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Li~-Horn sentences and reduced products

By MILOS S. KURILIC (Novi Sad) and MILAN Z. GRULOVIC (Novi Sad)

Abstract. It is proved that under continuum hypothesis an L¢-sentence is pre-
served under reduced products of topological structures iff it is equivalent in basic
structures to an La-Horn sentence. Specially, each Li-Horn sentence is preserved under
such products.

1. Introduction

The aim of the paper is to prove the topological version of the classical
theorem of H. J. KEISLER concerning Horn sentences and reduced products
(see [2], Theorem 6.2.5 or [6]).

The language L;, introduced by T. A. McKEE in [7] and [8] and
M. ZIEGLER in [9] is a sublanguage of the monadic second-order language
Lo which (using weak structures as models) can be regarded as a two-
sorted first-order language.

For the coherence of the text firstly we introduce the notation and
recall a few well known facts.

We consider the two-sorted language Ly = L U CONST U {€}, where L
is a first-order language (with the sets of relations, functions and constants,
respectively, Rel, Fnc and Const). CONST is the set of “set constants”
([4]) and € is a “new” binary relation (not contained in Rel). Var' =
{v1,v2,...} and Var? = {V1,Va,...} are the sets of individual and set
variables. As usual we use meta variables x,y,z,... and X,Y, Z,.... For
the sake of convinience, the sets of terms (Termy,,) and formulas (Formy,, )
are defined as follows. The terms of Lo are exactly the terms of L, i.e.
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Termy, = Termy. The set of atomic Lo-formulas, Aty,, contains atomic
L-formulas and formulas of the shape ¢t € X and t € C, where t € Termy,,
X € Var? and C € CONST. The set of Lo-formulas is obtained from
atomic Lso-formulas by a finite application of connectives A, V and — and
quantifiers 3x and 3X (=, <=, Vz and VX are defined in the standard
way). The “unofficial” formulas X =Y, X = C are to replace the formulas
Ve(r € X <=z €Y), Va(x € X <z € C). By Fv(p) we denote the
set of free variables of the formula ¢ € Formyp,. Senty, is the set of
Ls-sentences.

A model of Ly is a quadruple A = (A, O, C, g), where A is a model
of (the first-order language) L with domain A, C C O and p C A x O
is the interpretation of the relation €. We say that a model A is weak if
) # O C P(A) and p is the membership relation (we will write again €).
Of course, there is no restriction at all if we consider just weak models
(any model is isomorphic to some such model). Thus, from now on, a
model will mean a weak model and we will simply write A = (A, O, C).
A valuation in A is an union 7 = 7! U 72, where 7! : Var! — A and
72 : Var® — . The value of a term and the satisfaction relation (for
the given valuation) are defined naturally; the individual variable v; is
interpreted as (an element of A) 71(v;), the set variable V; as (an element
of O) 72(V;) (and, we repeat, € is the set-theoretic membership relation).

Weak Ly-structures A and B are Lo-elementary equivalent, in notation

.AEL2 B,lff
AE¢ iff BFy, forall ¢ € Senty,.

Let {A; | i € I} be a family of weak Ly-models, ¥ a filter on I, ~ the
equivalence relation on [],.; A; given by: f~giff {i € I'| f; = g} € 7,
[f] the equivalence class of the element f € [[,.; A; and ¢ : [[, 4; —
I, Ai/ ~ the natural mapping. By [[y A; we denote the reduced product
of first-order parts of A;, i € I, by [[O; the family of sets of shape
[L.c; Ui, where, for each i € I, U; € O; and by [[y O; the collection
of sets q([[;c; Us), where [[,.;U; € [[O;. For C € CONST we define
CA = Q(Hiel C'Ai). Then

A= <H A J]oi {ct|ce CONST}>
v v

is a weak Lo-structure called the reduced product of the family {A; | i € I},
in notation [ [y A;.

It is easy to imitate the proofs of some of the most important theorems
of the classical model theory. More precisely, the logic Lo satisfies, for
instance, the Lo$ theorem, the compactness theorem and the Lowenheim-
Skolem theorem.
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Theorem 1.1 (Los). Let {A; | i € I} be a family of weak Lo-struc-
tures and ¥ an ultrafilter on I. Then for each p(xt,... 2P, X1, ... X9)
€ Formyp,, each f!,..., fP € [[ A; and each U',... U4 € ] O; it holds:

Hq/ AZ = @[[fl]a 7[fp]7Q(U1)7"' 7q(Uq)]
iff
el |AiEpff,..., AU U1} eW.

