On the maximum terms of an entire function
and its derivatives
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1. Introduction. Let f(z) be an entire function represented by the series

[+ £

(1) f@)=2a.z

of order ¢ and lower order Z(0=4,0 = ~). On the circle 2z = r, let M(r)
be the maximum modulus of f(2), u(r) the maximum term of f(z) and »(r)
the rank of the maximum term. Let M;(r), w;(r) and »;(r) be defined for
the derivative f'"(2), j=1,2,3, ..., exactly as M.(r)— M(r), n,(r) —=u(r) and
vo(r) =w(r) for f(z). Then it is known that there are asymptotic properties
of w;(r), j =0, as r-—»~, analogous to certain properties of M;(r), j=0.
For instance, there is (a) S. K. SINGH’s relation between w,(r), «(r) and either
o or Z ([3] Corollary (i) of Theorem 1, Corollary (ii) of Theorem 2) analogous
to S. M. SHAH's relation between M, (r), M(r) and either o or 4 ([2]. Theorems
A, B), (b) S. K. SINGH’s inequality connecting «(r) and its derivative w'(r)
([4], Theorem 4) which is the pseudo-analogue of VIJAYARAGHAVAN's inequality
[7]) connecting M(r) and M(r). It is the main object of this note, firstly,
to simplify the proof of S. K. SINGH's u(r)-analogue mentioned in (a) and
to extend this analogue to w;(r), j= 2 (Theorem 1 below), secondly, to obtain
an inequality (Theorem 2) connecting pn,(r) and w(r) which reduces to a
precise analogue of VIJAYARAGHAVAN's inequality in the case j- 1. The
remaining results of this note (Theorems 3 and 4) are supplementary.

2. Theorems. The following lemmas, required for the. proofs of our
theorems, are known results,

Lemma 1. (i) /f f(2) is an entire function then the order (or lower
order) of every derivative f\'(2) is the same as that of f(2).

(i1) In (i) tie order o (or lower order 7) of f(z) and fU'(z), j= 1,2,3,...,
is given, in terms of v, (r) as defined at the outset, by the formulae:
. (r : A
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ProOF. (i) The result for the lower order 4, like that for the order o,
follows from a familiar relation between M(r) and M,(r) ([6], p. 35, relation 2.13).

(ii) In the case j=- 1, the results for both o and 4 are known ([6], p.
34, and [8], Theorem 1). In the case j=— 2, the result follows from (i).

Lemma 2. /n the notation explained in the beginning we have, for

any entire function,
- ”j'-l(r)

2 (N=r———:
2) rn=ries

Proor. The second half of (2) for j- 0 is given by VALIRON ([6], p. 35)
while (2) in its entirety is indicated by Q. I. Rauman ([1], p. 42, relation (7)).
The proof requires only definitions. For, writing

@ =2A.z2, vi{r)=N, viu(r)=MN,

= ria(r), ALy 40 M AN

we get
i (r) = Ny| Ay, |r¥1 : A:i Axlry l’:i(—r) w,(r),

wi(r) = |Ax|r¥ = ;,N An|r¥i - V}_‘Er-) 1,4 (r).

Lemma 3. With reference to an entire function defined as in (1),
let an ordinary value of z - r, of index «, O<«< 1, be defined according
to VALIRON ([6], p. 96). Then, for an ordinary value of r common to f(z)
and zf'(2),

ro(r) = ri(N)<ro{l + 00" )) where ro(r)—r(r), r—~.

This lemma is given by VaLRON ([6], p. 104, relation (s)).

Theorem 1. For an entire function f(z) defined as in (1),

M EAGEN
log 5 _ﬁir) \
S8R - % __ ¢ -
P -h.n:x inf ](]g r l (/ BB PN

(Here and elsewhere [---]'/ is the positive j-th root of [---].)

PrROOF. We first prove the case j— 1 of (3). Putting j =0 in (2),
then taking logarithms of all three members of (2), finally, dividing all three
members by log r and letting r-—»~, we get

lo -‘,--"_'(’;). :
li hlg ""(‘Q 5 A 8 / _“n(r)‘ o5 Il)g " (f)
im sup log r = lim sup — ogr = hm sup ~logr
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along with a similar inequality in which ’lim inf’ replaces ’lim sup’. The
case j=— 1 of (3) then follows immediately from Lemma 1 (ii).
In the case j = 2, we observe that (2) can be written:

7 TR () RS T 1L e
A e = SR DR ey e
Multiplying together the ratios involving the «’s, we obtain
TSN |2
(5) win=r w) = ri(r).

