′ = M ′
0 × M ′

1 × · · · × M ′
r and each horizontal vector

X ∈ TmM can be written as X =
r∑

i=0

Xi where Xi ∈ Hi(m). Hence we

have

K(X, ξ) =
1

‖X‖2
{ p∑

k=1

µ2
k

{
(Xk

0 )
2

+ (Xp+k
0 )

2
}

+
r∑

j=1

c2
jg(Xj , Xj)

}

where the Xi
0, i = 1, . . . , 2p, are the components of X0 with respect to the

basis
{(

∂
∂xi

)∗
, i = 1, . . . , 2p

}
of H0(m). Hence we have
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Proposition 3.3. The ξ-sectional curvatures on a complete contact lo-

cally KTS-space (M, g, Fξ) are determined by the scalars c1, . . . , cr, µ1, . . . ,

µp.

Next, we prove

Theorem 3.1. On a complete contact locally KTS-space (M, g, Fξ),
the H- and ξ-sectional curvatures determine the curvature of (M, g) com-

pletely.

Proof. Put

B(U, V ) = R(U, V, U, V ), B′(X ′, Y ′) = R′(X ′, Y ′, X ′, Y ′),

D(U) = B(U,HU), D′(X ′) = B′(X ′, JX ′)

for all U, V ∈ X(U) and X ′, Y ′ ∈ X(U ′).
It is well-known that the curvature of a Riemannian manifold is com-

pletely determined by the sectional curvatures and that the curvature of
a Kähler manifold is determined by the holomorphic sectional curvatures.
More precisely, we have

12R(U, V, Z, W ) = B(U + Z, V + W ) + B(U − Z, V −W )

−B(U + W,V + Z)−B(U −W,V − Z)(3.2)

−2B(U,W )− 2B(V,Z) + 2B(U,Z) + 2B(V, W )

and

(3.3)
32B′(X ′, Y ′) = 3D′(X ′ + JY ′) + 3D′(X ′ − JY ′)

−D′(X ′ + Y ′)−D′(X ′ − Y ′)− 4D′(X ′)− 4D′(Y ′)

for U, V, Z,W ∈ X(U), X ′, Y ′ ∈ X(U ′).
From (2.9) we get

(B′(X ′, Y ′))∗ = B(X ′∗, Y ′∗) + 3(h(X ′∗, Y ′∗))2.



Normal flow space forms and their classification 163

Hence, using (2.12) and (3.3) we get, for X ′ =
r∑

i=0

X ′
i, Y ′ =

r∑
i=0

Y ′
i , X ′

i, Y
′
i ∈

X(U ′i),

B(X ′∗, Y ′∗) =
1
32

r∑

j=1

{
3

(
D′(X ′

j +
1
cj

H ′Y ′
j )

)∗
+ 3

(
D′(X ′

j −
1
cj

H ′Y ′
j )

)∗

− (D′(X ′
j + Y ′

j ))∗ − (D′(X ′
j − Y ′

j ))∗(3.4)

− 4(D′(X ′
j))

∗ − 4(D′(Y ′
j ))∗

}
− 3(h(X ′∗, Y ′∗))2.

Now, since

(D′(X ′
j))

∗ =
1
c2
j

D(X ′
j
∗) + 3c2

j (g(X ′
j
∗
, X ′

j
∗))2,

(3.4) becomes

(3.5)

B(X,Y ) =
1
32

r∑

j=1

{
1
c2
j

{
3D

(
Xj +

1
cj

HYj

)
+ 3D

(
Xj − 1

cj
HYj

)

−D(Xj + Yj)−D(Xj − Yj)− 4D(Xj)− 4D(Yj)

}

+ 72(g(Xj ,HYj))2 + 24c2
jg(Xj , Xj)g(Yj , Yj)

− 24c2
j (g(Xj , Yj))2

}
− 3(h(X,Y ))2,

where now X =
r∑

i=0

Xi, Y =
r∑

i=0

Yi and Xi, Yi ∈ Hi.

To obtain the sectional curvature for a plane spanned by two orthonor-
mal vectors U, V, we put

U = aX + η(U)ξ, V = bY + η(V )ξ

for unit horizontal X, Y . Then we have a2 = 1− (η(U))2, b2 = 1− (η(V ))2
and

abg(X,Y ) + η(U)η(V ) = 0.