Specially, if A; = A for all i € I, then A =g, [[ A

Theorem 1.2 (Compactness). A theory T' C Senty, has a weak model
iff each its finite subset has a weak model.

Theorem 1.3 (Lowenheim-Skolem). Let k be an infinite cardinal and
B = (B,03,Cp) a weak Lo-model. If |Ls] < k < |BUOp|, X C B,
U C Op and | X UU| < K, then there exists a weak model A = (A, O 4, C4)
satisfying X C A, U C Oy, A=y, B and |[AUO4| < k.

In particular, if a theory T of a countable language Lo has a weak
model, then it has a countable weak model.

A weak Lp-model A realizes a set of Lo-formulas (2!, ... 2P, X1,
..., X9) iff there exist a',... ,a? € A and U',... ,U? € O4 such that

AEplat, ... a?, U, ... U foreach ¢e (!, ... 2P, X ... X9).

Y(zl,...,2P, X1, ..., X9) is a type over A iff there exists a weak Ly-model
M satifying: (1) M E Th(A) and (2) M realizes X(x!,... 2P, Xt ...,
X9).

A weak Lo-model A is saturated iff for each X C A and U4 C O
satisfying | X UU| < |AU O|, every type X(zt,... 2P, X1, ... X) of the
language Lxuy = Lo U{cy | a € X} U{Cy | V € U} over Ax oy =
(A,a,V)aex, veu is realized in Axy.

By the compactness theorem it holds the statement analogous to The-
orem 6.1.1 from [2].

Theorem 1.4 (CH). Let {A; | i € w} be a family of weak models of
a countable language Lo such that, for all i € w, |A; UO4,| < wy and let
U be a nonprincipal ultrafilter on w. Then the ultraproduct [[ A; is a
saturated weak Lo-model of cardinality < wi.

The theorems from this paragraph can also be obtained by “transla-
tion” of Ly in the corresponding (one-sorted) first-order language, but this
way is more expensive.
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2. Prenex forms of formulas

In the sequel the sequences like z!,...  zP; X1, ..., X9 fi' ..., fP;
LU UL U UL, UL q(UY), L q(UY) will
be shortly denoted by Z, X, f, f;, [f], U, U;, ¢(U), whenever the confusion
is impossible.

For all definitions and facts in connection with L;-formulas and L;-
language we refer to the book of M. ZIEGLER and J. Frum ([3]).

Definition 2.1. A weak Lo-structure 4 = (A, O, C) is a covering (ba-
sic, topological) structure iff [ JO = A (O is a base for some topology on A,
O is a topology on A).

For an Lo-formula ¢(z!,... 2P, Xt ... X49), shortly denoted by
o (7, X) we write: Fy, o(T, X) (F. o(T, X), Fp (T, X), Ft o(T, X)) iff for
each weak (covering, basic, topological) Lo-structure A, each a',... ,aP €
A and each U',... ,U? € O it holds: AF pla,U].

Ifgo,weFormLQ,thengoédz(goéw,goéw,goéw) iff
Fop =Y (Feo <=9, Fppo =Y, F o = 1).

Clearly, for an Ls-structure A we have: A is topological — A is
basic — A is covering — A is weak. Thus, for ¢, € Formy, it holds:

P — Y — g Y — g

Definition 2.2. An La-formula ¢ is in Lo-prenex form iff o = @y ...
Qnv, where QQ;, 1 = 1,...n, is one of the quantifiers Jx, Vz, 3X, VX and
1 is a quantifier free Lo-formula.

An L;-formula ¢ is in L;-prenex form iff ¢ = Q1 ... Qn¥, where Q;,
t=1,...,n, is one of the quantifiers dx, Vx, dX > ¢, VX > ¢, t being a
term, and 1) is a quantifier free L;-formula.

Lemma 2.3. (A) Let ¢ and v be Lo-formulas and X ¢ Fv(y). Then
it holds:

(1) —3IX¢Y <= VX);
(2) VX <= IX—);
(3) (p=3XY) <= 3X(p = );
(4) (VXY= p) <= IX (Y = ¢);
(5) (p = VXY) &= VX(p = ¢);
BXy = ¢) <= VX (Y = ¢).

