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Introduction

In our paper with P. TURAN [I] we have given a new proof for the theorem
of P. ErpGs and M. Kac [2] according to which the distribution of the number
of prime factors of the natural number n (1 =n = N) tends for N -~ + == to the normal
distribution. Our method enabled us also to prove the conjecture of J. W. V. L&
VEQUE concerning the exact order of magnitude of the remainder term in the theorem
of ERpGs—KAcC. Our method consisted in using the usual methods of analytical
number theory, i.e. expressing the sum of coefficients of a Dirichlet series by a
contour integral, and in using certain function-theoretical properties of the (-
function.

It is natural to guess that this powerful method yields also other known results
on the distribution of values of additive number-theoretical functions. This is in
fact true: however, for this purpose the technique has to be developed somewhat
further. In the present paper we shall give a new proof running on the same lines
as our proof of the Erdés—Kac theorem in [1], for the following theorem of P.
ErDOs [3]: Let f(n) be a real valued additive number-theoretical function, and pur

f(n) for |f(m) =1

s *("):{ 0 for |fm)l=1.

Put
|
(1) Bl e 34,
\ N r@rex

Then the distribution-functions Fy(x) tend for N — + = to a limiting distribution
Sfunction F(x) at all points of continuity of the latter' ), if the following three cond-
itions are satisfied:

*
1. Z /") is convergent,
I
2. o hd ) S 3 s 1 ..
— ’ . d !
¢ P If@>1 P

1 4
) It has been shown also by ErpoOs that if the series 2 is divergent then Fix) is
Sppy#0p
continuous, and thus Fy(x) tends for N~ + = to F(x) for every value of x,
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(Here and in what follows p runs over the sequence of primes). In this case the distri-
bution function F(x) has the characteristic function
oo

. ' = luf(P*) _ piuf(p*~")
(2) g(u) = / e dF(x) = ][] (I + > - 2 —-—).
i P k=1 P
It has been proved later by P. ERDOS and A. WINTNER [4] that the conditions 1).
2) and 3) are also necessary for the validity of the assertion of the theorem of
ErRDOs.

Before giving in § 1 a new proof for this theorem let us mention that the theorem
of ERDOs and WINTNER shows a clear-cut resemblance to the three-series theorem
of KOLMOGOROFF in probability theory. However, a proof of the Erdds— Wintner
theorem, reducing it to the three-series theorem, has not been found up to now.
An attempt in this direction has been made recently by E. M. PauL [5] but he
succeeded only in proving by purely probabilistic considerations that under the
above conditions 1)—3) the /logarithmic density of the numbers n, for which
f(n) = x, exists and is equal to F(x). This is, however, essentially less than the
assertion that the ordinary density of these numbers equals F(x). A new prool of
the theorem of ErDGs and WINTNER has recently been given by H. DELANGE [10].

In § 2. we make some remarks on the ErdGs—Wintner theorem. We intend to
return to other applications of the method in question (e. g. to prove a theorem
of I. P. KusiLius [6]) in an other paper.

§ 1. Analytic proof of the theorem of Erdis

Before going into details, we give a sketch of the proof. Let us put?)

(L. 1 fyn) = 3 f(ph).
Pelln
P*=N
Then clearly

{1.2) Sfyn)=f(n) for n=N

In order to prove the theorem in question, it would be sufficient, — according
to the well known continuity theorem concerning characteristic functions — to
show that for all real ¥ one has

y ] A :
(1. 3) lim 2 evI®™ =g(u),
N 4o n=1
where g(u) is defined by (2). In view of (I.2) we can write (1. 3) in the form

N
“ 4) Iim hl‘r Z eilrf.\'('ﬂ:g(u}_
N do n=1

2) p*In means that » is divisible by p* but not by p**".
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Now clearly
1. 5) WATINE. - eius () 7 (l o Y )
3 ] An(S, u) = - = + o e

N . “:i‘ nt » .:"‘é:i\r pl.\' pASN pks‘
and thus '
(1.6) Ax(s, ) =L(5) un(s, )
where, putting k(N, p) = _-igith’ we have