Treating (5) exactly as we have already treated its case j= 1, we complete
the proof of the case j = 2.
(2) shows that, given any small #>0, we can find ri(¢) such that

J-Dive o ,f'_,'(_!')‘
- u(r)

Hence the following result of S.K.SINGH ([3], Theorems 1, 2) is a conse-
quence of Theorem 1.

cre-ine for  r>ra.

Corollary la. (i) For an entire function of order o<1 and p such
that p< (1—o)j where j is a positive integer,

————0 as r—oo.

(i) For an entire function of lower order /i>1 and p such that
p<(4A—1)j where j is a positive integer,

The case j=-1 of Theorem 1 is true with the pair u(r) and g (r)
replaced by w,(r) and wus(r) orthe pair wa(r) and us(r), etc. Hence the follow-
ing is a type of result included in Theorem 1 and its basic inequality (4).

Corollary 1b. (i) =1 is a necessary condition for

(6) 1)< () << (1), >0,

(ii) Either 71 or lim inf rfrr) ~1 (and % 1) is sufficient for (6).

s s o)

Theorem 2. For an entire function f(z) defined as in (1),

14
‘-t{"'-(f)l > log 1(r) for r>r, (=N 23 vip

(7) drG) log r
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Proor. From (2) with j—0 and (5),

w;(r) 2 S Ee
(8) r’ e =vr) (=123..)
Also,
(9) log u(r)—log |a,|-|-»logr, y == v(r),

1
where lim sup |a, * =0 as r or v— o and consequently |a,/<1 for r>r..
Hence (9) gives
log u(r) _ :

(10) logr <¥(r) for r>r.
(10) in conjunction with (8) establishes the required result (7).

For functions of finite non-zero order, the lower estimate for »(r) in (10),
and hence also Theorem 2, can be improved by using the first half of (11)
of the next theorem.

Theorem 3. For an entire function of order o, 0< o< ~, defined as in (1),

g logu(r) _ ., 4 oo lopRlr)
(11) |III3.S;IP r(r)loé} 1 L hfn.;nf:_-(_r)logr_o'

Both the results in (11) are known. The first result in (11) is obtained
([5] section I, Theorem 1) by using, in (9), the known formula ([6], p. 40,
Theorem 14):

(=1
lim inf 1819 1
wra nlogn 0

instead of the inequality a, <1 for » >, in conjunction with the definition
of 4 in Lemma 1 (ii). The second result in (11) is known in a more general
form with log r replaced by any function of r which tends to infinity with r
(4], Theorem 1 (2)).

The first result in (11) is best-possible in view of the example of f(z2)
given by S.K.SINGH ([3], proof of Theorem 4 (i)), where o~ 1,i=0 and

A logu(r)
h".!ifp e k.
In a study of formal similarities in behaviour of u(r) and M(r), the
theorem which follows may be compared with a theorem for M(r) given by
VALIRON ([6], p. 103).

Theorem 4. Let f(z) be an entire function defined as in (1). Let
2 = r—o~ through ordinary values of index « which are common to f(2)
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and zf'(z) understood in the sense of Lemma 3. Then
rig(ry~v(ryu(r).

The theorem follows at once from (2) with ;- 0 and Lemma 3.

3. Remarks. (i) R. P. Srivastav states Theorem 2 with the superfluous
hypothesis 42 =1 ([5], p. 32, result (i)).

(ii) R. P. SrivasTav also states Theorem 2 for j—2 without proof ([5],
p. 32, result (iv)). But there is no clue to the proof either in his paper or
in any of the references which he gives.

(iii) S. K. SinGH observes ([3], Corollary (ii) of Theorem 1) that, if f(2)
is a function of finite order, taking note of the fact log u(r)~1log M(r) as
r-»~o, we can replace u,(r) by M(r) (/=0,1) in the case j—1 of
Theorem 1 and obtain S. M. SHAH'S M(r)-analogue already referred to ([2],
Theorems A, B). This observation assumes without justification that

lim sup (or inf) { f(r)—g(r)} = lim sup (or inf) {F(r)— G(r)]

1= X

if 0< f(r)~ G(r), 0= g(r)~ G(r).

(iv) Exact M(r)-analogues of all these results are known with two excep-
tions: (1) the M(r)-analogue of Corollary 1b (ii) which involves a condition
on r(r), (2) the case j =2 of Theorem 2.

My thanks are due to Prof. C. T. RAJAGOPAL for his help and guidance
in preparing this paper.
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