So, from (2.7) and (2.8) we obtain

K(U, V ) = R(U, V, U, V ) = a2b2R(X, Y,X, Y ) + a2(η(V ))2R(X, ξ, X, ξ)

+b2(η(U))2R(Y, ξ, Y, ξ)− 2abη(U)η(V )R(X, ξ, Y, ξ)
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and consequently,

K(U, V ) =
(
1− (η(U))2 − (η(V ))2

)
K(X, Y )

+
(
1− (η(U))2

)
(η(V ))2K(X, ξ) +

(
1− (η(V ))2

)
(3.6)

× (η(U))2K(Y, ξ)− 2η(U)η(V )g(HU,HV ).

Now, the result follows from (3.2) and (3.5). ¤

4. Normal flow space forms

In what follows we restrict to contact flows Fξ on Riemannian mani-
folds and introduce the notion of a flow space form inside the class of such
Riemannian manifolds.

Definition 4.1. Let (M, g) be a Riemannian manifold equipped with a
contact flow Fξ. Then (M, g) is called a flow space form if and only if the
H-sectional curvature is pointwise constant and (M, g) is called a normal
flow space form if Fξ is also normal.

Now we shall make a more detailed study of the normal flow space
forms and consider two cases.

Case 1. (M, g) is a normal flow space form of constant ξ-sectional
curvature c2.

Suppose that the H-sectional curvature equals k. Then (M, c2g, ϕ =
c−1H, c−1ξ, cη) is a Sasakian manifold of constant ϕ-sectional curvature
kc−2 and so, (M, g) is obtained by a homothetic change of metric from
Sasakian space forms. Hence, from (3.2) one gets that each base space
(U ′, g′) of a local fibering is a Kähler manifold of constant holomorphic
sectional curvature k + 3c2. From this we also obtain that k is globally
constant when dim M ≥ 5. This follows also from the theory for Sasakian
space forms (see [2]). Because of this, one usually supposes k to be globally
constant when dim M = 3. Further, as in [2] we get

Proposition 4.1. Let Fξ be a normal flow on a Riemannian manifold
(M, g) with constant ξ-sectional curvature c2 > 0 and dim M ≥ 5. If the
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H-sectional curvature is pointwise constant, then it is globally constant

and the curvature tensor is given by

RUV W =
k + 3c2

4
{g(U,W )V − g(V, W )U}

+
k − c2

4
{η(V )η(W )U − η(U)η(W )V + g(V, W )η(U)ξ − g(U,W )η(V )ξ}

+
k − c2

4c2
{g(W,HU)HV − g(W,HV )HU − 2g(U,HV )HW}

where k is the constant H-sectional curvature.

Note that for dimM = 3 the curvature tensor always takes the form
as in Proposition 4.1 but then k is not necessarily constant.

In what follows we shall denote such a normal flow space form by
M2n+1(c2, k). Note that from the classification theorem for Sasakian space
forms we deduce that, up to isomorphisms, there exists a unique simply
connected complete M2n+1(c2, k) with given c2 and k. Model spaces may
be constructed directly from the corresponding model spaces of Sasakian
space forms. We refer to [2], [17], [21] for more details and further refer-
ences. One may also use the construction method given in [7], [11]. This
leads to the model spaces

(i)
(
S2n+1 = U(n+1)

U(n)

)
(c2, k) for k + 3c2 > 0;

(ii) H(n, 1)(k) for k + 3c2 = 0 (here H(n, 1) denotes the (2n + 1)-
dimensional Heisenberg group);

(iii)
((

U(1,n)
U(n)

)∼
= SU(1,n)∼

SU(n)

)
(c2, k) for k + 3c2 < 0 (where ∼ denotes

the universal covering).
Before considering the next case, we prove

Proposition 4.2. Let (M, g, Fξ) be a normal flow space form with

pointwise constant H-sectional curvature k. Then it is a (contact) locally

KTS-space if and only if k is globally constant.

Proof. The curvature of (M, g) satisfies

(4.1) R(X, HX, X,HX) = k‖X‖4K(X, ξ)

for all horizontal vector fields X.
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Now, let γ be a transversal geodesic with unit tangent γ′ = X. Then,
using (2.5), (2.6) and (4.1) we get

(∇XR)(X, HX,X, HX)

= XR(X, HX, X, HX)− 2R(X, (∇XH)X, X,HX)

= X{kK(X, ξ)} − 2R(X, (∇XH)X,X, HX) = X(k)K(X, ξ).

Further, for a normal flow we have (∇ξR)(X,HX,X, HX) = 0 and hence
ξ(k) = 0. The result then follows by means of Proposition 2.3. ¤

Case 2. (M, g) is a normal flow space form with non-constant ξ-
sectional curvature and globally constant H-sectional curvature.

