A note on the maximum term of an entire Dirichlet series

By 1. S. GUPTA (Kanpur)

1. Consider the Dirichlet series

o) = ZF a.e¥
n=1

where 4,.,>4,, 4, =0 lim /,==,s=0+if and

i = o

lim sup Rgh =0,

M=t = ;..”

Let . and a, be, respectively, the abscissa of convergence and the abcissa of
absolute convergence of f(s). If 6.=-=c, 6,= =, f(s5) defines an entire function. Let
An(sy De the 4, corresponding to the maximum term

Foletd . ¥ |
p(o)=max ||a, e’

of the series for Re (s) =a. Then evidently /y(¢) is a non-decreasing function and
N(o) is called the index or rank of the maximum term u(e). Since the functions
|@y(| and Ay, are constants in intervals, have a denumerable number of disconti-
nuities only, their differential coefficients vanish almost everywhere. Therefore we
can differentiate u(o)=lay,,le”*~ = everywhere except at a set of measure zero,
getting

wio) ;
u(o)

(1. 1)

where p'(o) is the first derivative of u(o).

The object of this note is to investigate certain inequalities involving the maximum
term and its derivative of an entire function representable by Dirichlet series.

2. Theorem 1. Let f(s)= Da,e’* be an entire function, N(c) be the rank
n=1
of its maximum term u(o) for Re(s)=a and p'(o) the derivative of the maximum
rerm. If

sup ;. v
2 i No) _
2.0 lim {inf o {6

o=
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then
kool 1
22 lim inf ex - £ (r)} r=—=
<1 oy w(r)
=3 -‘éllefpem( nm)fe p{w)}

The proof is based on the following:

Lemma. If @(x) is a positive, real function continwous almost everywhere in
(ro, =) and

. fsup @) (=
%3 i { ol @ {ﬁ
then
(2. 4) liminfexp | — tP(r)}/ exp | @(x)} dx= % =

Fy
r

—;j— = Iir:1_-smup exp { — @(r)} /CXP {P(x)} dx.

=
L
Fo

For, let

1) = [exp (®(x)] dx.

Fo

Suppose the first inequality in (2. 4) does not hold. Then for every value of
r}ro,
1(r) = C-exp {®@(r)}

. o 1
where C is a positive constant greather than P,

As I'(r), the derivative of /(r), exists and is equal to exp {@(r)} almost every-
where, we have
I {r) exp [d){r}‘ .
I(r)  Ceexpl®(r) C°

Therefore. for all r=rg,

log 1(r) =log I(r) + [ {I'(x)/1(x)} dr

1 ;
=log I(ry) + c (r—rop).
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Hence
log C+ @(r)<logI(r)<log I(ry) + —é. (r—ro)

and so

’ P 1
lim sup e(:') = ol

which contradicts the hypothesis. Hence the first inequality in (2. 4) is true. Similarly
we can prove the last inequality in (2. 4).

We now prove our theorem.

From (1. 1) we have

exp {#'(0)/u(0)} =exp (y)-
Hence

_ : sup ) 3
(2. 5) lim {inf exp (—/.N{ﬁ)fcxp W (n)u(r)} dr =

o = -
an
a

: sup ) e
= ,II_T, inf exp (— Zne)) [ exp (Ay)) dr.
L]

Putting @(0) = Ay, in (2. 3) we get (2. I) with x=v and f =4 and then (2. 4)
gives

T

o | : 1
lim infexp (— f.ﬁ,(,,)fcxp (Aniry) dr= = =

aq

ot g e o
== 5= lim sup exp (— /.Nm)fexp (Ange,) dr.

which in view of (2. 5) becomes

et ; ' ; [
lim inf exp (-~ "Ntcr)] exp (' (n)/u(r)} dr= - =

& —

an

S0 Db

RN . ’
= _ =limsupexp(— z.m,,,)fexp W () udr)} dr.

3. Theorem 2. If 0<=06,<a,, then

_ log p(e,) —log u(a,) ;
3.0 j’.'\fla[l B :,2_'0,1 = AN(a2):

A

Proor., We have
(ay) = |ayq, exp (0145,))
and
H(03) = [y, €XP {02;"\'159)‘
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Since ¢, =0a,, N(g,)= N(ag,). Now

(3.2 1(3) =exp {(62 = 61) oy} [Ax(as)| €XP (O1Ay(ps) =
=exp {(6; — 1) Axgy)) H(T)).
Also,
1(03) = lan,)| eXp (02453, = exp {(0; —01) AN(a) ) 1ONa,)| €XP (T4 2N (a,))
or
£33 1(a,) = exp {(6; —61) Ay, 1(G,).

From (3. 2) and (3. 3), therefore
exp {(6; = 0) Ang(,y) =p(a,)/ula,) = exp {(a, —01) ANo(2))
and the result follows on taking logarithms and dividing by (o, —a,).

Corollary 1.
d :
(3.4) = {log u(0)} = Zys,

for almost all values of o =a,=0.

For, taking ¢, =0 and o, = o +h. we get from (3. 1)

log u(o+h) —log u(a)

Ny = h — = AN(a+h)

and the result follows on taking limits as & 0.

Corollary 2. If 0=0,< =, then

(3.5 log (o) = A+ f Aoyey At

We get (3. 5) on integrating both sides of (3.4) in the interval (o, o).
Corollary 3. If k be a constant, 0=k <1, then
(3. 6) lim {u(ko)/u(o)} =0

g—ses
provided f(s) is not an exponential polynomial.

Take ¢, =ko and o0, =a, then from (3. 1) we get

exp {o(1 —=Kk) Aypa)) = u(o)/ (ko) = exp {a(1 —k)iye,)

or.
exp { —6(1 —K) iyua)) =p(ko)u(a) = exp { —a(1 —k) iy}

AS 0 =+, Lyuq and Zy,, both tend to infinity and (3. 6) follows.

4. We now give an alternative proof, using the noticn of type, of the following
results of R. P. SRivasTav ([1], 84) which he established with the help of the notion
of order.



A note on the maximum term of an entire Dirichlet series 57

Let f(s)= > a,e** be an integral function of order o, lower order /. and type t
n=1

(0=(g, 4, 1) ===). Let N(o) be the rank of the maximum term p(e) of f(s). Then

4.1 lim sup — ]og_;tr(_r:r_)_ = i— l- :
g==  N(a) log N(a) /. o
. 1 ;
4.2) lim sup ig,m =1- 2

==

TN e
Proor. We know ([2] Th. 2.2, p. 71) that

; hon £
limsup " |a,/*=1.
RS |

Therefore, for all n=n, and any &=0,

log la, = );' log {ie (t+ a)}.

n
Hence
log () = 10g |y 4y + Olyie) =
. ;-_\r(,) 1 [ ] ’-'.\’ln) | 1 -
<0yt T ogige(t+8)j— e O 4p(a) =
o ; 4 _‘;',\‘(ar) ] 1
= O'f.mﬂ.] + (1.' + S)Aﬁ(a’) —_ ..D.. -log "".\'(cl
or
. lo o +& 1
@.3) g u(o) _ o T

: LI (PR TINC. i n . )
/x(a) 108 Ay(a) log 2y, l0giye, 0

The result now follows on proceeding to limits since ([1] p. 84)

lim {?"p log vy _ { =,
e TAE o /

Similarly dividing log u(o) by aly,,, and proceeing to limits we get (4. 2) from
(4. 3). '

My thanks are due to Dr. R. S. L. Srivastava for his helpful suggestions in this
paper.
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