S (p*) _ pinfiph-") | — eif(P=(N-P)
(1. 7) My (S., U) = ]p] (] T ka:"N pk's ptk{NrPJ+Ijs
k=1

As puy(s, u) is a Dirichlet-polynomial, it is an entire function, and its values
can be easily estimated. Thus the behaviour of /,(s, ) is sufficiently known in order
to evaluate the sum of its first N coefficients. However carrying out this program
in a straightforward manner leads to a proof of (1. 4) only in the special case if
instead of 1) the much more restrictive condition

1. %1 |f*;p)| o {4

is satisfied, 1. e. we get in this way not the full theorem of ERDOs, only the special
case which was previously obtained by I.J. SCHONBERG [7].

To get the full theorem we have to introduce the following modification of the
method: we put

(1. 8) N* = N*~
where ¢y is a sequence of positive numbers, tending to 0 for N — + ==, such that

%
EN ™ glioglog M

(1.9) with o= 0, ﬁ —

1o —

and prove first
! R
(1. 10) lim — 3 e/ —g(u).
N 4 oo n=1

As a matter of fact, we prove more, namely we obtain also an estimate (see

(1. 17)) of the remainder term in (1. 10), and from this relation we can already
deduce (l.4). The situation is still somewhat complicated, because for technical
4

S kS
reasons we consider instead of the sum N ' eS¥* the related sum
n=1
T

L& e A
(1. 11) g_,\-(u,N*):Nn;le"f-‘""’-logn,
Let us pass now to the details. We have (see [8])

(1. 12a) gn(u, N*) = L [

27i
(c)

C(s)pys(s, u)N*— 1 ds

>
§°
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and thus

+(1 i Ns—1 4.
(1.12b) on (1, N0y = Jarlls ¥) / s

27 26—1)

()
3 [ £ (s) L\ aye(s,)N>~tds 1 [ (uye(s, ) — pye (1, 0) N*~* ds
" 2mi A el 54 " 2mi (s—1s?

) ©

where ] denotes that the integration has to be carried out on the line s = ¢+t
icl

from 1 = —o to t = 4= and c is a real number, ¢=>1. Now according to the

theorem of residues

1 [ Ns-tds 1+log N
3 . il Fe il
(1.13) 2zfj(s—])sz I N

(c)
On the other hand evidently under conditions 1)—3)

(1. 14) lim pys (1, u)=g(u)
Nt 4 on
for all real u. Thus the first term on the right hand side of (1. 12) tends to g(u); it
remains to prove that the other two terms tend sufficiently rapidly to 0. As the
integrand in both terms is regular for s = o +it, 6 =0, the path of integration can
in both integrals be shifted to the line s = 1 +if i.e. we may take c=1.
Now we have evidently for s = 1+t

-
HI

lul-
[iye (85 u)| = O le PR

and by the Cauchy inequality and condition 2) we obtain

£+ @]
P

p=N*

Thus
(1. 15) | tp (5, u)| = elul4] loglog N
where A4 is a positive constant. It is easy to see, that (1. 15) holds not only for
1
——s¢g=1.
log N*
Similarly we obtain (denoting by pui«(s, u) the derivative of py«(s, u) with
respect to s) for s = 1+t
(1.16) iﬂ,';'* (5, )| = O(EN . ]og NeeAlull I_uglogN)

where 4 is a positive constant. Thus we obtain by partial integration, taking into
account the well-known estimates (see [8])

{1 +in] = O(log 1))

s = 1 +~it but also for s = ¢ +it where 1 —

(1 +in) |

ta+n |~ OQloeld
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that the second term on the right of (1. 12) is of order O(ey-e#!!! ‘;‘81'53-") and thus
tends to 0 for N — 4+ ==, As regards the third term of the right of (1. 12) the path
of integration can be transformed into the broken line € consisting of the 5 segments