(B) Let v and v be La-formulas and x ¢ Fv(p). Then (1)—(6) holds
if we replace X by x.
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Lemma 2.4. Let p(xt,... 2P, X1, ... X9) and o(z!,... 2P, X
..., X1 Y) be Ly-formulas and let t(z', ... ,aP) € Termy,. Then it holds:

(1) -3Y 3ty <= VY >t—);
(2) VY >ty <= JY >t—);
(3) (p=3Y >tep) <= Y >t(p = 1);
(4) (VY 2ty = p) <= TY 3t (b = ¢);
(5) (o= VY >t1)) <= VY >t (p = 1);
6) QY 3t = ) <= VY 3t (p = ¢)

Moreover, if the formulas from the left side are L;-formulas so are the
formulas on the right side.

PrOOF. (1) and (2) follow from the previous lemma.

(3) Let A be a covering structure, al,... ,aP€A and U,... ,U9 € O.
(=) Let A F (p = 3Y > t9))[a, U], that is if A F ¢[a, U], then there
is V € O such that t[a] € V and A F ¢[a,U,V]. Suppose A ¥ JY >
t (¢ = 9)[@,U]. Then for each V € O, if t4[a] € V then A F p[a,U]
and A ¥ ¢[a,U,V]. Since |JO = A there is Vj containing #[a], hence
AFE ¢[a, U] and A ¥ ya,U, Vo). It follows that there exists some V; € O
such that t“[a] € V; and A E ¢[a, U, V}], a contradiction.

(<=) Let AF 3Y >t (¢ = ¢)[@, U]. Thus there is V € O such that
tAa) € Vo and A ¥ ¢[a, U] or A F [a,U,Vy]. Suppose that A ¥ (¢ =
3Y > te)[a,U]. Then we have A F @la, U] and, for all V € O, tA[a] € V
implies A ¥ ¢[a,U, V]. But then A E ¢[a, U, V] and A ¥ ¢a, U, V).

(4) follows from (3) and the proofs of (5) and (6) are direct as well.
[

Remark. The item (3) of the preceeding theorem does not hold for
weak Lo-structures. For example, formulas (z # 2z = 3Y 3> x = ) and
Y 3 z(x # x = x = x) are not weak equivalent.

Corollary 2.5. For each Lo-formula ¢ there exists an Lo-formula 1
in Lo-prenex form such that o <= 1.

For each L;-formula o there exists an Ly-formula ) in L;-prenex form
such that ¢ <= ).



180 M. S. Kurili¢ and M. Z. Grulovié

3. Horn sentences and reduced products

Definition 3.1 (Horn Lo-formulas). An Lo-formula ¢ is a basic Horn
Lo-formula iff p =94 V...V ¥9,,, where at most one of the formulas ¥; is
an atomic Lo-formula and the rest being negations of atomic Lo-formulas.

Horn Lo-formulas are the formulas obtained from basic Horn Lo-
formulas by a finite number of applications of use of conjunction (A) and
the quantifiers dx, Vz, 4X and VX.

The set of Horn Lo-formulas and the set of Horn Lo-sentences will be
denoted, respectively, by HF,, and HSy,.

(Horn L;-formulas)

(1) Basic Horn Lo-formulas are (basic) Horn L-formulas.

(2) If ¢ and @ are Horn L;-formulas, so are the formulas ¢ A, Jze,
V.

If ¢ is a Horn L;-formula, t € Termy, and ¢ is positive (negative) in
X, then the formula VX >ty (3X > ty) is a Horn L;-formula.

(3) An Li-formula is a Horn Li-formula iff it is obtained by finite use
of (1) and (2).

The set of Horn L;-formulas and the set of Horn L;-sentences will be
denoted, respectively, by HFy, and HSy,.

Lemma 3.2. (a) For each Horn Lo-formula ¢ there exists a Horn
Lo-formula 1) in Lo-prenex form such that ¢ <= 1.

(b) For each Horn L.-formula ¢ there exists a Horn L;-formula 1) in L-
prenex form such that ¢ <= 1 and Fv(p) = Fu(1), Fvt(p) = Fut(y),
Fv=(p) = Fv~(¢), where Fvt(p) (Fv~(p)) is the set of free set variables
of the formula  in which it is positive (negative).

Proor. (a) The induction follows the construction of ¢ as a Horn
Lo-formula.

(1) If ¢ is a basic Horn Lo-formula then ¢ = ¢;

(2) If ¢ = 1 A @2, where p1,p2 € HF5,, then, by inductive hy-
pothesis, for some Horn Lo-formulas 11,19 in Lo-prenex form it holds:
i <= i, i = 1,2, whence ¢ <= ¥ A Let ¢y = Q1 ...Qim
and ¥y = Q%...Q%ne. Without loss of generality we can assume that
the bounded variables of 1 do not appear in 5 and vice-versa. Then
o< QL. QLR .. QR A ).

