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On the maximum term of an integral function

By SATYA NARAIN SRIVASTAVA (Lucknow)

1. Let u(r)=la,,,/r"” denote the maximum term of the integral function

J(@)= Za,,-" of order ¢ and lower order 4 and v(r) its rank. Also, let u(r. f®)
n=0 =

and v(r, /@), (s=1, 2, ...), denote the maximum term and its rank for the func-

tion f®¥)(z), the s-th derivative of f(z). Then u(r)., u(r, ™). v(r) and v(r, f¥) are

all positive and non-decreasing functions of r. We shall denote by u'(r), u'(r, fV),
o W (r, f®) the derivatives of u(r), u(r, ). ..., u(r. f*) respectively with respect

to r. The following relation connecting the maximum term and the rank has been

given by G. VALIRON ([1]. p. 31)

(1.1} log u(r) = log u(ry) + j |(‘\)

for 0 =ry=r and the relation corresponding to (1. 1) for the case f“)(z) follows
from (2.20) of SRIvASTAVA ([2]. p. 107)

M vly £ON—
(1.2) log u(r, f*') = log u(ro, S+ j il(\f‘ ) s}(f.\‘
for 0<ry<r. Further, SRIVASTAVA ([2]. p. 106) has shown that

(1.3) n(r, f19) ~-;1(r){ v.(:)} . g 3 e S

provided f(z) is not a polynomial and r lies outside a set of measure zero.
We know ([3], p. 309)

i [ {ﬂf_f'_‘_’)} ]
(1.4) fi sup u(r) 0

pw. INF log r !

2

In this paper we have established a relation between the order of an integral function
and the derivatives of the maximum terms and have studied the case when the integ-
ral function is of regular growth. We have also obtained some of the properties
of u(r, f*) and u'(r. ).
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2. Theorem 1. Let f(z) be an integral function, other than a polynomial, of
regular growth. The order of f(z) will be |1 + i , Where o is a number not lying between
0 and — 1, if and only if

W, f© -
(2. 1) lgl e }wlogi

for almost all large r.
We shall first prove the following lemma:

Lemma 1. If f(z) be an integral function, other than a polynomial, of finite order
o and lower order /., then

W, f®) _:
(2.2) . sup ,IogH W) }]

lim =
PR 1)) § log r A

=,
» IS

where r tends to infinity through values outside a set of measure zero.

Proor. Differentiating (1. 1) and (1. 2), we get

W)y v
(2.3) u(ry
and
& wrsf®)  v(rnf9)-s
et WS

for almost all values of »=r; and r=r; respectively. Taking the logarithm of (2. 3)
and (2. 4) and then subtracting, we obtain

wor. f*“)}ll [ {u(r, ) }-_!] {»'(r.f‘**-')js_}
]f’gl { 70 i 1 5100 O Rl OO

Clogr log r s log r

for almost all values of r=r, = max (r;, r;). Proceeding to limits and using (1. 4),

we get
su log [ ; ?(r “)} ]
T p w(r)

e, 0L logr

We may note here that for functions of regular growth and of order ¢

w(r, ) l]
(2.5) : '°gH W (r) }

lim -
e log r ¢

Also from the above result, we can easily deduce, for functions of lower order 4
(2=1),
U<, = ... <) (r, )

for almost all values of r, r=r,=1, where ro=max (ry, ry, ..., rp).
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PrOOF OF THEOREM 1. From (2. 2), follows easily

w(r.f """}} ]
l e, S o,
e { u(r)

lim ——— — = p—1
Fr log r
or,
5)
G ‘u E('; )ll
g et V2 = s(p—1).
e log r

; | s i
Hence, if o =1+ - where z is either =—1 or =0, so that 0 =p =< then

w(r, f9) H
log{ 0 } = log r.

Again, if (2. 1) holds, we have
w(r, f‘-")}
lo -
g{ I (r) ]

log r=

o[t |
lim — L=l ) — =]

Voiia Iog r

lim

r—=

Hence,

+'_=Qq

=~

from (2. 2).
Coroﬂar) 1. If f(z) is an integral function of regular growth and order ¢ and

wr, f)
2 g{ w(r)

1 2 ; .
teger 1 =1+ ;-‘EZ. The second inequality becomes an equality only for z=1.

