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A generating function in the theory of order statistics

By 1. VINCZE (Budapest)

Dedicoted to Professor Béla Székefalvi-Nagy at the occasion of his 50th birthday

Introduction

Let &;,¢&,, ..., ¢, and ny,9,, ...,n, be independent sample elements taken
from populations with continuous distribution functions F(x) and G(x) resp. As
usual put

D, » = max (Fo(x) = Ga(x)) and D, = max |F(x)— Ga(x).
(x) (x)

Let us denote in the following by ¢,", and ¢, , the ,first” values of x for which

the random functions F,(x)—G,(x) resp. |F,(x)— G,,(r)| take their maximum. i. e.

0::» = mf{.\:: Fn(x)_Gn(x) = Dn.nj'
Qun = inf{x: |Fu(x)_Gu(x)I o Dn‘n}‘

If (i={3=...=(3, respresent the ordered union of the above two samples,
further

Rn "= ‘_-(F (Qn n+0) T Jn({.’n n +0)]
and
Rn.n — _;_ (F.u (Qu.n + 0) i 5 Gn(gn.u o 0))‘

then 2nR;}, resp. 2nR, , are the first indices of the {7 —s for which the deviations
take their maximal values D,, and D,, resp.

In paper [5] the joint distribution and joint limiting distribution of the pairs
ofrandom variables (D, ,, R;,) and (D, ,, R, ,), in paper [6]. the three variate gene-
rating function of the probabilities belonging to the pair of random variables
(D,5 . Rf,) was determined under the assumption F(x)=G(x). The present paper
deals with the determination of the generating function of the probabilities belong-
ing to the pair of random variables (D,,,,, K.

Well known basic results concerning relations of generating functions for
more general variables are due to E. SPARRE ANDERSEN [I, 2], F. Seitzer [4] and
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W. FELLER [3], these are however valid for the one-sided case (for D}, and R;,
in our case) and the two sided case does not immediately follows from them. Our
problem suggests a direct derivation of the double generating function and this is
contained in §1. In §2 the distribution of D, , is treated.

§ 1. Derivation of the twovariate generating function

1. According to Theorem 2 of the paper [5] in case F(x)=G(x)

Pf:mr‘:P {Dmn: . ’ Rn‘nz L} ==
" 2n

2_ ket 5 5 cym@eneu+n| ")
(2“) r(Zn—r+l)|:l,.':l r+k+ k

n 2
2n—r+1 \
(n - tg—k--—,u(kﬁ- l))

for k=1,2,...,n r=k,k+2, ..., 2n—k, while the probability P is zero, if k=0
or k+r odd.
Using the notation

VAL sy
= 27

the mentioned probability has the form

Por=2-Ax,r Ars1,20-r 410

With the notation
Lo 1-V1-4 4z
S (1+V1—4z)2 "’

we formulate the following
Theorem 1.1 /n the case F(x)=G(x)

(2n p otk ik (L@ [1+oEwit
n) Y T S R e 1+ eE W)

(1L.1) Gz w)= 3 >*

n=k (r)

where > denotes summation over r=k, k+2, ....2n—k.

—

r)

This relation holds for |w/= } and |[z’w|= } . As throughout the conver-
gence conditions are of such type, in the following we shall not mention this fact.
In the following sections we carry out the proof of this theorem, with the aid of
some lemmas,
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2. A simple and often used fact is expressed in the following
Lemma 1.1 Let be given the quantities Ay, for k=1.2, ..., r=k, k+2, ...
and let be
> Ay i =g (1)

ir)

where D" denotes summation over r =k, k+2, .... If now

ry
2n
{]-2} (” P}::-"‘:z-“‘k.r/‘lk‘l.zu--r+l’
then
= et O (m n—k n—k 2
P *( Proz 0w =2gx(z"W)gL . 1(W).
n=k (r) n
Proor, From (1, 2) follows the identity
2n ) r=k n—-k 2 r:k A
3 Proez "W =245,z W) * Agsr.zn-rsaW ;
. +k r+k N
summation over n for e B o I, ... and the use of the relation
Zi=F =k a-k=1
2 Apiigenret W 7 = 2*Are1..% ?
(z)

in)

o = k+1,k+3,... results in lemma 1.1,
On the ground of this lemma it suffices to determine the generating function of
b at wi-trgiinl T

i’ r+k

2

( + "k)
Introducing here instead of r the new variable v = . ; 5 and using the notation
Qv+ I_}_k_( k+2s )

A — ir — 1)y —
K, s ‘_.;.ﬂ( k+4+2s \(v+1Dk-+s

A, , we obtain:

We shall make use of the second part of the following

Lemma 1.2 Let be a and b integers, b= 0. then
- a—2b
( - ) o b a=dh;

5 (a-l— 25) S —.-——-I'-' o5 SN K2
s\ b s Vi—4v \1+V1—-4v.

r ¢ 2h—a

.\. (“ 3 2‘5) i b — —I (— _—_';2—_'; ) . fhll a= Zb.
s<b-a\bO+S, V1--4v \1+V1—4v, \
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ProoOF. There are known the following generating functions (see e. g. [6] p. 31)
valid for h=0, 1, 2, ...