(3) If ¢ = Jzpy1 where ;1 € HFp,, then, for some Horn Lo-formula
1) in Lo-prenex form @1 <= 1, thus ¢ <= Jx1.
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The cases when ¢ is of the form Vxp;, 3X¢; and VX, are obvious
as well.

(b) Still one induction. Let us just consider the case: ¢ = 3X >
tor1(..., X7,...), where p; € HF,. By assumption, there is a Horn L;-
formula ¢(... ,X~,...) in L;-prenex form such that ¢; <= 1, whence
0 <= 3X 5 k). O

Lemma 3.3. For each ¢ € HF}, there exists ¥ € HFp, such that
© <=0,

PRrROOF. By the previous lemma we can consider just Horn L;-formu-
las in L;-prenex form. As usual, the proof is by induction on the number
of quantifiers, n, in formula ¢.

If n =0, ¢ is a conjunction of basic Horn L; formulas.

Suppose that the statement holds for formulas with < n quantifiers
and let ¢ = Q1 ... QnQn+1¢1. By inductive hypothesis there is v, € HF,
such that Q2 ... QpQn+1¥1 <= ;. We distinguish the following cases:

(a) Q1 is IX o t. Then p <= 3IX(t € X A¥Y,) and IX(t € X AD) €
HFy,.

(b) @1 is VX > t. According to 2.5, we can assume that ¢ is in
Lo-prenex form, let 97 = Q) ...Q.n. Then, by Lemma 2.3, we have:
0=YX 2tQa...QuQni1p1 <= VX 31Q}...Q\n <= VX(t € X =
Q) ...QIn) <= VXQ,...Q,(t€ X =>n). Nown=mn1 A... A\ng, where
k > 1 and n; are basic Horn Lo-formulas, so t € X = 1 <= —t €

w de .
XV(mA...An) <= (te X Vg )A...AN(0t € X V) Ef¢, but this

c de
is a Horn Lo-formula again. Finally, ¢ <= VXQ] ... Q¢ = Ve HFp,.
The cases when )1 is dz or Vz are still more obvious. 0

Definition 3.4. An Lo-formula p(2t,... 2P, X1, ..., X9) is preserved
under reduced products of weak structures iff for each family of weak Lo-
structures {A; | i € I}, each filter ¥ on I, each f! ... fP € [] A; and
each U, ... U4 € [] O; there holds:

if {iel|AFe[fT]}ew then [T Ak |[la0)].

The set of such formulas will be denoted by RPF}), and the corresponding

set of sentences by RPSY, .

In a similar manner we define when an L;-formula (p(x!,... 2P,

X1t ..., X)) is preserved under reduced product of basic structures, in
notation ¢ € RPF}jt, that is ¢ € RPSgt if ¢ is a sentence. Of course, now
only the reduced products of families of basic structures are considered.

Now we prove an Ly-version of KEISLER’s Lemma 6.2.4. from [2].
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Lemma 3.5. Let o be an infinite cardinal, Lo the defined language,
{A; | i € I} afamily of weak Ly-models and B a saturated weak model of
the language Lo such that the following conditons are satisfied:

(1) 2% =a™;
|La| < [I| = a;
for eachi € I, |[A; UO;] < at;
B is either a finite model or a model of cardinality a;

For any ¢ € HSp, it holds: if |{i € I | A; ¥ ¢}| < « (in other
words, if the Horn sentence o is satisfied in almost all models of
the given family) then B F .

Then there exists a filter U on I such that B =[]y A;.

PRrOOF. We follow the proof given in [2] (using the same notation as

much as possible). Let A T A; and O def O;. Clearly, |[AUO| <
i€l

2% = . Firstly we are to define an onto mapping h: AUO — BUOg,
where h|4 maps A onto B and h|p maps O onto Og, which satifies the
following;:

() for any @(z1,... 2P, Xt ... | X9) € HFy,, forany a',... ;aP € A
and any U',... U? € O it holds: if |{i € I | A; ¥ pla},...,dl, U}, ...,
UM} < a then BE p[h(a'),... , h(a?), h(UY),... h(U)].