}wlog r, then 1 =9¢=2. For, with x=s and s being a positive in-

Corollary 2. If f(z) is an integral function of regular growth and order 1 then

W [N _
log{ i = o(logr)

for almost all large r.

Applications. The following results can easily be derived from Theorem 1.

(i) If f(z) is an integral function of regular growth and its order p <1 then
W), ] e, fON @ (r, [, o @ (r, /) form a decreasing sequence for almost all
values of r, r=ry = ro(f)=1, where ro=max (ry,r,, ..., ).

(i) I (), (e, O, @y 13, .o, (e, ) form a decreasing sequence for
almost all values of r,r=ry, = ro(f)=1, where ro=max (r,,r;, ... r,), and f(z)
is an integral function of regular growth, then its order ¢ 1.

(ii1) If f(z) is an integral function of regular growth and its order ¢ = I, then
W), (e O, (' (r f3), ...l (r, f) form an increasing sequence for almost all
values of r,r=ry, = ro(f) =1, where ro=max (ry,r;, ... r,).
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(iv) If @' (r), (' (ry fO), f(r, f). ..., f'(r, f'7") form an increasing sequence for
almost all values of r, r=ry, = ro(f) =1, where ro=max(r,,r,, ..., r,), and f(z) is
an integral function of regular growth, then its order g =1.

3. Theorem 2. Let f(z) be an integral function and let v(r) and v(r, [*) denote
the ranks of the maximum terms u(r) and p(r, '), (s=1, 2, ...), of f(z) and its s-th
derivative ["Nz) respectively for |z| =r. Then

(1) e MIRTPEIY.
3.1 (fl i S )_"'Eﬂ(j’z._ff_)ﬁ[fi]wr‘"f )—s)
. ry _H[r‘.fm)—' r s
provided 0 <ry <r,:
(i) p(r), w(r fO), w(rs fO), s u(r fP) form an increasing sequence provided,

a ¢ vir o : 3
f(z) is not a polynomial, - £ =1, r=rqo=e and r lies outside a set of measure
. : rlogr

ZEero.

Proor. (i) From (1.2), we have

(3.2) log u(ry, f)=log u(ry, ™)+ {v(ry, f¥)—s} log -ii
1

and

(3.3) log u(ry, f) = log u(ry )+ {v(ry, f) s} log .2
1

Combining (3. 2) and (3. 3), the result follows.
(i) Taking s=1 in (1. 3), we get

ule S ()

u(r) r
Therefore,
‘ uir, /) } v(r)
u(rylog r “r logr’
Hence, if ) =1, we have
rlogr

p(r, f) = u(r) log r = pu(r),

for r=ry=e and r lies outside a set of measure zero. Again, for s=2,

u(r. f) {v(r) }2

w U
or.

u(r, f®)  v(r)

u(r, f0) "y
Hence.

u(r, f)=pu(r, f V) log r=pu(r, /)
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for r = ry = e and r lies outside a set of measure zero. Similarly, we can obtain results
for subsequent derivatives.

Corollary. If f(z) is an integral function other than a polynomial and « is a
constant, 0 =« =1, then

. ular, /@)
E],Th u(r. /™) e

If we put ry =ar and r;=r in (3. 1), then

(g){"lr FoN-s) =< ,lt(ar,f( )£(Q)“l" S —s)

u(r f©)
and the result follows on taking limits.

4. Theorem 3. If v(r,f) and v(r,f¢*V)) denote the ranks of the maximum
terms u(r, £ ) and p(r, f<* V) of f(z) and f©*+1)(2), the s-th and (s + 1)-th derivatives,
respectively, of the integral function f(z) for |z| =r, then at the points of existence

Of .H.'(r, ﬁ,) )s r>r0

v(r.f¥)
VSO

where p'(r, f\) denotes the derivative of u(r, f®).

|
4. 1) NG {xu(r, fm)-;-%,u (r, f(s))}g 1,

Proor. Differentiating (1. 2), we get
wr, ) v, f)—s
u(r. f®) r

for almost all values of r=ry.
We know ([4], p. 21) that

4.2)

4. 3) vy=r (f; [2) < v(r, f0).

Writing (4. 3) for (s+ 1)-th derivative, we get

u(r, fo+ )) =v(r, fO+ ).