= (h - 25) l ( 2 )k
‘2 o’ = e .__:].:_..__. .
s=0 5 V1 —4v \1+V1—-4v

,;;(--h+2s) ; l 20 )"
e P e ~ b
AN V1—dv \1+V1-4v,

Substituting @ — 2b and 2b — a instead of / in the first and second relation resp..
and s+ b instead of s lemma 1.2 is obtained.

3. Due to this lemma. we mav put down the followin: relation valid for v=0,
By LA

- k+2s petvi bk 2v By
(1.3 &)= 2 ( )r.'“: e ( _) .
v = 20+ Dk+s Vi—4v \14+V1—-4v

We shall now evaluate the following integral:

L) = [t () d.
0
Using the transformation

!
’ = ’- — .
1+V1—4r
we get
ity dr P
V1 —4r2(1+)1-—4r%)
and the new integration limits |0, - L__ :
[ +V1 =402

This results in

l 31' (2v+ 1)K
(1. 4) J.(o) = ( . __.,_) :
@v+ Dk\1+V1=4r?

Substituting now in 1. 2 v? instead of v and multiplying by ¢* ' we obtain an
identity. the integration of which leads to the following relation

"

. = | k -2s
k=1} (12 . )= I ke
./f lk(f )df !k“) "_':.kk+2S(“"+I)k"-'3)l 5

0

A slight modification gives

& (2\‘+_ I)k_ k+2s )r-‘ < 2 )" 4_1»:' - vk
e k+2s \(v+Dk+s 1+V1 -4p L4+V1-—-40)® )
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Multiplication by ( — 1)* and summation over v results in the generating function
of Ay

2"’: 2(_]),(2\’-{1%( k+2s )v-‘:( 2 )" .

S S k+25 \(v+Dk+s 1+Vi-40 ) 1+[o@}
Substituting k +2s by r we obtain the generating function of 4, ,
& i . M+o(w)]
g M = T emr

which gives on the ground of Lemma 1.1 the proof of theorem 1. 1.

§ 2. Special cases

1. Generating function of the Gnedenko— Koroljuk probabilities. For given k
the summation of the probabilities P{" with respects to r gives the probabilities
of GNEDENKO—KOROLJUK

. 2N k
P = S*p" = P(D,.,,,= ) k=12, cccum

(r}

where >* denotes summation for r=k, k +2,...,2n—k.
ir)

Substituting now in our generating function the value z=1, we obtain the
generating function of the probabilities P{"

- N2k + 1

(1 + [ + [+ ©

2. Generating function of the Gnedenko— Koroljuk distribution., Omitting an
inmediate derivation we shall verify the following

—
n=k

Theorem 2.1 Using the notation

m k%‘ (n . P k
Po'= 2> P.=P D"'”--_;_;

—
a=1

for n=k,k+1,... and P =1 if n=k the relation
= Fon\ess . I+ w(v) 1—[w(w)]
% =3 (2)pow -
@1 Ge (W) ,.:‘o(n £5N l—w(w) 1+ [ow)
is valid.
Proor. We shall show that from (2. 1) for F{'” the known formula of the

Gnedenko —Koroljuk distribution follows. The coefficient of w" in the series
expansion of the function on the left hand side is

1 X dw
g Py —
L3 i FI)thu)

m+1?
“J|+



A generating function in the theory of order statistics 87

where the integration is to be extended for a simple closed curve around the origin
inside the circle |w| =1} . Using the transformation

l—-VI_—4u

T 14V1—aw
from this
l—w

) d dv=—+—

W (l w)z an W A+ o) dw
follows. Now we have for our integral (2. 2)

1 L1 -k (1+w)*
in_ig)l+w* w*+1 o

where the integration is to be extended for a circle small enough around the origin
@ =0. This means that we have to expand the function

1—
1+ *

into a power series according to @ and to determine the coefficient of "

_i‘ ])l( )(m£k+1_,wti+l}k+j) s

(?) 2,21}2(—1)1( )men,

Taking s=n and j+ik = n in the first and second term resp., we obtain the
e

DA 1)'( ;k)
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