Let A={a* | ¢ <at}, 0O={Us|E<at}, B={¥]¢<at}
and Og = {V¢ | £ < a’}. We are looking for the new enumerations of
these sets, respectively, {aé | € < o}, {U* | € < at}, {B° | € < aT} and
{V¢ | ¢ < a™} such that there holds:

(xx) for any v < at and any Lo-Horn sentence ¢ of the expanded
Lo-language obtained by adding to the initial language the set of new
constants (of both sorts) {c* | £ < v} U{C¢ | £ < v} (for this occasion
simply denoted by L%):

if [{i e T|(A;,a,USecy, # o} <a then (B,b5,V)ee, E .

=g =<

Because of (5), for v = 0 the condition (x*) is automaticaly satisfied.
Let us suppose that we have already defined af, U¢, b and V* for all
¢ < v. Further we distinguish the next cases.
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(I) v = B+ 2k, where (3 is either 0 or a limit ordinal.
We put @” = aPtF, U = UPHE. Let

(z, X) € {p(x, X) € HFpy |

|{'L € I| <A@,GZ,Q§>£<V}£ (P[szvgzy]}‘ < Of}.

This set of formulas is a type over <B,l_)§,K5)£<,,. For let ¢1,... ,p, €
Y(z,X) and

Ik = {l el | <A17Q57Q§>§<VJ£gpk[@zyaglzj]:h k= ]-7 , 1.

Then |Up_, Ix| < a and for i ¢ Up_, I it holds (A;,ab,Ud)ec, F
Niey prlay, UY), that is (A;, a5, Us)ecy F 323X N\j_; @iz, X). By (+*)
(for v), (B,b*,V®)ee, F 323X A\}_; ¢r(z, X). Now, since B is a satu-
rated model, (B,b¢, V)¢, realizes the type B(z, X); let (B,b*,V ), F
Y[b,V]. We define: b = b, V¥ = V and check that (xx) holds for
v+ 1. Let ¢ € HS v, Hi e T | (A Z,_f,U‘f)£<V F ¢} < a and

let p(x, X) be the formula obtained from ¢ by replacing the constants
c”,C" by the suitable variables, respectively, =, X (clearly, if these con-

stants do not appear in the sentence ¢, the case is trivial). By the
assumption, |{i € T | (Ai,a5,US)ecs, ¥ o(x, X)[a?,UY]}| < a, whence

o(z, X) € ¥(z, X) and, furthermore, (B,5°,V®)ec, E oz, X)[b", V"], i.c.

(I1) v =B+ 2k + 1, where, again, (3 is either 0 or a limit ordinal.
We put b” = b8k V¥ = VB+E Let

Sz, X) € {p(x, X) € HFpy | (B,b5,VE)ew, E -, VY]}.

For any ¢(x, X) € ¥(z,X) it holds: the set I, def {iel| <Ai,Q§,Q§>§<V
E VaVXp(x,X)} is of cardinality a; otherwise, by (k%) it would follow
(B, 15,V e, E Ya¥Xp(z, X), a contradiction. By the known result

from set theory, the sets I,, ¢(x,X) € ¥(z,X), contain subsets J, of
cardinality a which are mutually disjoint. Now, for all ¢ € I, we pick

a?, U; in the following way: if i € J, we choose elements, a,U;’, such
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that <A¢,Q§,Q§>§<V F —play, U] if @ & U, ex Jp, we choose elements

a?,U; arbitrarily. So we obtain the “wanted” elements: a” = (a? | i € I),

U =1L, Ui
Again the validity of the condition (*x) for v 4+ 1 must be checked.
For the sentence ¢ € HS;,+1 let {i e I'| (Ai,ab,USec, ¥ 0} < a. Sup-

pose (B,b%,V)¢<, E —p. Then the formula o(z, X) (obtained from the
sentence ¢ as above) is in X(x, X), hence, for all i € J,, (Ai,gf,Q§>£<y =
—pla?, U], that is <Ai,gf,Q§>§§V ¥ ¢, a contradiction (|J,| = ).

By the very construction of the new enumeration we have: A = {a® |
<ot} B={f|[§<a}, 0O={U"|¢<a'}and Os ={V|¢<
at}.

Finally we are able to define h: let, for all £ < at, h(af) = b* and
h(U 5) = V*. The mapping h is well-defined; for if, for instance, U L
and 8 < v < 8 (< at), then {i € I | (A;,a},US)¢cs E Va(z € CF —
x € C7)} = I, thus, by (xx), <B,Q§,Z£>5<5 EVa(z € CF «— z € C)
(for it is a Horn sentence in question) and so h(U”) = VF =V = h(U").