(4.4 vr, )Er— Tun O
From (4. 2) and (4. 4), we get
@. 5) K f@) _ v f)—s _ ur, ) s

u(r, ) r u(r, f®) r
and

e @) _ e f)-sp _ v, f9) s pnfY)

u(r, fe+n) { u(r, f6r0) |~ V@O D) (e, f6+Y)’
u(r, f®)
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for almost all r=r,. Therefore,

“(r"f(”) - ] ’ 5) § 5 -
”\.-(r.f'”'_'_l = ;!(_f',f‘“”_) {p (r, f1 }+T ulr, f1 a)}: 1,

for almost all r=r,. The last inequality follows easily from (4. 5).

Corollary : {u’(r.f“’)+—i- .u(r,f"')} ~u(r, fo*Y) as r-—- through values
excluding a set of measure zero at which p'(r. /) does not exist.
This follows from (4. 1) and the fact that v(r. /@)~ v(r, f6*1),

5. Let @(r) be a “‘slowly changing™ function; that is @(r) =0 and continuous
for r=ry and @(Ir) ~ ®(r) as r -, for every constant /=0. Also, let

. sup log u(r,f¥) _p
5. —=ous o
W) UM iof T ree() ¢
and

. sup v(r,f("’)_ €
.2 I oof T80 —d
We shall now prove the following results:

Theorem 4. If f(z) be an integral function of order ¢(0 < g < ==), then
]

(1) déSeT'égpéc;
(11) dégqédll-f—log -g,—]éc;
(iii) c=egp;

(iv) d=op:

(v) c+d=egp:

and

(vi) equality can not simultaneously hold in (iv) and (v).
Theorem 5.

(vii) eoq=op+ed,;

(viii) c+og=eop.
PRrROOF OF THEOREM 4. Writing (1. 2) as

1 r (s) rkE . o) rkE
log k(rk ., )= log u(ro, £+ [T i[OS g [ S g
ro » - Poc b
1

¢ o, fo)
-:O(l)+(c+s)fxt“‘fb(x)dx-i-ﬂ%’f—)— logk—slogr~

0 'I s)
~ (c +a)%¢(r) +%’f() logk—slogr, k=1, by [5], Lemma 3.
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Hence, taking limits using (5. 1) and (5. 2), we have

_c+cklogk

(5. 3) kp :

and

(5.4) jna s R
Similarly, we obtain ;

3.5} kp%;M;
and ;

(5. 6) kq o dtdlogk
Putting k=1 in (5. 3) and (5. 6). we get ;

(5.7 po=c¢ and d=qo.
Further, putting k =c¢/d in (5.4) we obtain

(5.8) gq‘—‘%d[l+log%]:dloge—;f:‘d-%=c.

Next we put k =exp [r%d] in (5.5). This gives

c—d
= .
d-l—clog_e :—Ee“ it
- e
- k=

(5.9) op=

x dic
since, for x =0, (: =e, so that & =d.
: e

This proves (i) and (ii).

(iii) and (iv) follow immediately from (i) and (ii).

(v) is easily obtained on putting k =e in (5. 5).

We now show that equality can not simultaneously hold in (iv) and (v). Let
d=gp. Then from (5. 5)

_optc log{\_'

so that

Putting & = (1 + n). where y—0, then

opn )
=—————=0pp.
“=atom) - ¥



On the maximum term of an integral function 17

But d=¢, Hence ¢ =pp. Therefore,
c+d = 20p=egp.

Next. suppose that ¢+d = egp, then d = op. for if d =op, then by the above ¢ —d
will have to be less than eogp.

Proor oF THEOREM 5. We know that

™
1 re’

(5. 10) v(re*, fM) = gf r{,\-,{'-‘ ) dx

1
o
re-

Adding {g Iog;x{r,_f'")—gf —: rf.\'} on both the sides, we obtamn

" ]
1 res re-

vires, fO) 4o log u(r, f¥) — 0 l i dx = gf -r[“%ﬁ") dx —

1

re-

+olog u(r,f™)—o j : dx

or (5.11)

1

1
v(re ‘-’I,f'“’_) +olog u(r, f*)—s =0 log u(re_’-' + WY

Similarly we have
1

(3:12) vir, f*) g log u(r, M) —s= o log pu(re”, ™).

Dividing (5. 11) and (5. 12) by re@(r). taking limits and using (3. 1) and (3. 2). the
results (vii) and (viii) follow.

I am grateful to Dr. S. K. Bosk for his helpful suggestions and guidance in the
preparation of this paper.
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