€: s=14it —w<t=-1,

; |
€: s=0—i lzo=1———

log N* °
€: s=1 Lt —lmpeq
REY =l—a4+it —1=1=+1,
’ log N*
oy . 1 s 3
,‘-14. Ss=0-41 I'--W":"ﬂ:_“l,
€: s=14it 1=t=+eo,

Now as (I. 15) holds for s = 1 - -+ it the contribution of the line ¥; to

: 1
log N*
the third term on the right of (1. 12) is of order

1
O(log N-eua') = 0(£~9A1u|llﬁlbﬁ)_

On €, and £ we can again apply partial integration, and use the eanmatex
(1. 15) resp. (1. 16) and thus obtain that the contributions of the segments ¢, and
€, are also of order Ofeye?!w!llogloV),

Finally. in view of
1

: 1
m—1 s
/ A O(IOgN)

log N*

: - 3 ) eﬁluil log Io;
the contribution of the segments £, and £ is of order O| ———— — ] =

— O(eyeAwVioglosN) Thus collecting all estimates, we obtain

(1.16) 2y (y N*) = gy (1, u) + O(ey - eAlvl | loglog N),

Now let us apply (1. 16) for N and N'=[N(l+logI N)] but with the

same N* and consider the difference of the two expressions. We obtain

(1.17) N zle-"fw"' pins (1, ) + O(ey eAlvl | oEloE ™),

Now let us consider the difference

N

| )
| &5 » e iufne(my _ inf(m)
15 h=§,2° N2
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We have evidently

iw XS0
1 (. S _PKlin
“l.\' = N 2‘1 gitrnstm | o N*<p<=N 4 A
n=

Now let us collect the terms in which there occurs in the exponent a prime
power p* with k=2: the sum of these terms does not exceed

T
N ye=pFi=2 L P* eV P°

Thus the sum of these terms tends to 0. It follows that

iw X f(p
1 N s N*<p=N
{(1.19) dy = N Z pind \';tni(‘; pln gt 1)4-0(1)
n=1
We can further disregard the terms in which there occurs in the exponent a p such

4o 3 1]
that | f(p)| =1, because the contribution of these terms is of order Ol . -E y
Ifip)|>1
p=N*

Thus we have

4 in Z *m
| L P | L
“'20) d\‘l it : {,wfs.un(e N*=p=N - l)+0“).
i N n=1

As
_ . ; fa? )
(1.21) e = | +jn+ 5 where |#| =1
we have
{|.22} {{\' = DN+RN+G(I}_.
where

R .
‘Dh = Z emfp. -fu]( 3 f& (p))
N n=1 pln

N*<p=N
and
w N
|Ry| = N 2l & @)
=¥ n=1 pln
N*<p=N
Clearly

Ry| = 0( D) _-f'*z(;rl_+( ¥ -f.'flp_’)z)
' V<p P N*Zp<N P

Thus in view of conditions 1), 2) and 3) it follows that
(1.23) lim Ry=0,

N =t 4o
and thus

(1.24) dy = Dy+o(1).
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Let us consider now the term D,. We have evidently

i [%] ;
(1.25) Dy = b fac(p).I: b A emfmtmh]'
N N*<p=N m=1

Now let us consider first the contribution of those terms to Dy in which p ~} .

5 > , [f*(p)l
The contribution of these terms clearly does not exceed |u|- > —f—‘(. As

| N<p=n P

we have
* I.'I o _anz : AT
s o) ( 5 f_@).( ~ 1) = o(),
I'N<p=N p IN<p p [:\7<p§.‘\'p
we obtain \
i [%]
(1.26) Dy = = P f*(p)'( Z‘ eiufnv[m))+o([).
N .\"‘-(pi-'l N m=1

53

Now we apply (1. 17) to each sum > e®/~™(™ jn (],26). Taking into account that
m=1

e(N,P)
N* — NC_\' — (N)
P

for N*<p=yN

where

(1.27) e(N,P) = Iog"‘-j\}fjﬁfg; — dg, with 1=0=2
it follows that

(1.28) Dy =;W£l N_rf“(;t:')[?:]xwm(l,m)+e"~,
where

o é( s U {pn) . O ey et owToE ™),

N*<p=| N P /

Now, applying the estimate

we obtain
(1. 29) lim py=0.