The condition (x) also holds. For let p(xt,... P, X1, ... X9) €

HFLQ, g& .o,af* € Aand U™, ..., U" € O and let us suppose that the
set Ty < {z el |A¥ld,. .., fp,U”l .., U]} is of cardinality less
than «. Then, according to (**) &, ..., &,v1,..., vy <0 (<at),

<Babfaz£>§<5 = 90(6517' . 7C£p7CV17' .- 7CVq)7

that is
Bl ob®, ... b7, V", V],
that is
BE ¢lh(a*),...,h(a*), h(U"),... , h(V")].
In addition, for any atomic formula ¢(x1, ... ,z,, X;) of the language

Lo and any valuation 7 in the model A we define:

Ko C eI A E (T @), (7 (@) (T2(X1))i]}

and, as well:

B Ky | BE olh(r (z1), .., h(r" (@), A(r2(X1))]}.

From the above it follows that if K, . € E then |K, ;| = a (basic formu-
las are Horn formulas). In fact, we have more: every finite intersection of
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elements of F is of cardinality « (thus, in particular, F has the finite inter-
section property). For any given finite set of atomic formulas ¢1,... , ¢,
we can assume, without loss of generality, that they do not have com-
mon variables, consequently that just one valuation is in question (let it
be 7). The assumption that |(;_, K, -| < a would imply that for the
corresponding valuation in B this model satisfies the disjunction of the
negations of given atomic formulas (for it is a Horn formula) and if, for
example, B satisfies the formula —¢;, 1 < j < n, it follows K, - ¢ E, a
contradiction.

Let U be the (proper) filter generated by E. In the end we claim that
one isomorphic mapping of the model [] A; onto the model B is given
by: f(la]) = h(a), f(q(U)) = h(U) (clearly, a € A, [a] ={be A|{ieT|
a;=0b} eV}, U€OandqU)=A{la] | acU}).

Firstly we show that f is well-defined. Let us suppose that for a,b € A,
[a] = [b]. Then if 7 is the valuation mapping x onto a and y onto b we have
K,—y r € ¥, whence for some finite family of elements from FE, let it be
Koirseoo s Ko, 7y it holds: Ni_y Koy or, © Kz—y,r. As in the previous
consideration we can assume that the formulas ., k =1,... ;n,andx =y
do not have common variables and that all valuations 7, £k = 1,... ,n,
are equal to 7. Let ¥ = o1 A ... A ¢, = & = y. Obviosly, the formula
1 is satisfied in all models A;, i € I, for the corresponding valuations
determined by 7. If i € ();_, K,, - then both the antecedent and conse-
quence of ¢ are satisfied, and if ¢ & (,_, K, -, then the antecedent is
not satisfied. By (*) and the definition of E both the formula ¢ and its
antecedent are satisfied in the model B for the valuation h o 7. Thus the
consequence is satisfied as well (for the same valuation) which just means
that f([a]) = h(a) = h(b) = f([b]).

Suppose now that ¢(U) = ¢(V), i.e that {i € I | U; = V;} € ¥, or, in
other words that K % {iel | AiEVr(x € X < z€Y)[U;,V;|]} € V.
Again, with the same notation and assumptions as a moment ago, we have
Ni—y Kpp.r € K. The formulay = p1A.. Ap, = Vz(z € X <=z €Y)
is equivalent to the Horn formula ¢ = Vz((\/,_, "pxV-2€XVE € Y) A
(Vie, 7ok Vo e XV -zeY)). Again ¢ holds in all models A;, i € I,
and again it and its antecedent are satisfied in B for the valuation h o .
Thus f(q(U)) = h(U) = h(V) = f(q(V)).

Obviously, f is a surjection. But f is an injection too. For let h(a) =
f(la]) = f([b]) = h(b). Then B F (z = y)[h(a),h(b)] and, consequently,
Ky—yr € E (C V), where, of course, we assume: 7(z) = a, 7(y) = b. Thus
{iel|AFE(x=y)la;,b;]} € ¥ and [a] = [b].
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Further we prove: for any U € O, it holds: f”(q(U)) ef {f([a]) | [a] €
q(U)} = f(q(U)).

(C) Let [a] € q(U). Then {i € I | a; € U;} = {i eI | A F
(x € X)|ai,U;]} € U. As in the proof of well-definability of f, we obtain
BE (x € X)[h(a), h(U)], that is h(a) = f([a]) € f(¢(U)) = h(U).