We start with

Theorem 4.1. Let (M, g, Fξ) be a complete normal flow space form
of dimension 2n + 1, of constant H-sectional curvature k and with non-
constant ξ-sectional curvature. Then we have

(i) there exist smooth distributions H1 and H2 on M such that
for each m ∈ M, H(m) = H1(m)⊕ H2(m) is an H-invariant
decomposition of the horizontal subspace H(m) and each sec-
tional curvature K(Hi, ξ), i = 1, 2, is a positive constant c2

i

(c2
1 > c2

2);

(ii) the H-sectional curvature k is a strictly negative constant
given by

(4.2) k = −6
c2
1c

2
2

c2
1 + c2

2

;

(iii) the flow Fξ is locally transversally modelled on CPn1(k1)×
CHn2(k2) where ki = k + 3c2

i , 2ni = dim Hi, i = 1, 2.

Proof. It follows from Proposition 4.2 that (M, g, Fξ) is a complete
contact locally KTS-space. So, we may use Remark 2.1. In what follows,
we use the same notation as in that remark. First, suppose H0(m) 6= ∅,
m ∈ U . From (3.1) we get

(4.3) k = −3K(X0, ξ)

for all X0 ∈ H0(m). Using the same (3.1), we also obtain

(4.4) K ′(X ′
j , JX ′

j) = K ′(X ′
j , H

′X ′
j) = k + 3c2

j
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for all X ′
j ∈ X(U ′j), j = 1, . . . , r. Put X = X ′∗ = X0 +X1 + · · ·+Xr where

X ′ ∈ Tm′U ′, m′ = π(m) and Xi ∈ Hi(m), i = 0, 1, . . . , r. Then, from (2.5)
and (4.3) we have

(4.5) K(X, ξ) =

−k

3
‖X0‖2 +

r∑

j=1

c2
j‖Xj‖2

r∑

i=0

‖Xi‖2

and from (4.4):

(4.6) K ′(X ′,H ′X ′) =

r∑

j=1

(k + 3c2
j )c

2
j‖Xj‖4

(
r∑

i=0

‖Xi‖2
) 

−k

3
‖X0‖2 +

r∑

j=1

c2
j‖Xj‖2




.

Using (4.5) and (4.6) we rewrite (3.1) as follows:

(4.7) −k

3
‖X0‖2

r∑

j=1

(k + 3c2
j )‖Xj‖2 +

r∑
i,j=1
i 6=j

c2
i (k + 3c2

j )‖Xi‖2‖Xj‖2 = 0.

In particular, putting X = X0 + Xh, 1 ≤ h ≤ r, (4.7) yields

−k

3
‖X0‖2‖Xh‖2(k + 3c2

h) = 0

and hence k = −3c2
h. So (M, g) has constant ξ-sectional curvature which

contradicts the hypotheses.

Next, we suppose that H(m) =
r∑

j=1

Hj(m). Then (4.7) reduces to

r∑
i,j=1
i 6=j

c2
i (k + 3c2

j )‖Xi‖2‖Xj‖2 = 0

and we obtain

k = −3

r∑
i,j=1
i 6=j

c2
i c

2
j‖Xi‖2‖Xj‖2

r∑
i,j=1
i 6=j

c2
i ‖Xi‖2‖Xj‖2

< 0.
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Putting X = Xh + Xl, 1 ≤ h 6= l ≤ r, this expression leads to

(4.8) k = −6
c2
hc2

l

c2
h + c2

l

.

If r ≥ 3, then it follows that c2
j = c2 for 1 ≤ j ≤ r and we get again a

contradiction.

Hence, we have proved that H(m) = H1(m) ⊕ H2(m) for m ∈ U . To
prove (i) we also need to check that H1 and H2 determine global distribu-
tions. So, let Hi and Hi, i = 1, 2, be the corresponding distributions on U
and U with U ∩ U 6= ∅. Put, X1 = X1 + X2 where X1 ∈ H1 and Xi ∈ Hi

for i = 1, 2. Then, from (2.12) we have

c2
1 = K(X1, ξ) =

c2
1‖X1‖2 + c2

2‖X2‖2
‖X1‖2 + ‖X2‖2

and so X1 = X1. Doing the same for H2 we get Hi = Hi, i = 1, 2 on U ∩U
and so the Hi may be extended to the whole of M .

Finally, (ii) follows from (4.8) and (iii) from (4.4). ¤

So, we have from the remarks made above and from Theorem 4.1:

Corollary 4.1. Let (M, g, Fξ) be a complete normal flow space form

with non-negative globally constant H-sectional curvature. Then the ξ-

sectional curvature is constant and the manifold is locally isometric to a

model space S2n+1(c2, k).