On the other hand we have

; V] 1
A (p)[—] —) =
(.\"{p.-'.'l.ﬁ p N .'\"(pﬁ_‘]i P

I\
I
BCE

+

Q
|

‘N-....'_,./
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As by condition 1) 2 ! (p)_ tends to 0 and by (1. 14) uy«(1, ) tends to the
N*<p=] N

limit g(#) and thus is bounded, it follows that

(1.30) lim Dy=0.

No =
Thus we have proved that
(1.31) lim dy=0

N= 4=

and therefore (1. 17) implies the validity of (1. 3), which was to be proved. Thus
the proof of the theorem of ERDGS is completed.

§ 2. Some remarks on the Erdos—Wintner theorem

In the course of the proof of the theorem of ERDOs in § 1 we have made use
of the evident fact, that in case the conditions 1)—3) are satisfied the infinite product

= pif(p*) _ piuf(p* 1)
{2 1) g(u) = H 1 + 2’ I RSN e
» K=1 P _

is convergent for every real u. Conversely it is easy to see that the convergence of
this product for all real u implies the fulfilment of conditions 1)—3).

This can be shown as follows. If the infinite product (2. 1) is convergent, then
clearly the series

infip)
2.2) el
P P

is convergent too. Thus the real part of the series, i. e. the series with non-negative
terms

(2.3) oL A
p P
i1s convergent for every real w. Thus both of the series

1 —cosuf(p)

2.9 2
4 LT 1 p
an
(2. 5) s 1-cosuf*(p)
7 p

are convergent too.

Now the convergence of (2. 5) clearly implies the convergence of the series
w2
‘.}:f—m}—. On the other hand, it can be shown that the convergence of the series

P

(2. 4) implies the convergence of the series > ;} To show this we need the
[fip]>1
following
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Lemma. /f the series > b,(1—cosa,x) where b,=0 and a,=1 (n=1,2,...)

=1
is convergent for every real x, then the series > b, is convergent.
n=1

Proor or Lemma 3). Let us put

(2. 6) S(x) = 2 b,(1 —cosa,x).

n=1
As S(x) is finite for every real x, and is a measurable function of x, there exists a
set £ of positive measure lying in a finite interval / on which S(x) is bounded,
S(x)= K. Denoting by e(x) the indicator of the set E (i.e. e(x)=1 for x¢E and
€(x) =0 otherwise), and integrating the series (2. 6) on the set E (the integration
can be carried out term by term owing to BEpro LEvI's theorem) we obtain

i b, / (1 —cosa,x)e(x)dx=K|E|
n=1 "

I

where |E! denotes the measure of the set E£. Now evidently G(a) =

- I(I —cos ax)e(x)dx as a function of @ is bounded from below by a positive
I
constant for 1 =a = + ==. (As a matter of fact, G(a) is everywhere positive, conti-
nuous and by Riemann ’s lemma lim G(a) = |E[=0.) It follows, putting
[ .-

min G(a)=g. that

1=a< 4=

g 2 b=K-|E|
=1

This proves the Lemma.
R i V), < | .
Now the convergence of the series >~ and > —, together with

e 4 Ifiml=1pP
fA(p)

that of the series (2. 2) imply by (1. 21) the convergence of the series > -
P
Thus conditions 1)—23) are satisfied.

Therefore the theorem of ErpGs and WINTNER can also be formulated as
follows: for the existence of the limiting distribution of the values of an additive
arithmetic function f(n) the convergence of the infinite product (2. 1) is necessary
and sufficient.

This reformulation of their theorem has been already given by ErDOS and
WINTNER themselves in [4]: however, they deduced this form of the theorem from
the original one in another, indirect way, by using the theory of infinite convol-
utions.

') This Lemma can be proved in exactly the same way as the theorem of Dexjoy — LusiN
tsee [9], p. 232); nevertheless, for the sake of the convenience of the reader, | give here the proof.
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