(D) Let b € f(q(U)) = h(U) and b = h(a) = f([a]). Thus, by def-
inition of F, Kyex r € E (C V) (surely, 7(z) = a, 7(X) = U) and so
{i el | A F (x € X)a;,U;]} € U, that is [a] € ¢(U), which proves:
b= f(la]) € f"(q(U)).

Now if f(q(U)) = f(q(V)), ie. f"(q(U)) = f"(q(V)), then
Y (q(U)) = £F7H(f"(g(V))) and, since the restriction of f on the set
[T Ai/~ is a bijection, we have ¢(U) = q(V).

The homomorphic property of f follows from the analogous result for
first order logic, while it is already proved for the relation € . O

Theorem 3.6 (CH). An Ls-sentence ¢ is preserved under reduced
products of weak structures iff there is a Horn Ls-sentence ¥ such that
Q<= 9.

PROOF. («<=) We show that any Horn Lo-formula is preserved under
reduced products of weak structures. Practically, there is no difference

from the proof of the analogous statement of the first order logic. Let us
consider just the case ¢ = Y'Y (T, X,Y) (naturally, we use induction).

Fix f, U and suppose I, = {i € I | A; F 33X [E,E}} € U. For
i € I, let V; € O; be such that A; F ¢ [ﬁ, U, %], otherwise choose V;
arbitrary. Let V = [[Vi. Then I, = I, = {i € I | A; F o [ﬁ,m v;]},
thus, by inductive hypothesis [ [ A; E ¢ [m, q(U), m} and furthermore

[ A 3V [[7T,a(0)) ie. Ty Ai F ¢ |[7T.4(0)).
(=) Let ¢ be an Ly-sentence preserved under reduced products of
weak structures. If ¢ is inconsistent we simply put ¢ <= Iz -(z = z).

So let ¢ be consistent. Without loss of generality we can assume that the

language Lo is countable. Let X def {Y € HSy, | Fy ¢ = 9}. Clearly, &

is a nonempty set (Jz (x = x) € ¥), closed under conjunction. We show
Y Fw ¢ (for then, certainly, we have for some finite subset of ¥, let us say
Y1, X1 Epand A X5 is the formula we are looking for). Let M be a weak
model of ¥. If it is a finite model (|M UO x| < w), thus saturated, we put
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B M. Otherwise, keeping in mind Lowenheim-Skolem theorem, we can

assume that M is (infinitely) countable. Then, if B 2o [1y M, where ¥ is

some nonprincipal ultrafilter over w, it holds: B =1, M and B is saturated

model of cardinality wy. Let us now define A of {Y € HSL, | ¢ A =1 has

a weak model}. For any ¢ € A we choose a countable weak model A, of

oA\ . Let I 4f b x A and An ) def Ay. Now the conditions of the

previous lemma are satisfied. For, if n € HSp, and |[{i € I | A; ¥ n}| < w,
then n € ¥ (since n € A would imply w x {n} C {i € I | A; # n}), thus,
in particular, B F n. By the lemma, there exists a filter ® on I such that
B =[] Ai. But ¢ € RPSY,, whence [[4 A;i F ¢, consequently, B F ¢
and M F . O

Theorem 3.7. FEach Horn L;-formula is preserved under reduced pro-
ducts of basic structures (HFy, C RPF} ).

PROOF. Let ¢ € HFy, and let {A; | i € I}, ¥, f and U be as in
Definition 3.4. By Lemma 3.3, there is ¥ € HFy, such that ¢ <= 4,

thus also ¢ s . Let J = {iel] A E @[ﬁ,m}} € V. By the
previous theorem, [, A; F ¥ [m, q(U )} But [[ A; is a basic structure,
so[[¢Ai Fo [m,q(U)] . O

Lemma 3.8. There is a sentence th,,s € HSp, such that for each weak
Lo-structure A there holds:

AE Yy, Iff A is a basic structure.

PROOF. If ¢ppas = 1 A 2, where ¢ = Va3X(z € X) and ¢ =
VXVYVe(r e XN €Y = 3Z(x € ZANV2(2 € Z = z€ X Nz €Y))),
then for each weak structure A we have: A E ¢y, iff A is a basic structure.
Obviously, 1 € HS,, while, by Lemma 2.3 and necessary tautologies,

o <= @l where
©h =VXVYV2IZVz((re e XV-az €Y V€ Z)
ANzeXVaxeYVzeZVzeX)
ANrzeXV-zeYVzeZVzeY)).