Further, we have

Theorem 4.2. Let Fξ be a normal contact flow on a complete (2n+1)-
dimensional Riemannian manifold (M, g) with non-constant ξ-sectional

curvature. Then the H-sectional curvature is globally constant if and only

if Fξ is transversally modelled on CPn1(k1) × CHn2(k2) where |k2| < k1,
n1 + n2 = n and the ξ-sectional curvatures c2

i = K(Xi, ξ), i = 1, 2, satisfy

(4.9) c2
i = (−1)i+1ki

k1 − k2

3(k1 + k2)
.

Further, in this case we have

(4.10) k = 2
k1k2

k1 + k2
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and the curvature tensor is given by

RUV W =
2∑

i=1

{
ki

4

(
g(Xi, Zi)Yi − g(Yi, Zi)Xi

)
(4.11)

+(−1)i 3(k1 + k2)
4(k1 − k2)

(
g(HYi, Zi)HXi − g(HXi, Zi)HYi − 2g(HXi, Yi)HZi

)

+(−1)i ki(k1 − k2)
3(k1 + k2)

{(
g(Yi, Zi)η(U)− g(Xi, Zi)η(V )

)
ξ

+η(W )
(
η(V )Xi − η(U)Yi

)}
}

+g(HV, W )HU − g(HU,W )HV − 2g(HU,V )HW

for vector fields U =
2∑

i=1

Xi + η(U)ξ, V =
2∑

i=1

Yi + η(V )ξ, W =
2∑

i=1

Zi +

η(W )ξ on M .

Proof. For a normal flow space form of globally constant H-sectional
curvature the result follows from Theorem 4.1.

So, we prove the converse. First, Proposition 2.4 implies that
(M, g, Fξ) is a locally KTS-space and then, using Remark 2.1, we have
H ′ = c1J1 × c2J2. Hence, taking into account (3.1), (4.9) and (4.10) we
get the required result by explicit computations.

Next, we prove (4.11). Using the well-known expression for the cur-
vature tensor of a Kähler manifold of constant holomorphic sectional cur-
vature, (2.9) and (2.12), we have

RXY Z =
2∑

i=1

ki

4

{
g(Xi, Zi)Yi − g(Yi, Zi)Xi

+
1
c2
i

(
g(HXi, Zi)HYi − g(HYi, Zi)HXi + 2g(HXi, Yi)HZi

)}

+g(HY, Z)HX − g(HX, Z)HY − 2g(HX,Y )HZ

for horizontal X =
2∑

i=1

Xi, Y =
2∑

i=1

Yi, Z =
2∑

i=1

Zi. Now, the required

result follows from (4.9), (2.7) and (2.8). ¤
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Remark 4.1. A. Note that under the same hypotheses as in Theo-
rem 4.2 and if M is simply connected, then the base space M ′=(M/ξ, g′, J)
is holomorphically isometric to CPn1(k1)× CHn2(k2).

B. In the considered Case 2 we supposed the H-sectional curvature
to be globally constant. We do not know what happens when it is only
pointwise constant because we do not know if there exists here a Schur-like
theorem or, following Proposition 4.2, if such a normal flow space form is
a locally KTS-space.

With respect to the classification of normal flow space forms inside
the class of KTS-spaces, we have

Theorem 4.3. Let (M1, g1,Fξ1) and (M2, g2, Fξ2) be simply connec-
ted, complete normal flow space forms fibering over the same CPn1(k1)×
CHn2(k2). Then the space forms are isomorphic.

Proof. (2.12) implies that the possible tensor fields H ′ on CPn1(k1)
×CHn2(k2) may be written as H ′

ab = aJ1 × bJ2 where a = ±c1, b =
±c2, c1, c2 > 0 and where c1, c2 are given by (4.9). Fixing a point
o′ ∈ M ′, we can define a linear isometry L of To1M1 onto To2M2 where
π1(o1) = π2(o2) = o′ satisfying the conditions of Theorem 2.1. In fact,
if {e′2i−1, e

′
2i = J1e

′
2i−1, v

′
2j−1, v

′
2j = J2v

′
2j−1, 1 ≤ i ≤ n1, 1 ≤ j ≤ n2}

is an orthonormal basis of To′M
′, then with respect to the lifted bases

{(e′2i−1)
∗, (e′2i)

∗, (v′2j−1)
∗, (v′2j)

∗, ξl} of Tol
Ml, l = 1, 2, the linear map L

given by

L(e′2i−1)
∗ = −sign(a1a2)(e′2i)

∗, L(e′2i)
∗ = (e′2i−1)

∗,

L(v′2j−1)
∗ = −sign(b1b2)(v′2j)

∗, L(v′2j)
∗ = (v′2j−1)

∗, Lξ1 = ξ2,

where H ′
albl

, l = 1, 2, is the corresponding tensor on the base space of
(Ml, gl,Fξl

), satisfies (i) and (ii) in Theorem 2.1. Moreover, the expression
(4.11) shows that (iii) in Theorem 2.1 also holds. ¤

We finish this paper by indicating briefly a construction of explicit
models for these normal flow space forms corresponding to the coefficients
(n1, n2; k1, k2). We use the technique developed in [7]. First, consider

the model spaces of Case 1: S2n1+1(c2
1, k) =

(
U(n1 + 1)

U(n1)
, g1, ξ1

)
and

(
U(1, n2)
U(n2)

)∼
(c2

2, k) =
((U(1, n2)

U(n2)

)∼
, g2, ξ2

)
where

c2
i = (−1)i+1ki

k1 − k2

3(k1 + k2)
and k = 2

k1k2

k1 + k2
.
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Using [7, Remark 4.1], the length of the integral curves of ξ1 and so, of
any great circle of S2n1+1(c2

1, k), is

l =
∣∣∣8πc1

k1

∣∣∣ = 8π
( k1 − k2

3k1(k1 + k2)

)1/2

.

S2n1+1(c2
1, k) is a principal S1-bundle over CPn1(k1) and, if we identify the

circle group S1 with the set {e2πit, t ∈ R}, the action of S1 on S2n1+1(c2
1, k)

is given by
m ◦ e2πit = ψ1

lt(m)

where {ψ1
t }t∈R is the one-parameter group of global transformations gener-

ated by ξ1. The corresponding fundamental vector field ς1 generated by d
dt

is given by ς1 = lξ1 and l−1η1 defines a connection form on S2n1+1(c2
1, k).

On the other hand,
(

U(1, n2)
U(n2)

)∼
(c2

2, k) is a principal R-bundle over

CHn2(k2) where the action of t ∈ R on this bundle is identified with that
of ψ2

t where {ψ2
t }t∈R is the one-parameter group generated by ξ2. Let Z[l]

denote the subgroup of R generated by l. Then

M2 =
(

U(1, n2)
U(n2)

)∼/
Z[l]

is a principal S1-bundle over CHn2(k2) with l as length of the fibres. We
use the same notation (g2, ξ2) for the induced structure.

Next, let M be the quotient space

M =
S2n1+1 ×

(
U(1, n2)
U(n2)

)∼/
Z[l]

S1

where the action of S1 on S2n1+1 ×
(

U(1, n2)
U(n2)

)∼/
Z[l] is defined by

(m1,m2) ◦ e2πit =
(
ψ1

lt(m1), ψ2
−lt(m2)

)
.

Let ρ : S2n1+1 ×
(

U(1, n2)
U(n2)

)∼/
Z[l] → M be the canonical projection

and put [(m1,m2)] = ρ(m1,m2). Then M is a principal circle bundle over
CPn1(k1)× CHn2(k2) and the action of S1 on M is given by

[(m1, m2)]e2πit =
[(

ψ1
lt(m1),m2

)]
=

[(
m1, ψ

2
lt(m2)

)]
.
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Hence, the fundamental vector field generated by d
dt is

ς = lρ∗ξi, i = 1, 2

and l−1η, where η is the unique differential form on M such that

ρ∗η = η1 × η2,

defines a connection form on M (see [7]).

Put ξ = ρ∗ξi, i = 1, 2. Then η(ξ) = 1. Finally, we denote by g the
unique Riemannian metric on M such that g(ξ, ξ) = 1, ξ is orthogonal to
ker η and π : M → CPn1(k1)×CHn2(k2) becomes a Riemannian submer-
sion. With respect to g, ξ defines a contact flow which is moreover normal.
Further, from Theorem 4.2 we deduce that (M, g, Fξ) is a flow space form
with H-sectional curvature k. We denote this by M(n1, n2; k1, k2). Note
that the length of the integral curves of ξ is precisely l.

Then we have

Theorem 4.4. Let (M, g) be a complete, simply connected, (2n + 1)-
dimensional Riemannian manifold equipped with a normal flow Fξ such
that the H-sectional curvature is globally constant and which fibers over
CPn1(k1) × CHn2(k2), |k2| < k1 and n1 + n2 = n. Then (M, g, Fξ)
is isomorphic to the universal covering of M(n1, n2; k1, k2) where l =

8π

(
k1 − k2

3k1(k1 + k2)

)1/2

.
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