So we can put: Vpas = 1 A ph € HSp,, for, surely, Vpas LN Pbas- O
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Lemma 3.9. Let {A; |i € I} be a family of weak Ls-structures, ¥ a
filteron I and I, € V. If W, = {F NI | F € ¥}, then we have:

(a) for each formula ¢(Z,X) € Formr,, each f € [[A; and each
U €[] O; it holds

[1, 4o [7a@)] i I], Ak e [ a@l)].

of course, the index set in the second product is I;
(b) [Ty Ai =1, [Ty, Ai-

PRrROOF. The proof of (a) is by the usual induction; it is a consequence
of the classical result (for first-order parts) and the result concerning the
reduced ideal products given in [5]. O

Theorem 3.10 (CH). An L;-sentence ¢ is preserved under reduced
products of basic Lo-structures iff there exists a Horn Lo-sentence 1 satis-

. b
fying ¢ <= .
PROOF. (=) Suppose ¢ € RPS%t. Let us prove
(1) © N VUpas € RPST,.

Let {A; | i € I} be a family of weak Lo-structures, ¥ a filter on I and let
J & {i el | A EoAVpast €V and I def {i € I'| A; E Upas}. Since
JChL,wehave ; € ¥ (and J=JNLH ={ie€ 1 | A F ¢} € V). Now,
{A; | i € I} is a family of basic structures and because of ¢ € RPS,l{t, it
follows:

(2) 1_[\111 Ai E .

By Lemma 3.8, Upas € HSL,, thus dpas € RPSY, and H\I,l A; E Upas. By
(2), [y, Ai F ¢ AUpas and by the previous lemma [ A; F ¢ Adpas which

proves (1). By Theorem 3.6, there is € HSy, such that ¢ A Opas <= 17,
thus also @ A Upas é} n. But clearly, ¢ A Jpas é} @ and so ¢ é} n.
(<) Let ¢ € Senty,, n € HSL,, ¢ < n and let {A; | i € I} be a
family of basic structures. If W is a filter on [ and I, = {i € I | A; F ¢}
€ U, then, because of ¢ VN n, we have I, = I, (={i € I | A; Fn}).
Again by Theorem 3.6, [ A; F n and being [ ], A; a basic structure too
we obtain [[ A; F ¢. O
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Lemma 3.11. By the invariance of L;-sentences, for an L;-sentence
© holds:
¢ € RPS? iff p € RPS) .

Ezxample 3.12. The separation axioms Tj, 11, T> and the regular prop-
erty of topologies are expressed by the formulas, respectively:
o, = VaVy(z=y V IX 3z-ye X VIV sy-zeY);
o, = VaVy(z=y v Y sy-z €Y);
o, = VaVy(x =y vV IX 323Y dyVz(-z€ X V =z €Y));
Oreg = VaVX 223Y daVy(ye X VIZoyVz(-z€ZV z€Y))
N2l

By Lemma 2.4 we can find the prenex forms of these formulas:

o1, = VeVydX o2x3IY Sy(z =y VvV wEX V -z €Y);

o1, <= VaVydY sy(z =y V -z €Y);

o1, €<= VoeVydX 32 vz (z =y V 2 € X V =z €Y);

Oreg == VaVX 223V 2 aVyIZ dyVz(ye X V€Y V =€ Z).

All sentences on the right side are Horn L;-sentences, thus preserved under
reduced products of topological spaces. It holds as well for the separation
axiom T3 (for o1, = ¢ A ¢preg and a conjunction of Horn formulas is
a Horn formula). More general result considering separation axioms and
reduced ideal-products can be found in [5]. In connection with it let us
note that a Horn L;-sentence does not have to be preserved under reduced
ideal-products, even if the condition (AW) is satisfied. For instance, the
property discrete of topologies is expressed by Horn L;-sentence:

Cdisc = VzIdX szVy (y=2 V ~u € X),
which, however, is not preserved under Tychonoff products.
Following one part of the proof of Proposition 6.2.6. from [2] we obtain:

Lemma 3.13. A disjunction of Horn L-sentences is preserved under
reduced powers of basic structures.

The above lemma does not hold for reduced products. One simple ex-
ample gives the reduced product of the family of topological spaces {A; =
(A;,0;) | i € w}, [y Ai, where all spaces have the same “ground” set
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{0,1}, and, for k even, topological space Ay is discrete, for k odd, indiscrete
while the filter W is the Fréchet filter. If pingisc = V2VX 2 2Vy (y € X),
then

{7' cw | Az F Pdisc V Spindisc} =we \Ila

but, obviously, [[ A; is neither Hausdorff nor indiscrete.
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